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STRUCTURAL ANALYSIS

AN OVERALL VIEW OF STRUCTURAL tDYNAMICfw
Robet*r M MAin.,

Or~pa rtment roi Civil avid. Envwtiounintali Enginoeering

thu" pru-lbfrni of aiructuu.l -%dvn~itv,fl.v a.re dt#Cotibd ini the ;:Ontaxt of
the eiit~re alvrativil. begitm'i~ng -it Lot,vidu rahilO 01 thei juputmoso ul

*dynatni.- analysi. and c~arrVymng thruungit to Ih@ ijaPnhlon ot what ac~tio'n to
take 4m - u'otkit ut th~e finchnj* Mutt;n attention IdS* proviutouLi bren

tilvelt to 0-0 J'aCifV 0' inene.(Mi fi ~,nuatond khý 00tAiII Of 1how to t10 normn
them. 1neauee, vf thte and beC nooo tits first kinli thlsoikgl Is ifil'rlAttky
A irnFta and ledivus lnrflnil5, prligramsng. and debuitipao~ peration. it to
not inumrofhlm,, that tit" an&,%eist rah-uiatiorio are consiudered ic- be the!
*tb..k job, inmated at the stnaialr port oi it. A propor effort in the

plafm,,o xiid strategy o-f the. Artiiavii. as af~t in shuriter simpler rto

* ~putatione. Dtynamicu analysis rtsults thiat have not been~ evaluated niagmoet
prlfrfwnant rcttritcu are incomptate. and uinleati the potftutm~aiun.0 avaha-

Atil,,tis translated into -clion at smem sort, then itio elooon has amounted
only to wheeal spinfiiiui.

PL.ANNLNO AND STRATEY 3. To devise a fix

The moat Importarit part of structural dy- 4. Tro vawluate tile Q[tocC of a proposed

flnaics workt occursIin the beginning when th dcsign change
planing to bWing done and the ittratogy for the C. To Satisfy a spelficaticin requirement:
analysiS s to Wng devilled. The purpo~se of the
arialycM Is eatabliahed at thfil time, arid It tipi- I. 133hipt-oard Shock
11ily fnil& som1ewhepro within the- followingt 2. Hardened Wo shock
categories: .KUflkLsoc

A. To invesptIgate behavior before hard- 4C FlIghi or launch) vibration

1. To obtain design data thahance re-01eteJuloei iatrli.ijncr
quiemetslutde or i~allitetic, ary to coinsider what inuve., how It moves, and

qulreasleenls) wud o .alIei~ hiat lurcee jinr actIigz A atudy of these Items
stres levls) eadrs to cunaidaration o31 Weta could mnifunciton

2. To predict reop-e to some ex- or fail as tk reatilt of the motions and forces,
pecIed environment At thisestag(- of the planining, performanico cri-

3 To head off failure, or malfunctuion teriia must be est~bliah'd and aikuwable Lailt -

an motion, or Stress, or degradation Q1 function
4. To discover design errore in time must be developod. It in particularly impo~rtant

to charige that these allowable limits be set in advance Of
tlie calculation sit. that a fair judgmecnt of re-

13. T'o inven-tiguto ltehavior after liardwaie 'juiremnitis is not t'Iouctuh by knowledge. or the
is builk. riestaul of the calculation. it may be wi~coflary

ta modify (tie allowable Lilike, alter' the calcu-
IT-r tilt tot behi. vior in some pr,-vi hu Altton, but it should be done only for cloiar and

ouisal tmcleclwd env~icfrt-ninpt sound irteas5(onS I(lite thil y tiiC probietit uf htay
Ing obtained effective gorces on inzuiulac for

42. To determine the caksek of ;I filure ansiwers, when titresees tit memb~ers avre the
or malfunction criterionl fr accepitanice c:an be avoided.



'The n~ext consideratic'i is that of size. Ho0w forces and InertiAl forcen balance properly.
mpaV~ coordlnates are needed to describe the Whether this can be) done is determined, at the

S motions so that all of the performgAce criteria bagg.'ming of the anyalyss, by the precision of
can be applied and properly evaluated? Any the interrelationships between the various parts
coordinates in excess of the number required of the element stiffness matrix. If the ratio be-
for the application of performance criteria tween moment stiff ness and shear AUiffaass ir,
must be justified by a saving in man time, or supposed to be "'/3, then an element stiffness
machine time, or by an improvement in quality which has this ratio correct to one In 260 cannot
of the oesult. The Inclusion of more and more be e-pected to produce a statics balance Lt the
details. because the program can handle themn, end of the computation that w~Il be as good as
leuds to confusion and obscuring of the purpose ane io 250. Figure 1 suminarizet) We struc-
of the analysis. The larger Gie number of co- tural relationships for ~.cantilever beam of
ordinatea, the moore trouble with round-off and prismatic shape.
calculation difficulties.

When the number of coordinates simply
must be larger tMan available programs can
handle, It Is helpful to consider whether sym-
metry can be used to reduce the problem size,
or whether subsystem black boxes must be
used. Symmetry helps by permitting the solu-
tion of two half-size problems, or four qnarter-
size problems, Instead of the full1 problem.

-- - Details on aymme-try and blank boxes are given
In the-Appendices.

As a final consideration in planning, it iso
helpful it the protlem is linear, bee miso this is to 01, (A l
a considerable fAmplification. It the problem e & .t' ,
is not linear, it is desirable to consider whether CA r,,
the nonlinear parts can be approximated satis- T -
factorily with linear functions, or whether a J_11 *
piece-wise linear relationship can be used. It fUA 4

neither of thoue Is possible, then a direct nu- Fig. 1. Structural relation-
merical method may be the only way to obtain ships -- cantilever bearn
a solution.

STRUCTIRAL CALCULATIONS Because an analysis model frequently has
coordinate stationz that are spaced no farther

Ile structural calculations are made to apart then, the latteral dimensions of the bxenu
establish the relationship between force, defer- element between them, it is important to Include
mation, and stree9' in each member; a member shear deformations. The deformation from
io that piece of structure that connects two co- shear i a often larger than the deformation f romn
ordinate stations. For the simpler elements, bendlni.. Torsional flexibility needs also to be
such *As priamatic beams and right circular consiclýred, because a proper stress criterion
cylinders, the calculations are straightforward needs to 1* related to maximum shear stroess
and give weUl-verified results. In almost every [1) (or shear strain onergy), rather than just
problem, though, there are some elements vwhich tensile yield &cress.
do not fall into the well-known category, and
which may be uncalculable by any IrnownL anal- When all of the element stiffness data are

* yasi. The structural relationships for tuch elc- complete, the compilation of the system stiff-
ments are best tmaflaned by the measurement nees matrix can be made. This compilation is
ot models. Properly made models, with properly now routine, and consists of rotation, transla-
made measurements, are far superior to calcu- tion, and assembly operations on the element
lations for elements that are not in the well- aiiffnaus matirices [?i. Ulp to this point, the
known category. A prototype element makes the structural calculations are done in the same
best model, but scaled models of easy-to-work way as for a static analyeis for the thermal
material can g1-e good results. stress, as an example.

At the end of the analysis, it is helpful to For dynamic analysis, an additional calcu-
be able to check statice and see that spring lation must be made that iW not done for static

2 4



analysis. This calculation is to determine the C a damping matrix
mass matrix, au Whe nelection of discrete coor-
dinate stations requires the mass to be lumped - critical damping ratio

at these coordinates. There are some attempts ante qreotsreaembyemopri and the square roots are a term-by-term oper-
L to be ar•alytical about this calculation, and to Ation. There in no attempt to Justify thin for-

-= ~~~determine a "consistent mases" mnatrix:[] to.Teei ontmtt utf hsfr_
mutation mathematically, but when it hau been

These are so far not consistent, and are effec- used, the rerulte compared favorably with
tive only for dynamic modes that are nearly the measured values.
same shape as the static deflection shape used
in deriving the mass values. The achievement
of off-diagonal mass terms is not in itself a

L virtue, aid may be incorrect. For example, ifS~the stiffness, model matrix and eigonvalue For linear problems, a number of choices
matrix wore known in the equation are available to the of the

xo %-0 Kx(1) calculations. The dynamic equation is

In which i .x=f(t) (6)

in which the now terminology Is f( ) t forcing
K t e mautrix fnction. The equation

x0 modal mawrix (by columns)

F, = eigenvalue matrix (diagonal) i• l 07)

S: mass matrix, can be solved to give xO = normal modes
(elgenvectors), %0 - normal frequencies

then one can solve for the mass matrix as (eigenvalues), which are useful in many w.ys,
especially when x, is normalized so that

as 0rT  ( 2MXa t (8)
XTX0 0 I (ortholdormality) (3) which then requires tat

and XoT Kxo = ,.. (9)
x 1- =Z , (4)

Now let x tx~y In Eq. (6) and premuitiply by
Equation (2) provides a means whereby an "of- N T to get
fective mass" matrix can be calculated for a 0
discrete mass system when the solution for the
equivalent distributed mass system can be

iA " "~i V'i&,JUD O.A&%FW"" QVUA ° " " which is convenient as all th termrs on the
lead to a generalization of how properly to lump
the masses in a system, but at present a good le d. (This rires at twe y rc-decoupled. (This requires that 2wO = XoTr0.
analysto eyeball is still the bost method, which is not necessarily so, but it is convenient.)

Another calculation not ordinarily made Next Laplace transform Eqs. (0) and (10) to get

for static analysis is the determination of the
damping matrix. When specific damping devices
are included in the system, the compilation of
the damping matrix is relatively easy. When the (132 + 2toos + w03) y(s) A X' f(s) (12)
only damping is from material iiystereels, joint
Lriction, and aerodynamic drag, the problem be- let
comes more difficult. Some analysts favor a Ms2 

t Cs K (13)
damping matrix derived from the stiffness 

-M C+

matrix, and others prefer to associate damping
with mass. The author uses a formulation

inalogous to critical damping In a single- element I 2(
system, but modified to suit matrix analysves:

$C- 2• i K ']t (5) soothat Eqs. (li) and (12) become

in which Z x(s) f(s) (coupled system) (15)

3



( S) T X(.1) ' xif(n) (uncoupled system). (16) which [X(iw)] 2 -imean square response den- I
oity [(unlts)2 /cycle], [Z( jg] I•) square of muod-

Th~e •verse transforms of Eqs. (16) and (10) ulbs of complex impedance (in units suitable to
- gieschange F into X), and F( i-) a mean squarespectral density [(units) 2/cycle]. The results

t-"ZI(s) f(s) (coupled system) (1) of calculations from Eq. (20) can presently be
evaluated only if one frequency is strongly
dominant, so that damage evaluation can proceed

X(t) = o'I (3) xoTf(S) (uncoupled system) essentially the same as if the response were
"(18) sinusoildal. Insufficient data exist to evaluate

damage from a random stress, for example.

if a step velcmity shock, A, is used for f(t) in
Eq. (0), then Eq. (18) becomes Once the motion responses to dynamic load

have boon calculated, it is necessary to trans-

other items suitable for performace evaluation..

/ / 7 2/ (19) This translAtion should be relatively routine,
though tedious, if the planning of the analysis

/ " '' has properly anticipated this step.

in whi•ch W = modal amplitude (undamped),
A s step velra-Ity magnitude, and [x-J ] is PERFORMANCE EVALUATION I
diagonalized after multiplication, and is the
same as the "participation factor" in Navy
shook analysis terms. I the x4TM product to At this stage of the operation, dynamic
not diagonalized, then all of the modal ampli- analysis has been completed, and the problem
tudes are summed and the deparate modal con- is to interpret the results in the light of the
tributions are lost. As the mode shapes are all performance criteria established in the plan-
subject to an arbitrary multiplier of ±1, sum- ning stage of operations. Three kinds of cri-
ming them with the (chance) signs they have teria are usual: motion limits, stress or
from the elgenvalue routine has no meaning. strain limits, or functional degradation limits.

The motion limits are commonly on displace-
The solution for a step velocity applied to ment, on collision of elements, on velocity, on

Eq. (17) is a tedious and lengthy numerical acceleration, or on jerk (time derivative of
computation, but it can be done. Such a solution acceleration). The stress-strain limits are
does avoid the chance sign of the normal modes usually on: stress level to avoid brittle frac-
and Is the preferred computation when a crucial ture, low-cycle fatigue for transient responses,
analysis is to be made. It requires the calcu- high-cycle fatigue for vibration responses, or
lation of the inverse complex impedance at a damage accumulation (1] for mixed varieties of
numrbr of discrete frequencies and the associ- loading such as thermal and pressure cycles.
ated complex frequency response. As the coin- Malfunction criteria are widely variable and

j~r ajaiic- oo ,S pas i.r.tn.o... utUIt CtALLC1 AWL LUA Cat11 C&CAALAAL UL A OU

the inverse transformation is a proper time tern, a c a' o for -!fferent systoms. Malfunc-
function and does not suffer from the chance tion limits have been applied to gyro precession,
sign problem as normal modes do. noise generation in a circuit, false signals,

dropped bits (in a computer), permanent defor-
The untransformed Eqs. (0) and (10) can mation, hunting of a control loop, zero drift, im

be time-step Integrated In Runge-Kutta fashion and almost any other phenomenon.
an another solution to the problem. This ap-
proach is best when nonlinear functions are
involved and other methods do not apply. It is The weighing and judging of dynamic anal-
helpful to include the nonlinear items on the ysls results against performance criteria is at
right-hand side of the equation in case an itera- the same time the most difficult and the most
live procedure is needed. important part of the whole task. The outcome

of this weighing and judging governs what sub-
Rlesponse to random excitation is only de- sequent action shall be taken: to accept, to fix,

* scribable In statistical terms, as the forcing or to scrap. The choice cannot be left to a
function Is so doscr-ibed. The rel atnlhp is machine, and a proper dis'ussion of various

possibilities needs a large book Instead of a
(= m iw) (0) short paper.

( J [Z J
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TRANSLATION INTO ACTION costs over a variety of probleme. The struc-

- turoa and dynamic reopoese calculations all too
The determination of what action to take often consume 80 to 00 percent of time and

as a result of the evaluation of a dynamic anal- cost, to the detriment of the overall operation.
ysi requires the participation of the designer, This may be because these calculations seem j
the analyst, the manufacturer, and the client, to be definite, and prodigious quantities of
This is the time to consider - eight-figure numbers are generated. In real-

ity, the definiteness and accuracy are only ap-
1. Whether the loads were really right as parent, because the assumptions involved In the

used. Input are frequently such as to require a 120 or
30 percent on the numbers. (The modulus of

2. Whether the structural relationships elasticity of steel, for examnple, is no better A
were too approximate or need to be improved, than 10 percent.) The performance evaluation J

operation is the real meat of the whole task,
3. Whether the masses were reasonable and it merits top-caliber attention and appre-

as used. ciable time. lnedequat• planning at the outset

can lead to a result that is meaningless, be-
4. Whether the damping used was rea- cause the numbers cannot be translated into

sonable. performance measures.

5. Whether computational checks were all
OK.

6. Whether there was evidence of round-
off trouble.

If all of these considerations are satisfactory, INTO a0
then additional detail calculations may be needed
that were not included in the main run, such as
bolt and weld stresses, stress concentration
effects, and points of special interest (gyro S\erami S T RUCMnAt'L •[F iJL

mounts, sensor locations, and the like). These A /uL
detail problems may be known only to the de-
signer, as he made decisions about them In the
process of design, and no other person is likely , \ ewtc

to anticipate zl; of them.

After all of this, the question may well re-
main as to how to alter the design to change a
behavior, lower a stress, or reduce an excur- Fig. 2. Pie chart of the
sioi. Various alterations that might be consid- structural dynamics

ered would include changing stifffess, changing problem

damping, changing mass, adding local reinforce-
ment, modifying connections, or altering sym-
metry. Which change to make is a matter for These statements about time and cost pre-
iidividual consideration. Sometimes the effect sume that computer programs are checked out
of a change is readily predictable, and some- and running, that the crew has performed
times a complete rerun of the analyais is re- similar analyses i'efore and knows the ropes,
quired. The latter case is avoided whenever and that no diffic'At error indicators appear.
possible because of the expense. Generating new programs, training new per-

sonnel, or hunting wayward decimals can
greatly distort the picture. It can ta~ke 6
Tmonths to find x mispunched exponent on an in-

TIME AND COST put card, and then it may only be discovered by

chance. The larger the problems become, the

The various pie slices In Fig. 2 will prob- more likely that errors exist that are either
ably average out to roughly equal times and unrecognized or are not to be found.

L
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Appendix A

SYMMETRY CONSIDERATIONS

Consider the stiffness matrix and displace- Kt I Ka3) (K,2 . Kj2  v,1
went vectors for the symmetric utructure of (A-3)
Fig. A-1. This would be Kit, I K,1 ) X J L ] I[K3 K 1 and In the off-diagonal matrices the x.y.,, ternms

K 2 1 K22  K2 1 V3 (A-i) add, while the 00.z terms cancel. 3

0 K32 K33. Further,

in which each K represents a 6 x 6 matrix and
each v represents at 8x1 vector. Now sym- K12  K3- 2KI2
metry about the x-y plane requires that

for the terms that do not cancel. The net result
+x~ 0 -0~O~ 0of tile foregoing proceso Is

S  -4 (A-2)[(A-4)

0 1 +V , Z , z-o3 2 = 0 L2K (A ---

in which, the Pai_-d U, term s m ,e ha t h-.d" t._e Col-

unas and rows for O.'pZ eliminated.

F • In structural dynamics, the homogeneous
matrix equation Is

*(-u,2M + K)v 0 (A-) =

In which M Is a mass matrix (usually diagonal)
£ and - is&frequency. If the mass matrices had

been Included In Eq. (A-i), then the same set of
operations would have produced, In Eq. (A-4),

Fig. A-I. Single- . (A-6)
plane symmetry [ 2R, q[R

The usual elgenvalue problem (normal modes 2

If In matrix Eq. (A-i) column 3 Is added to col- and frequencies) then consists of setting Eq.
umn I and row 3 to row 1, then (A-0) equal to zero and solving for -,.

0t
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chg ayofte ienaue reigcnvcctors. sfo Hymt hecnionofEq(A2

Ifte tucueof Fi.A1 otrnds
e eleent i l axis,

theby a soiabunt wOkl not Antlsym-etryketheopposite of y t
plane. Symmetry about the y-z plane requires ,e 0 A-
that V, -y3 'Al ; 9'ji Y, (A-D)

YJ Y X, -X qI -03ib Z' Z) 0,2 0

Z' Z, , 4 -'.' ,, : O%.6 (A-7) and Eq. (A-7) becomes

~ i *'2 J , 0r X, X3  y

Rowe and columns can be added just as before, - -- . (A-0)
except that In Eqs. (A-4) and (A-6) a different
set of rows and columns have been eliminated. 01 - , ,

For a structure with two planoo of sym- Now for antsymminetry Eq&.(A-4), (A-6). -d

metry, as in Fig. A-2, the operations of adding (A-8) are the same as they were for symmetry

some rows and columns and eliminating some except that different coordinates have been
others can be done in sequence. Thle result eliminated on the plane of symmetry, and dif-Swould be ferent off-diagonal elements cancel.

iF~This process of takilng advantage of aym-4K, YH 3 21 14 0 V I metry and antisymmetry to direct and can ):a
S0 done by machine for problems small enoujgh to

2X1 222 0 2 25 V (A-8) perinit the matrix manipulations within the ma-
,�'�symmetry because otherwise the matrices are

4 L +,_J too large for the machine. Fortunately, the dif-ficulty can be minimized by compiling the stiff-
ness matrix for only one-half or one-fourth of

in which R and vdenote one ect of coordinates the structuro at the outset. This has the effect
eliminated, and K and 0 denote two ets of co- of dividing Eqs. (A-4) and (A-6) by 2, and Eq.
ordlnatea eliminated. (A-$) 'y 4. The rules to follow then are -

1. Compile stiffnesees up to and including
members lying In a plane of symmetry. Do not

.include Q•,,fenoaa tlhel P ..•ne ot synnme....t.

2. Compile stiffnesees and masses for
merribers lying in it plne of symmetry at one-
half magnitude.

1•t 3. Compile stiffnesees and masses for
members lying on the intersection of two planes
st symmetry at one-fourth magnitude.

The resulting eigenvalues and eigenvectors
(normal modes and frequencies) will be correct,
structural distortions will be correct for forces
divided by 2 or 4 as in rules (2) and (3) above,
shears and moments will be half-size in planes
of symmetry, and streeses will be correct as

Fig. A-Z. Two-plane symmetry distortions are.

r7i.=1



PA nndix B

IMMPtANCE BLACK BOXES

The divieion of a system Into subsystems into a systyto. For exauple, f le frequently
allows Whe subsystems to be treated in more zero, so that x, can be eliminated to give
detail than would otherwise be possible. Even-
tually, however, the qibsyetems m~ust be put y1 [ 1  fx1
back together, Ptd U,o impedance formulation (13-4)
of relationships to moot convenient for this. in f 2 [ 2•x2J k
Fig. B-1, , and it, are the motions and forces

at the inpat eoordinatoea; x nd f_ are te tme- tin wbich
tiuns and forces at the output ooordinates; aend
X, and f 3 are the motions and forces. at inter- Z1- Z11 Z" Z-1 Z3"
nal points of interest (for force, stress, or mo- -1
Lion reaanona) that (to not co; th another ý -z- Z11 z1 Zý.

impedanue box. These forces . motions are -5)
convel 1ntly ,latd byz - - z _ z2 . z,. O

f3 a z Z 33 2 (15-i) This provides a Mtine for Starting with a
-.. . ... fl Ilarger subsystern thax Is r-ouded fur insertion

f2 LZ2 z2, 2 ,i X2 into the overall system, but which permits the
determination of the subsystem behavior in as

or much detail as desired, after the overall aye-
SZxs (B-) tom response has been obtained. It adds to the

computation required, but If the Information is

in Wttoh needed, it can be (lone.

Z (-W2 M1 K) (D-3) If damping to to be included, then Z in Eq.
(B-3) must be made double siMO, as

arrangeod In the order required by Eq. (B-1).

A variety of conditions for Eq. (D-1) are of z ([_C) 0 )]

interest for use in connecting tho subsystem (-a'

to keep the imaginary terms, (ioc), separated
in the computer. ThMA IA ft m 18! 0e 1In pI-

tation with complex numibers, Wut it io neeoo-
S •sary for the additional infornmation on phnse
X 2 reoltionehlips.

_f To combine subsystems already Wn the
X, X-- form of Eq. (13-4) in series, see Fig. D-2,

for which

Fig. D-1. Impadaried tii-rz~ z (1-7)
black box -fj LZ2 z 3 J 3] (Cont.)

I 2 3

Fig, 1-Z. Serrcs addition of impedances

Lt
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o -(BD-7) 4 . (b- [A31 L LZ z z,• f z, z•=J • |

Connection of the two subsystems at interface 2Si ~~~requires that _ -_

- ff 4 f a 2 3 i t e mt e r m o t f o r c v -1 or eU '

•(B-8) 
- ,•

-- O If there are no ex- 2- - 4

i ernni fotee

The application of Eq. (13-8) to (B-?) gLvoe s C

i -Kit 2~'T t Ze 1I2I2I Z17 0 Fig. LBt3.c Par , dallel Com-
If~2 A'~ and by artat tachestIw cadDfr

"In which attached at 2, then

k Z'. 2231 4 Z213 X" Xt ib -- X

' •t (B-10)

- • in which fit, fa Id f J(-) .

ZIts a Za Z1i Z' 2 Now by simple addition,

F~~~~~~ ~(l. za, - i b2~ z, ] ta]Za ~~ ) (Zi2 io Zai)1 It I D1~Z13: 0- Z12z,I Z .~ {-

0 a 1(B-l) [r,[ (Z 1,.,Zib) (Z22& z,•b)J "2J

Z31 -" o0- ZJ Z• Z1. 1':1-

or = -- ÷

This comnbianationi of subsystems chn be con- Lf za z J _
tinued for a" many subsystems as desired,

subject to the limittatioai that roundofe errors The cases for B not attached It I, fl o, and
accumulate and eventuidly destroy accuracy. If for f i, z 0 can be, solved algebraically to rop-
the number of coordinates ,it ea-ch ifterface In resent the P.ltuatton. of adding stiffness, da'mping,_-
of the order of 40 (or 20 if complex Z ia used), or mass to the Subsyotean. With one ead not

then about 5 subsystems represent a• practical attached and not londed, the case of the vibra-
limit. lion absorber 18 solved (4].

To combine Pubaeyste• In lprailel, refer The series and parallel additions In utit-
to Fig. B-3, for which able combinations are the meanas for studying

large systems in% the most effective way. The

rf 1 il r z Za. a computation scheme can be kept flexible and
1  ,- ° [**o , (B-12) the analyst cam keep thie phyascal sense of what

I--

:e]:
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DISCUSflIOH
it . ~bon(.E. C.:Would you MAn field txporimiuat. 'Me correlation betwaszi

give 50 a briaf compar IBoB of the satet of the the way the calicuJtione are done aiid the re-
art with regard to the work in underwater sults are measured is good. I once did & tur-
shook and in the missile and aircraft Indue- blne anlysis using the usual Nkvy approath.
tries? There seems to be considerable, dif- Theao wore aoma 40 coordinates tnv;,Ivod. We
forenac in the uiethwod of a!)peoaAh and the latter put gages on theee caleulittlon station@
oriterl* of faitture. The methodology in gon- and took the ship out, shot at it, and measured
oaral;.kpp**r* to be a little more adv~aced In the the ronuits. Mona of the measured points wan
missilo tixi lmiearalt induptrloo than in the of f more Utha 30 percent from the calculation,
naval aspects. and most of them were within 10) or 16 poroent.

Thto calculation was on the conservative side.IDr. Mulns, To wwwwr that question prop- This Is pretty good. Now the aircraft style of
oriy woY~uOeaire ote rest of the mnorning. I Mialysis seenis to be Moro sophisticated ba-

* cn't w~reo thait the state ol the art ia the alr- cause It io dona withi Laplace transforms or
oraft and misaile, imainums is more advanoed, with oometbing othier than the relatively utritight-
The naveli shipboard schemne for chock analysis forward matrix manipulattons we use lit Navy
io based ou art extensive history of measurement shock; but O~ils is only rppoarance -1 don't

thn it isral4 ~ cvpiletd

toI
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DYNAMIC SUBSTRUCTURES METHOD FOR SHOCK ANALYSIS

M4ichael Pnkatys, Jr.S~ General Dynamics
__= Ele]ctric ]Duat Division

Groton, Connecticut

"'he objective o(th ins paper is to describe a dynamic substructure

niethud for finite aleolnt, nurtnai-l rimode aaalyoim aeld ita applicabilityS~~tu ihock a'nAlyanl of complex 8triteturon=. 1-ho b~asic ¢conefts of the

dynamic Pubstructure method are revi•ved and its relntionship to the
atatic aubstructure method I* indicated. The applicatioa to dynamic
analysts of s.Ipboard equipment is outlined in some detail and Itllue-
tratod by an analysis of three-dimensional frame structures. The ad-
vantages of the use of the dynamic asubatructure solution ve. a direct

.z solutittn are cournoratod.

INTRODUCTION losing the "feel" for the results tb•l he could
S1 expect from the ana.1yele.

proven to bei a valuable tool for solving complex flowever, the unnlynt .till Ats and munt
static and dynamic otrueturkl MOChanico prob- have some verification that the largo amount Of

loam by the use vr modern digital computers numbers that the complex computer programsV However, oven the Use of most sophisticated generate aLre rotmonitilo and accurate.
computer programs and meet modern computer
hardware does not eliminate the possibility of One techn•ique that offers at lou~t a pfrtial
errurs that may creep In the complicated proc- resolution of the above problems, In addition to
0se of the analysis. The errors could beo gen- offering other advantages, is the eubotructuro
orally of three types: computer, program, and method. Briefly, in the substructure method,
human. unlike the usual direct method, the complete

eolution is obtained by parts rather that dit-
l.iinan arrorn tit art, inrotiuced In ct- r~cciv ~na T!,i,- n.he !vantugo o! r,-Lmtrur

putorilzod fliito eloement 0-tl yaly generally fall ture method fur static malyals have boon well
Into the following groups: eotabltlohed by the active application to -pro-

duction" tuitlyais of a li'tro number of -complox
1. Tito mathematical model fails to prop- structures.

oily idealize the structure that is to be ana-
lyxed. Title paper describous a dynmmic atubatruc-

turo method for normal mode aaldyld itaid
2. The mathomatical model roaulta In spocifically examines Its applieatio and ad-

numbers that can not be adequately handled by vantages in the currently specified Dynamic-
numerical processes prescribed by the com- Deaign-Analysls Method (DDAM)for ahockanal-
pater software and hardware. yale of shipboard components and foundations,

3. The input data contains orrors that are
not picked up by the program. BASIC CONCEPTS

"The detection and location of these errors Static Analysis
is difficult, as the use of computerized finite
element analysis tromecndotly increased the In 1903, Przemlentecki (1], proposed a
complexity of problems that can be iolved on a substructure method for static, finite element,
routine basis; but it aloe resulted in the analyst's displacement type of analysis of strtctures.

S t



A computer r111110 tIring this Method Wan rhe solution for the whole strticturo to ob-
coded Wt tho aultlor's firin anld applied to atatic tainod by combining the solutions Obtineind 4y -

"asyuke of a 'utunber of coinilex stvueturea. p~rts using Eq. (1).

ýMokY"I sap )liF(6 rwduo reae; all1 boundary jointoaxoer completely fixeod:::::::'::udzi norma ode fOxelG
L Daw p afintalk element mathematical etructur0 ae obtained frtheso boundary cn

moe wih ub~ey ersento s d behavoef dtoo h ipnoot fitra joints m ~

the boutndaries of WJo subatructure krO called
bowidpry joints and iAll joints wuttie the nub-
structure are celled internal oirnts, where p, to a column mnatrix of thu lionerai-

lzod coordinate of each subaLructure and ~iic it,
3. With alt the boutudarl1 Jainta displace- a matrin of normal modei shapoe.

likn~to tomuloietly MiCAd to (0),ftnaWze
eackh subotruoturs Sofparatolty to doterniino its In att-p (4) the botilidary jolati; aro reltixcd
diaplaaement of Internal jo~into -Iti') an roea- I degree o~f freedomt (DOF1 ) at a tMeo (0 DOF'S
tions for eapch substrujcture at the boundary in case of R throo-dimienalona.1 structure) by
joints. ('Me symbol I in thin paper dosig- allowing a unit dkepinoumoiet at that dogree of

tmos* column -- atrix, while the symbol redm

de~gat.Tito roceag W. Illuatratod In the bottora

4. Relax the bounidary joints oad obtain the past of F'ig. 1. Tito displacoznio'to caused by
dIeplatCeMent6 at the miOUnciay joints iktR,), and, the relaxation modes con be expressed as
Riter findinag these, caloUlate the displacement
Ui latorwa joints (ot) Uwlns to thim relaxItion l~ 1G) (p")(5
ot thes In boundaery joints, (3)p

0. Obtain the total displaoe mente of the
structure Mo by a superposition of the displatce- where lolt are generalized coordinates of the

*mente for the fixed and relaxed oawidittoite ralaxation modes, 101 is matrix i'oprovositing
dlsplaconionts of internal joints owing to unit

to - wri * Int ) (1) dIsaplacemeonts at boundary Joints, andl isIt
Identity mnatrix.

or'

Usoing Eq. (1)

""t,

Note that NPb (M by definition Iin atop 3.

or by designattii; tmatrix

Tito 'ubutruatures tnothod for normal mode
dynskmia analyolo dvacribed iii thit p)Aper followslR p
the name busie corteopts outlineud for the static
vuitlysis, and tie iniploofinatilon to based on the Thus [R] io the tranefuirmutionit matrix which
general techniques advocated by Bturty t~j (rmiujiorits the generalized coordinates into

actual coordinatoo.
hn thu dynamic uiys cazze. olkps (1) ad

(2) urote tstu ~ne mdi in the- GiatiC aniaivaid eafi
Oxcop t ibt a dynamic mathentatical mncudli acPLCAIt -ODe
couwitig, for rauss no wall an olmdtic propek-tios Review ot Direct Solutions
to uged. For all ox~inple, fltt irig. 1, which
nhown the lompoi-d niaos bamn mathematical T1ho DDAM procedore, which is currently
model, partitioned into foor substructures. specified by (tie Navy for shock analyais of

12
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Fig. 1. PIlaial cAflple

etipboard equipment and foundations, caz De 2. Free vibration analyvis to determin-0
dearibad as a finite element, lumpud gulia, the mdoll(i frqoncIee wi(I iaode uhpen.
normal modo linioed [4,51. Tho chock wiputa,

which represent s %eOrt'xiri Intenitny of under- S. Calcuhltion of the major Mhock ro-
water explosion aItnltk on the ship, are given In aponse luatntltleJ such as modal weight, Iner-

lerma of doeign ,hock apectra for a uniform tial force, and jontt dispi•cemont matrtceo.

shock motion of all support of the equipment

systems. The d•eagn shock spectra vary "s a 4. Detailed force and sreoss analysis of

lunction of tho modal froquoencies, modal each member of the structure.
weights, and localtion in the ohil).

For examplo, the equatlion of motion forA DDAM ftn'lysat of it typictd shipboard tmuuldrc ~ul~ o iemlmltc~

eofllpoii~~~~~~~~~nLi IderbdInomdtali o. thouuual direct oolution for the mnathemnaticalIcomponent to doocrltod in 6omo detail In Rl.ol

[61. Once the mathenmatical model Is ostab- model, shown In Fig. 1. are given In Eq. (5) in

,iohed, thin miajor steps in the DD.,AM procedure trxfrarC;,• .. .. ' ,, ,. • ,.*.. .*. ,,III ~ ' - -nl~ 5

1. Formatlius of the equationu of motion

Including thjo determination of the etiifnoeo )r wherO ;,b I n ms mAtrix, lk} Is oliffneoe

floexbility nuatrix and luass or weight matrix. matrix, 40 is direction cuoine matrix between

S13
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the DOF and the direction shock %notion of the determines the lower modes
supports, and i(t) is shock motion of supports matrix (which is a full matrix here) does not
in terms of auceleration. need to be inverted for the frequency equation

given below:

Substructure Solution [AHMI - A o .

To derive the equations of motion for a
substructure solution, we subatitute Eq. (4) for Using Eq. (9), we can find all the frequen-
(u} in Eq. (5) and premultiply by |R]T, obtain- cies W{ and the mode shape matrix [0] for the
ing Eq. (6), system, using the usual methods for solving the

elgenvalue problems.
(R] T[M] [R] j (RI TMk (R) (10 - ,R]TjM] IV) i(tf*).

(The mode shape matrix it] for the actual(6) mass coordinates of the substructures is

If we shorten the notation for the trans-
formed mass and stiffness matrice, we have
the equations of motion in the substructures At this stage we are ready to calculate the
solution foma4 shock response quantities, which can be calcu-

I[MI {) + (k] (p) -T [m) {v) ( t). (6a) lated using exactly the same equations as for
the direct solution.

For the free vibrations case, we drop the Once the modal inertial loads and modal
right-hand side of Eq. (Sa) to obtain displacements of the jointe are calculated, we

(MI ({) + (klipl = (0. (7) can perform a detail force and stress analysis
of each member of the structure by one of the

Some interesting properties of the mass following methods:

and stiffness matrices of the combined system 1. Equivalent static analysis of each aub-
can be observed it they are separated into the structure for each set of modal inertial forces
fixed substructures modes and the relaxation at the internal mass joints and modal boundary
modes, designated by subscripts S and R, re- joint displacement.
"spectively:

M 2. Equivalent static analysis of the total

[M SO _Iss IM4 structure for each set of the inertial loads at
L" = L[M.s ] }J all the mass joints.

Ck]l .-3 E-,E MPLE PROBLEM
L-0 [_Lkp1,J

General
Note that Mss I is diagonal matrix containing
the generalized mass of each substructure The following example problem will illus-
mode considered, (MAR) is a matrix represent- trate the application of the dynamic substruc-
ing the mass elfective at the boundary joints, ture method to shock analysis of a three-
[k5 S ) is a diagonal general stiffness matrix of dimensional frame structure. The structure
fixed substructure modes, and [kia] is the will be solved using the common direct method
stiffness matrix of the substructure boundary as well as the substructure method to compare
"joints. results. The mathematical model of the struc-

ture is shown in Fig. 2. The structure was
The fOp.xiblity formulation of the free vi- given 33 dynamic degrees of freedom in the

bratior, 'ven by global (x, Y, z) coordinate system according to
the following manner:

1. Three translatory DOF's each for joints
where ([) NJ- is called the flexibility AB. AC, AD, AF, AG, Al, and AJ.
matrix.

2. All 6 DOF'o each for joints AE and All.
The flexibility formulation for constra rted (The additional rotation degrees were assigned

structures is more desirable because it to these joints to compare the direct and the

14
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specified in terms of a shock spectrum valueSutrtreB- imoe

representing uniform shock motion in Z direc- Substructure C - six modes
tion. The specific Fkcreleration shock spectrum
value used in this analysis was8 1 g for all the Relaxation Modes:
normal modes.

Joint AE• -- six modes
Actually four types of analysis were per- Joint AH -- six modes

formed for the math model shown in Fig. 2:

1. Sbstuctue- ll mdesThe following were the major steps in the
1. Sbstrctue - ll mdesanalysis:

2. Substructure-- reduced number of 1 aclto feg n au s W a df emodes 1 aclto fegnaus(}adfe
quencies [it] for each of the substructures -

3. Direct -- all dynamic degrees of using the Electric Doat Division General Struc-
freedom lures computer program [7,81. The mode shapes

for substructure A were normalized in such
4. Drect- reuceddynaic dgree of manner as to give [HA )T I-w^ A[Hl^ -- [tj, #where
4. Diect- redced ynamc dereesof [wA.} Is a diagonal weight matrix for sub--

freedom. a t-metu re. -

F o r al l th e fo u r a ma ty s e s , th e f oll ow in g n o r m al2 . C l u a i n o th [ G m t r x e p -
mode quantities were calculated using a UNIVAC sn.n theldislacement of the subsmtructurepo ;_
1107 computer: etnthdipaeetothsutrtre ,_

degrees of freedom caused by unit displacement
of the degrees of freedom at the boundary joints _1. Frequencies and mode shapes AE and AH. This can be calculated by either

2.Ieta od dir'ect static or substructureo static methods of '

solution. =

3. Modal weights. 3. Calculation of the if]I matrix, which ;
describes the flexibility of the boundary joints,

Substructures Analyses -- All Modes representing the displacement of the degrees of •
freedom of the boundary joints owing to the ap-

The mathematical model shown in Fig. 2 plied unit loads at these joints. This also can•

wa prttine nt tre sbtrctre, ,be calculated by direct static or substructures
w;• al'itinedint thre sbstuctres Astatic methods of solution.

B, and C, separated by the boundary joints AE
and All. In the dynamic substructure notation 4. Formation of the (R)] matrix using the _

!

this resulted In the following breakup of III] and [G} matrices. Figure 3 presents a
modes; block diagram for the forma ton of the IRI]

S515
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matrix. Note that once the order for the degrees Reduction of Substructure Modes
of freedom and the modes of the substructure and
the boondary joints is assumed in forming (R) One of the major advantages ol the dynamic
matrix, it must be adhered to in the following substructure method is that it provides a ra-
steps. tional method for reducing the number of nor-

mal modes yet accounting for all the dynamic
5. Calculation of the weight matrix (wM for degrees of freedom. The modes whihh can be

the composite structure by MWI = [RITI w I [R), eliminatcd are the substructures modes, espe-
whore I w)I is the weight matrix for all dynamic cialy the higher ones, that are Inherently ap-

degrees of freedom of the whole structure ar- proximate because of the mass lumping. For ap
rvnged in the same order as the [R] matrix. general three-dimensional structure, six relaxa-
This operation results in a •m•atrix shown in tion modes must be retained for each boundary
Fig. 4. joint to allow all the possible normal modes of

the ,.viu-usite structure.
S. Formation of the [A) mnatix iromn the

W{ matrfces of the three substructures and the In this example problenm, a reduced mode
IF] for the boundary joints. Figure 5 gives the substructure analysis was performed by re-
format for the (A)] iatrix. taining only the following substructure modes:

7. Forming the frequency equation, Eq. (9), Substructure A - four lowest modes
from the [() and [(W matrices and solution for Substructure B - three lowest modes
frequencies (,.) and mode shapes [(o for all
normal modes of the structure. Substructure C - three lowest modes

8. The mode shapes in the actual coordi- All the 12 relaxation modes were retained.
nate system are given as (#][ (0= . | -

The calculation steps were the same as
Henceforth the calculations can be per- outlined under previous sections for the modes

formed in the same manner as in the direct analysis. This reduction of modes resulted in
solution. 33 x 22 [RI matrix as shown in Fig. 3, and in

___I__UCU W __J~E~0 __ I
il

AFF

Fig. 3. (IM matrix for substructure analysis
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22 x 22 [w) and (A)] matrices as shown in Figs. shown in Fig. 2. The frequencies and mode
4 am 6, rep tively, shapes and modal weights for 33 normal modes

wore obtained using the computer program de-
The caloulxted frequency matrix {f) was scribed in the substructures analysis in step (1)

22 X I and the untransformed mode shape for calculating the fixed substructure modes.
matrix was 22 x 22. The transformed (,t) is a
33 x 22 matrix, and this contains the mode Reduced Number of Degrees of Freedom
shapes for each degree of freedom of the 22
modes. The modal weights for this reducedSsubtrutur antlyte s sownin abl 1.A reduction technique for direct aniklysie,
substructure analysis is shown in Table 1. pooe yGyni e.() a mpidtproposed by Guyan ins Rof. (9), vras applied to

the mathematical model shown in Fig. 2. This
Direct Analysis-All Degrees of Freedom technique, which amounts to elimination of de-

greeos of freedom, rather than normal modes as
The analysis obtained a direct solution for Is the case in the substructure analysis, is

al the 33 degrees of freedom of the structure more arbitrary and less rational than the latter.

TABLE I
Modal Weights for Z Direction Shook (in lb)

Direct Substructure Substructure Direct ReducedMode NO. All DOF All Modes Reduced

1 77.65 77.43 77.13 78.71
2 198.58 200.21 199.95 199.10
3 6.04 4.81 4.05 5.60
4 0.0 0.15 0,15 0.00
6 20.33 20.56 20.60 23.40
8 6.68 5.66 6.64 5.59
7 9.90 4.44 4.64
8 0.95 12.27 12.50
9 0.00 0.14 0.08 0.97

10 1.609 1.71 1,64 0,06
0.03

11 0.00 0.01 0.00
12 1.08 0.00
13 2.80 2.00 0.28 3.02

1.12
14 0.00 0.00 0.31
15 46.41 46.41 47.31 45.56
0 I0.D5 v0i. V. i5 0.

17 0.00 0.00 0.00
18 1.05 1.06 0.50 2.26

0.00
19 0.00 0.00 0.00 0.15
20 0.00 0.03
21 0.11 0.11 2.15 0.00
22 0.00 0.00 0.01
23 0.00 0.00 0.00
24 0.00 0.00 0.27
25 0.16 0,16
26 0.22 0.22
27 0.00 0.00 0.00
28 20.63 26.03
29 0.0030 0.00 0.00 0.00
31 0.00 0.00

32 I 0.00 0.00 2.15 2.15
33 0.22 0.22

0.0

Total 406.00 405.97 379.50 307,32
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II
In this example problem, all the degrees of [)J- 1 K

freedom astuociated wiLh joints AD, AD, AF, and
At were eliminated. Thin reduced the number A. The 21 freuant1ee (w) aut the associ-of dogees of freedom from 33 to 21. The lol- ated mode shapes (0) were found using Bq. (9).
lowini, were tho basic stops in procedure:

7. The expanded mode Shapes for all theI
1. The 33 -Y stiffness matrix of the orig- 33 degrees of freedom were found by

inal composite system was arranged in a maJi-
nor that groupod the retained and eliminated [4] M [) [o
degrees of freedom (see Fig. 6).

Further calculations for inertial loads and
2. The 33 X 21 transformation matrix modal weights were performed in the same

was formed manner for all Uti previous aialyses.

! -T1 " Comparison of Results

where 1i0 and tBI are defined in Fig. 6. Of the four atnalyeas the easiost results to
comipare rtre the natural frequencies as they

3. nie reduced 21 x 21 weight matrix [WM represent only one number for each mode, The
was found by mode shapes and inertial forces are harder to

compare because they Involve 33 numbers for
1W] - IT]T r j [T). each mode. Fortunately the mode shapes and

inertial loads can be Indirectly compared by
4. Tihe reduced 21 x 21 stiffness matrix comparing the modal weights that, for a given

ws• found by shock direction, are represented by only onenumber in each mode. The modal weights are

[K] = IT[T [Ik [T) also valuable for checking solutions In that
their summation must equal the total weight
assigned for all the lumped mass degrees of

5. The flexibility matrix was found by freedom oriented in the shoek-input direction.

RETAINED JOMNTS -_ UMIM&TIOD t•

[a / I

/
AC A1E--tA9-j-AH A C - ,i*)t0+ l

Fig. 6. [k] mtatrix for reduced direct andtlysai
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In this problem the total weight assigned to the numerical processes used in the two methods

degrees ui freedom in the Z shock direction to obtain the solution.
was equal to 400 lb.

The comparison reveals the following:
The frequeoteoe and ingoda weights for the

(our analyeos are showa In Tables 2 and 1, re- 1. The summation modal weights for both
Bpectlvely. The modal frequencies and modal solutions are almost exactly 400.00 lb.
weights that appeared to belong to the same

nermsil mode weroe arranged in the same row 2. Most modal frequencies correspond
in these tables. within 0.5 percent.

t toe ae 1 3. The frequoncies of modes 4, 7, 8, 9, and

Lo efrtexamineWerslso hSLotus irstexaine he esu~ ofthe12 and 13 are different by up to ,5 percent.
direst (all degrees of freedom) analysis and tho
S substructure (al modes) analysis. Both anal- 4. Three modal frequencies and mode
yses must be tinherently theoretically exact for shapes for both analyses are totally different
the assumed lumped mass model; any differ- but none of the modes represents significant
Seces must be attributed to the different responses under the assumed Z loading.

STABLE 2

Modal Frequencies (Hertz)

SMode No. ! Direct Substructure Substructure Direct Reduced
M All DOI All Modes Reduced

1 53.27 53.27 53.28 53.64
2 71.50 71.55 71.57 72.26
3 89.22 08.88 88.94 80.79
4 101.70 99.94 100.03 102.58
5 129.00 128.97 129.13 133.83
6 140.30 140.39 149.45 154.42
7 204.15 190.59 191.02
8 242.12 228.61 220.37
9 285.88 275.40 276.06 281.83

10 304.30 304.27 304.47 304.13314.09

11 318.06 318.38 318.08
12 333.'70 326.70
13 309.69 350.38 302.18 346.02

380.42
14 499.84 499:86 435.62

i5 623.69 623.00 523.06 523.40
16 500.42 590.42 600,47 007.02
17 641.98 642.11 641.86
18 747.90 748.02 762.92 717.49

898.20
19 910.77 911,02 1066.20 916.52
20 1000.50 980.86
21 1328.23 1328.24 1257.29 1057.78
22 1391.51 1391.52 1411.43
23 1639.41 1539.41 1543.25
24 1554.59 1654.00 1597.74
25 19353.40 1653.40
26 1604.84 1604.84
27 1700.07 1706.07 1707.95

S28 1P174.68 1774.66
29 1776.26
"30 1993.41 1992.01 1907.74

_ _2108.77 2_105.00

32 2442.36 2442.37 2446.97 2414.28 .
33 2544.66 2544.67

6347.01
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5. There is no concrete basis for deciding 3. Au the substroctures inthod involveo
whether the direct or the substructure amalySis it solution by parts, a systematic check of cor-
represents a more accurate solution. rectness of the results of eoch step, or trouble 2

shooting for errors, can be made more easily.
Nextt let us examine results of two reduced For example, the static equilibrium can be

analyses - substructure and direct. The results checked for each substructure before the corn-
of the substructure analysis for b•th frequon-

des nd oda weihtsindcat beter orrla- pouite matinrces are forined. The frequenciesctes anrd modal weights indicate better sorrels- and mode shapes of a substructure that consti-tion to the full analyses results. The reduced tutes only a portion of a large structure can
direct analysis missed some of the more Iir- also be more easily displayed and checked than
portant modes, such as modes seven and eight those of the whole large Structure.
altogether, Although no general conclusion cal
be based on the results of this one examnple, t 4. The substructure metthd allows differ-
is expected that the reduced substructure ent analysts and comlutor f-eilities to work
tmethod slhould give equivalent or better accu- separntely on solutions to the individual sub-
_- racy thn the reduced direct method for the structures, before and after obtaining the solu-
same size matrices, simply because the sub- tion for the composite structure.
structure reduction is aln inlerently more
rational -and dynamic method for reduction of 5. The substructure method allows for a
matriCeS describing the equationo of motion, lees time consuming and lse, costly motlifca-

tion of parts of structures (contained in one or
- more substeuctures) than the direct method of =
_ COICLUSIO,4S solutions which would involve a completely new

"A dynuic substructure method for finiter rerun.
element, normal mode analysis was described 8. Using the dynamic substructure method,
and its application to DDAM shock analysis was any dynamic experimental data on one or more
demonstrated on a threo-dimensional frame substructu:es, which is uualtly in terms of
structure. The following conclusions can be frequencies and mode shapes, would be directly
drawn when the sutructure method Is con- inut Into the lys.pared witht the usuit direct method of dyn,.unicA

shock tuinlysis: 7. TiTe dynamic substructures method can
1. As in tihe direct method, considering all accommodate the dynamic analysis of a con-

the degrees of freedom, the dynamic substruc- tinuous as well as a lumped maes mathematical
tures method, considering all the substructure model, or even a hybrid contlnuous-lumpecl I
modes results in a theoretically exact solution mass model, because the equations of motion
for a lumped mass, finite element mathematical can be written in terms of the substructure
mode, although the two methods involve differ- normal mode coordinates.
ont numerical methods for solving the equationsof motion. 0., The application'of Lthe dynamic substrue-

tore method (Ioo(f not n10ceasartly require a now
2. Dynuanilc substructure method provides computer program if the user has presently

a more rattoNal procedure than the direct available a direct dynamic analysis programt-
method for reducing the number of equations and standard matrix operation computer pro-
to reduce the size of the matrices to be handled grain routines.
in the computer calculations. The main reason
for the rationality is that in the substructure
method the reduction Involves the elimination
of some of the higher substructure modes that ACKNOWLEDGMENTS
can be considered more optimum coordlnatoo
than the dynamic degrees of freedom involved The study described in this paper was per-

SIn the reduction by the direct method. formed as a task ti the Electric Doat Division
of General Dynamiics Research and Development

A method for estimrating the errors it fre- program. The author wishes to acimowlodge
quencies and mode shapes resulting from elimt- the assistance provided by Mr. 1. A. otlt and
nation of some of the substructure modes is Mr. D. A. button li computer programing and

Savailable in Rei. 1101. computer solution of the example problem.-
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IDENTIFICATION OF COMPLEX STRUCTURES

USING NEAR-RESONANCE TESTING

J. P. llaouy
NASA Langloy Ibosoarch Cncer

Langley Station. Hlampton. Virginia

A recoint itnovltioii for doae'risining ths oat of govarnink diff6ektAtiai c(idoiona! of
sinotion of a complex structure is described in this paper. Nunserical values for the
mians, siuffneso, and damping coofficionta o( the dynamical equations associated with
a particular input responise or trAnomisoion petli are computed from the data usu-
ally obtained in Convetuional vibration tswts of a structure. 'kte theory in based on
the dynamiiic properties of multi-degree-.of-freedom linear systems. The method
roquires the steady response (acceleration, velocity, ditplacamt .,. ot Attet-s) and
the driving Vinusoidal forda input for transmlission pathe of ilterest to be axperl.
mentally doteritiined for a low frequtenctes near each mAjor strlicture resonance,
Application of the method is illustrated by determining from experimental data the
equations of motion of 1/10- and I/40.scale models of the Apollo/Saturn V launch
venhcle. Transient responses computed using the Identified equations for the 1140-
scale model are shown to apree favorably with expo•ttn_•nttl reesIte.

ix) System coordintte vector

INTRODUCTION xi kth oyetem coordinate (en ete-
metof (Xi))

The purpose of thite paper is to present a
aimple technilque for experimontally detoermiing Xk Amplitude of steady-state die-
an acceptable set of equatione of motion for a plaaement responae at k
apace vehicle structure. This system identifli M
cation approach, while yieldling the equations of W) $ySbon oordiniate vector owing

n.Ac'd_ 0 nov a~ dausa~uu iiiiklah. or Only to r'c^point- 4n th- 1iii iinde
p)hysical idealization of tWe otructuro, It relies
solely on the experimental detormination cf the x t, kilt oieni0nt of IX)} '
steady-Btate reaponee of the Structu• e to a
slnuolidally varying in~put force for ac few fro- {1F Matrix of leodi!l vector* ill'
quencipe near each Importnnt structural rooo- as column.n
nance, avid on the usual asetump t ions regarding
the behavior of lightly damped, inear structures. ) Niodja vector okAkluaed iroun

NOMENCLATURE t4. The Ath and kllh elenitoto of iv'

M_ System inaa m itatrix (Byninnotric, pout- (iiJ Diagonal modal mefna nilirl#tI Ie dlefinilte)

t"J Diagonal modal dampinlg mitrt
C. Systait viecoun damping mnatrix (Symv-

metric. nonnegative definite) fKJ Diagonal modal eatifnfiko miiial

.K9 Siystem stiffness !nairix (Symmetric, tq) Normal coordinates defined by
nonnegative definite) ie (q)

Fi Systenm forrihg functioll vector

if J
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q1  ith element of W,

ith modal maDe, damping, mid The equatuons of motion for the system
SttIfnoes may be written [5]

FL(t Arbitrtnry external~ pitn forceok1'I*K '- vt'
Sipplied V't

Tie transformation
Pi Amplitude of P, sin s l

rnz .} k, Iz'; Effective manao, damping, and
stiffindab for the i-k input- where

output path In the Ith mode

Olk i'iaO angle between response + i

and input force for the i-k
ptih Il assrned to produce uneoupled equations In

te-rmS of the normal eoordlnatee, q, so thlt
q' E I.~ective pe[,,ent of critIeel

damping •n the Ith inoodo (ite,) Ij]!•4 4 j•bq jy)rfp(,k). (4)

,, Circular frequency where

- ith roson,"it circular frequency I, tI, [Mi IT)

1,,t' Unite used In tiD paper are lb, m-J [v1 [,cl [[,Iv

In., seet

THEO'R Y Tho oquation for the ith normal coorditn to I

The stlrting point for the development of .

tWe Identification technique of this paper is i cmq 9

the mechanics of lightly damped, lInear syeteme.
Thit meanA of Itrtcturoe tor whieh the tcchlnique For only one oxtorteal forcing function applied

lB propovod ts Maumed to poenoes the follow- at 1, leq. (5) becomes
lng, somewhat qualitative features that are
stated In the form of assumptionl and are ba•ic ,* * tql I (
to the ensuing development: 1 (0)

L Light damrplug typilal ot a asace veihi-
ole with no damping specifically des~giged Into Near" RoltO1Ant teNIPoaioe
(h) str'.3otere.

Rqnintion (2) moy be written
2. The modes of interest are sufficiently

* uncoupled in the velocity terms van ueparoted " q
in frequency oo thal a eiingle degree-of-frecdom"
-mnlytst to mAequate to ropreent lte steady
_ repoInse ab•v• the hlalf-power point In at nwdo ao that the reeponav in the it| lsode is

- of int'reet. - 1' + + ( + +q (1)

Thece basic aseumptlioto are desigpied to
imply that the etvady responee in erich vibrtition or
imode of interest is not signitIcRntly affected by
any other mode. and that oeaIc m•do c ho Can
iaolated and individually exploited as diucussed
its Refs. I I) through, (41. anod

With the above assnumptions as a back-
ground, the p•roposad identification tOchnlque (9)
mnd the supporting aunlytical arguments are
now developed.
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Subutituttng Sq. (0) into Eq. (0) and d(ividlng by Solutltion for InI, C I, Mid kill

"rIhe steady state or avartmiuiax e0lutiOn of
- , Eq. (11) with F,(t) -r el I is given by

\++ ~ ~ ~ ~ ~ b r• X sil + h Wl + .(5

. ,,Substituting Eq. (15) into Eq. (11) and oolv-
.F,<t) (10) ligfor Uto coolficiente s -.. and ii,,, re-

IF " stiuliI in

Sor I)- - .ai(8

Srtor

I h eignificanico of Eq. (11) is that it rop- F,
reconta the systern dywnnics for rosponseo at ' 't t (17)
point k owing to forcing at point .. Also, the
derivation of Eq. 011) iha not placed any 'o-
etrictione on Ulu forcing function nit I F, It one sot of vdlues of ., Fi. xj, and ex, (or
Is, in fact, an arbitrary, external, point forcing Eq. (17) and two sets for Eq, (1f) aro known,I function. When Irit ) t Fi st P l with .. -,, the coefficient@ of Eqa (Ot) may be computed.
only one equation of the form of Eq. (11) Is ro-
qulted to re-propcont tho oyste-m reoponsn It to
upon tide fact ttlt the Idelntifieatton achvnio to
baood. Roaponie to Arbitru-y Form.-

Equating the coefflciOnts of Eqe. (10) and The totnl syaton response at I owing to
(1I), it Is evident that any time dependent force F,(t ) at i ts found by

superposition of tho sointlona of each of the eot
of tho following equiatlon:s:

( 12) l V; ,

ii II' 
8 

j t I I) C*•) i * ik+• tk 1kkl k ' i

C k ' P *k [ C 11 4

It k

k lk IS aki Flo

Sotting k

from which the modal amplitudes at I and It mid to given usiung 1;qs. (3) and (0) as
are found to bo given by

(14)

S:• • ; m EXP,;RLMLNT&I'. PROCEDURE

"lb~ 1 Ilierhe Lotipiiey T,'I0-*-.cni And t/40-mcalet~z*•}•'.# oi (th . i:A t . !." z uro V "+ . .]+gilch veh..10-v
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SFig. 1. 1/10-scale Apollo/Saturn V model

1/10-Scale Waodel

The 1/10-sale modei was complete in the
lift-off structural configuration, but was en-
tirely empty of simulated propellants. The Fig. 2. 1/40-scale Apollo/Saturn V model
boundary conditions were cantilevered-free. A
steady frequency, transverse, sinusoidally
vrafying Input force was applied in the pitch
plane through a strain gage type force gage at APOUO

W_ station 386 and the disolaceme•ts at s..tid•is
W6 - [-CnN418 (the tip of the escape tower), 377, and 282 00 A

were measured using a contacting, cantilever, 1/ 10 scAL
strain Cage beam. The tLain gage displace- -. 1-. . IP MR,'
men, transducers had natural frequencies in 15 V TO 4 SPOt

the order of 60 Hz and were used within their S- M a1sPON.

flat response regime. The signals from the ttSIBERs 1110.AUE STATION
force and the displacement transducer: were 5 W N,•s

processed through a balancing bridge, differen- 42.',-3 L,40 SCu
tial ampligier, dc isolation amplifier and were P INP UT TOM

ALTERNATE LOCATIONS
then recorded together with the calibration sig- a sW o. ACCUIATIO.
tip-to on an FM analog tape recorder. The Fs- I RESPNSE

lection of both strain gage force and displace- .
meat transducers with both signals processedI through identical electronics was to assure thea•ccur'ate determnation of phase angle, O, for Fig. 3. Schematic of Apollo/Saturn V models

use in Eqs. (16) -amd (17).

S1/40-Scale Model loading corresponded to first-stage burnout and
• i the bOur-iery conditions simulated were free-

The 1/40-scale model was also complete in free. zeady frequency transverse, sinusoi-
the lift-oil structural configuration. Propellant dally v-cying input force was applied in the
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pitch plane, through a crystal type force gage, these limits, identification of the 1/10-scale Ii
alternately at stations 0 and 42, and the accel- and 1/40-scale models was attempted.

Pration responses were mencure'd at model
stations 102.9 and -2.7. The crystal transduc-
ers were used with this model to evalmuate the Solution for Coefficients
quality of data produced by the two different
Instrumentation schemes. The signals •rom the The digitized experimental data, Fj, xk or
force gage and accelerometers were processed RU, 0 k corresponding to a near resonant value J
through similar conditioning equipment to mini- of ý were used to determine the values of m I),
mize relative phase shift and, together with C (J) kl!) for each significant mode for each of
calibration signals, were recorded o' t•",. the selected input-response paths for each

-model. Four or five frequencies near each

resonance were used. The value of ci ) for
Data Reduction each point was computed using Eq. (17). The

elevalues of ms and k tj were determined by
STh~e experimental analog d~ta were digitally solving Eq. (16) as a pair of simultaheous equa-

filtered using a 24-point per cycle Fourier anal- lions for slightly different near-resonant values
ysis, from which the numerical amplitudes of of ... The average value of effective mass,
the fundamental components of the input force damping, and stillness for each mode was then
and of the displacement and acceleration re- determined. Typical first-mode values for
sponses and the input-response phase angles, station 377 response of the 1/10-scale model
0i , were computed. are at shown at top of page 28.

The sign of MI' tIP computed using Eq. (16)
1DENTIFICATION PROCEDURE was very simply verif ed. The sigp •i• takenhn

to be positive if ,t 1) was In phase (approxi-
System Equations mately 0 degrees) with vj J) and negative If

Ok was out of phase (approximately 180 de-
For convenience, Eqs. (18) were written as grees) with 911). The identification results for

both models are listed as coefficients of Eq.

- ÷ +2,i• Lk (19) In Tables l and 2.
k . ta7k ) F

81 k
S(19) RESULTS

Comparisons of the identification and ex-

" " k k P ) perimental frequency responses for the two
Pk models are presented in Figs. 4 through 10. -

and

X p X- (20 The results for the 1/10-scale model are
k k shown in Figs. 4 through 6, plotted as the re- D

sponse ratio IXk/T 1 I vs frequency. The par-
ticular solutions of Eqs. (19) were obtained for

Computer Experiments F,(t= sin wt, i - station 30M, for o < ,,2. < 30
using the coefficients listed in Table 1. The-

A controlled computer experiment was frequency response at stations 418, 377, and
conducted in which an exact numerical solution 282 were then obtained using Eq. (20). For
of Eqs. (19) and (20) was generated for an as- example,
sumed set of typical coefficients. The solution
was then corrupted and the coefficients mlik .1) (2) X(3) A
cW1 , and ki' were computed using Eqs. (10) 418 418 '318 41"
and (17). The results indicated that errors of
up tot i U prel, t in FI /Xk , and 110 degrees In
O can be tolerated by khis identifier when ap- l1/40-Scale Results
p~led to systems that satisfy the basic assump-
tions of this piper. As it was felt that the ac- The results for the 1/40-scale model are
curacy of the experimental data fell within shown in Figs. 7 through 10. The frequency
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SFrequencies Coefficients of Eqtiatiois

f 2."ik 2 kiC

4.62 28.30 0.3479 0.1468 304.9 0.4191 870.4 2.87
4.72 29.04 0.3381 0.1015 206.2 0.4777 876.7 2.06

C499 31.34 0.3311 0. 1611 290.1 0.4860 876.2 3.02

TABLE I
Identified Values of the Coefficients of Eq. (19)

for 1/10-Scale Model
(All Stages Empty, Cnntileverod-Free)

Station, k 418 377 282

.... 11 2 31 1 J 2 1 ( 2

2 -- k '1 0.472 4.19 15.4 0.477 3.40 0.479 2.85

2 •1 877 9240 28,360 876 8860 877 9350

3.89 9.01 -4,85 2.95 2.30 1.39 -1.93

TABLE 2
Identified Values of the Coefficients of Eq. (19)

for 1/40-Scale Model
(First Stage Empty, Free-Free)

Force at Station 0

Station, k 102.0 -2.7

Mode, j 1 2 j 3 1 2 3

4.00 0.70 13.90 2.76 5.20 60.0
68,900 288,000 683,000 69,000 288,000 080,000

k 39.0 -28.8 10.1 6.87 3.24 10.2

___-_ Force at Station 42

Mode, j __1 2 3 4__ ___ _ __ 3 J4
St ation, iIk 10___ .0 _________-__ _[ 2 .

mw 3.14 13.71 2C25 ,.2 2,68 3060 20.12
_ k _ 1 _..

69,530 289,300 681,160 929,870 69,700 287,100 691,660 933,400

/""Ik -10.1 16.2 -12.2 -11.7 -2.82 -2.25 -1.37 -9.00

28



- __-_ -

--

OF|

-POIt N RISPONSI[ I 01 41R POINT OF RESPONSE 0, STA. Nt
u J INPUT FORCE I STA 316 INPUT tORCE I STA. 316

- IDENTTIFICATION RESULTS 001- - IOENTIFICAIIONd RESULTS
o WIPFRIMENIAt POINTS j 0 (XPCRIMLP5AL POINTS

0 001

0 5 5 '0 15 20 25 30

= I, llIHI

Fig 4. Gornpar-son of identification Fig. 6. Comparison of identification
resu!ts w,)th exp-eriiental frequency results with experimental frequency
response for 1/10-scale model rceponse for 1/!10-scale model

POINT OF RESPONSE k: STA. I9M.9
- PINPT RESPONa E k: STA. 346 tP rn FORCE 1, STA. 0INPUT' FORCE " ST& 351.• 0 EXPERIMENTL POINTS

IWENTFCTOJRSLS0 -IDETTJIFICATION RESULTS
OESPTPRIMUEAL POINTS

00'-

0001-

0 ON

[
00W C 0000'

0 5 'D 5 0 30S 0 20 40 so0 Ro 'o 20 '40

Fig. 5. Comparison of identifi- Fig. 7. Comparison of identification
cation re-,,tL kyith ... resuitl with experimental frequency
frequency responrse for I/I0- response for 1/40-scale model
scale model

response solutions for forcing first at station 0 and
and then at station 42 were computed using Eqs.
(19) and (20) and the coefficients given in Table x(2) i• i (4)

2. For example, for response at station 102.9 XC3 9 £02.9 + TO0 • 12 9 + 2oi.9
owing to forcing at station 42

.t * 3 , 14i' 't, _Considerations
02 93 14i02' 69. 530x. - -10 1 sin .. t

The identification results for both models
agree quite favorably with the experimental re-

S isi 9 ' 4 545 ) 269 30031 16.2 ii .. sponse data., in addition, the associated phase
ailgie•s

x , 13 7lx '681.160x', - -12.2 s ,,,ta

I0 26 259i4 929,870x9 ( -11 7 sin ,t

0 26 9 2" o01 9 " o i also agree, usually to within 5 to 10 degrees.
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POINT OF NEWI• PE k STA. 43 Therefore, it is felt, for both models aad for
00 INPUt FORCE I SIA 0 the input-response paths Investigated, that sys-

0 EXPERIMENTAL POINTSI(tiNTFICATION RESULTS tems of equations suitable for computing the
response to an arbitrary forcing function have0,001' been obtained.II, lit thils connection, the uniqueness of the

O-W o.- •Identified equations hias not been rigorously
established. It Is felt, however, that amplitude
agreement as shown In Figs. 4 through 10. to-

SODO _-6-gether with phase agreement to within 5 to 10
00 ? 40 G o o W 0 W 40 degrees, constitutes sufficient conditions for a

system Identification adequate for all engineer-
Fig. 8. Comparison of identification Ing purposes. The experience thus far also in-
kesulta with oxnerimentol frequency dicates, for the class of systems considered hin
responre for 1)40-rcale model this paper, that an Identilier based on requiring

coincidence of frequency response amplitudes
only, without regard to phase, will produce
basically the same results as If phase informa-
tion wore employed. This fact can be useful,

POINT O RESPONSE k S. I. because in general, some obvious small adjust-
INPUT FORCE I STA. 42 ments of the Identified parameters to give bet-

*_ -UPt1IMMTAL POINTS ter results based on amplitude comparison are
O|OITIFICJATION RL.SULI$ usually possible. As presented, Figs. 4 through

10 Indicate the results that were achieved using
the method of this paper without iteration. How-
ever, parameters were easily selected to pro-
duce perfect coincidence of the amplitude plots

4' b of both Figs. 8 and 10, for example. The phase
o.0• ~differences were negligible. Therefore, it Is

felt that refinement of the identified equations
to produce perfect amplitude agreement is per-

0'0"M 4 6 0 40 M missible, if not desirable.

The advantages of using the approach of
Fig. 9. Coniparison of identification this paper are that a detailed structural Ideali-
resulots with experirentl frequency zation and associated analytical model Is not
response for 1/40-scale model required. The modes that actually contributed

to the response were Immediately Identified as
Uhe only ones observable for aglven i.p"t re-
sponse path. This obviated the usual concern
over the problem of Including all of the signifi-

I'oI•rRtsrvNSsk SPA. s• - cant vibratory modes of the structures.
INPUT IORCE 1 STK 42

0. 0 •r011(EXJPU At POINiT Once the equations of motion for a suc-
- IWTIIFICATION RESULTS ture have been identified, the transient re-

sponse to an arbitrary force can be computed
with confidence. In this connection, rigid body

000- modes, if required, can be calculated from

model drawings, or experlmentally determined.
Results thus far of transient tests with the

oooo -1/40-scale model have produced excellent
agree:ment between the acceleration response
computed, using the Identified equations, and

e0000 •-- the experimental transient acceleration re-4ý'6 ,R -D12 40, sponses. For example, a comparison of iden-

tification and experimental transient accelera-
Fig. 10. Comparison of identification ties and displacement responses for the 1/40-
Tesults with experimental frequency scale model is shown In Fig. 11(a) and (b). The
responsoe for i/40-scale model coexi.nt~a used In computing tie acceleration
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i W ACCfR^IPAI RESPONSE At ST.ATIN• 100,. CONCLUSIONS

. A --•olo,,rnF$PQo$(A technique for determining the equations

•- • -o•of rmotion of a complex structure has boon pro.

sented. Both the number of the essential de-
grees of freedom and the coefficients of the

Ito OISPkACE[MI ArFS"S AT STATION 102 equations are deoterilined by the procedure,•--RIDA I05 AND... I (SII UII n•vS whichis l applicable to a largo class of aore-

•-0.0 • - space and other structures, The procedure re-
quires that good quality experimental frequency

iresponpe data be obtne d for the signif Icant02 In .' PRWA~ ",r~ TRNSEN IORU 0 •omc~ eonances associated with specified Input re-

and experiments. IranTFei t responNe identified and experimental frequency ADIspopahe

a satisfactory ideuttficatlou. Tuirs hypothesis,

If true, suggests that refinement of the initial
identification results to produce perfect ampli-

response as predicted using the system identi- tude agreement is desirable and may be useful
fic1tion results are given In Table 2 for i t0o in the formulation of an identifier that does not

Antik =10P9 (ee ig.7). n aditonthetwo require explicit experimental phase Information.system were included; thiLs resulted in five It is believed that this identification proce-
Sequations of motion that were integrated using dure should be advantageous when the dynamical
Sthe measured values of the transient Input equations of motion for an existing structure
Sshown in Fig. 11(c) which was applied at sta- are desired. For example, if the available re-tion 0 of the model. The identified equations sources are not Pufficient to allow the formula-

predict transient acceleration and displacement ties and verification of a detailed analytical
responses, at station 102.9, that are In good model of an existing structure, or if only sinus-
agreement with the experimentally determined otdal test equipment is available but transient
response. The results of Fig. 11 are cc.ecinlly response data are required, the procedure dis-

Simportant because they demonstrate the ability cussed in this paper may be very useful. In par-
of the identified equations to predict accurately ticular, the identified equations were shown to
the response to an Input of a different character adequately predict the system acceleration re-
than was used for their derivation. sponso to an arbitrary transient force.
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DISCUSSION _

F. Kozn(Midwest Applid Scionce Corp.): determined an effective mass for a given trans-

You meittonod theft ORC mission path for a given mode. That Is what
not required; yet you do have the lineae equk,- those coefficients turn out to be and it to ex-
tions, so there in some structure being as- planeod more fully in the paper.
suOned in the actual identification procedure.
Exactly what data were taken? Were only ac- Mr. Forkois (lNRL): Can you toll us some-
coloration data taken, or were dieplacomenit thin-out the structura and material almula-
and velocity data taken as well? tion of your models?

Z Mr. Palley; The answer to the first quos- Mr. Raney: Ift I mdorstand your question
tion To iitlaily my terminology vs someone correctly, that was not important In this talk.
elsee. When I say no analysis, what I really It is aI 1/l0th-rcaie replica awndel of the Apollo/
mean in that the step of taking the drawings of Saturn V launch vehicle. It was originally built
the model and breaking them up into a 1000- for Langley for research related to the Saturn
degree-of-freedom finite element model, and V/Apollo program and not for the program on
that type of thing, has been bypassed. So we which my paper is based.
assume we know quite a bit about the struc-
ture. As to the other question, the only things 0. C. C. Smith (Bell Aerosystems): Would

that were measured were the three quantities you agree that the success of the method de- =
-that I indicated, The phase was not measured. ponds entirely on having well-separated, lightly

--Forces-and-accolkrations were measured. damped modes?
These were recorded on FM tape, digitized, and
filtered with a 24-ordinato-per--ycle Fourier Mr. Raney: Well, that is the type of system
system. We looked at all tUe harmonics as well on which It has been sucoessfully used. On the
to be sure we wore getting good sinusoidal data. other hand, until I try It in more complicated
We used only the fundamental of the force and situations, I do not believe I would like to say
the acceleration response which was all wo that I would agree with that particular proposi-
needed because that was 99.9 percent of what tioe. We have evidence that we ,ojld deal with
v'e had. We then determined the phase between systems that behave in a more complex fashion
those two by numerical moans - zero crossing than the system described here; however, I do
said that type of thing. We had the data all digit- not want to indicate that I am competing with
Ized and actually computed the phase without modal density people where they are up in the
measuring it explicitly. That was the data on very high-frequency ranges either.
which we operated.

It. M. Maine (Wash. Univ.): I would like to

M. J. Daruch (Kolomman Instrument Corp.): say, at In exploring
.this kind of proceos analytically I did a 24-

which involved K, C, and M. flow (lid you arrive dgroe-ofreponses. sytem modesg w ier tioe cal-
at these coefficients for your equations? Were puted responses. TIe modes were not all lightly
these modal quantities, modal niass, '(odal damped and not all well separated. I was able
spring constants, or modal dampang? I know to calculate backwards to got K, c, and a with

you had to feed the response back Into the equa- agreement to around sevon figures. It works
e'|arf fine. flow well it will work when thc data are

tion to add these coefficients. Would you clarify experetal, I do not know.
this If posi- ble ?

Mr. Raney: Having this reference would be
Mr. ftney: It is, I thin., totally clarified very helpfuli. When I was doing this work It

in the paper. ! would cht'arac •rize these colf- neemed fairly simple to me, but I could find no
ficients, as I qut them, a-s - cttve mass, stiff- references where people had actualy used ex-
ness, and damping for the )! -n de and the ik perimental data and done very nearly what I

Stransmission path. I do not mnilne modal presented here. System identification is what
mass nor have I determ•i•n __ diagonal mass you want to make it. It works where It works,
matrix in teruiv of r--dal r.asses. I have anid that Is it,
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PROPAOATION OF LONGITUDINAL STRESS WAVES
IN A COMPLEX BAR-TYPE STRUCTUREJ

L David L. Block
Martin Ma"'-tta Corporation

Orlando, Florida

Thin paper jprosonts resuilts of an analytical investillation on the propagation of longitudi-
nal stress wnven in a complex bar-type stricutire. 'tho analytical investigation presente3d
ia simple in concept and yields a procedure for calculating the longitudinal response of a
structure which is impact or shock loaded and that can be modeled by a rotationally sym-
metric nonuniform bar with attached nonstructural masses. An example of such a struc-
ture is a missile configuration. Equations are derived for the transmission and reflection
of stress waves through, elements that account for gradual changes and discontinuities in

-sarea and material and th~at accotint for ri-gidly attached masses. Tito effect of nonelastic
waves aad wave attenuation is also considered. From the developed equations. the re-
slioiie of the sti-ucturo at a particular position may bie calculated by @Uperiinpoffig tho
effects of Lthe responses of the various elemntont at proper time instances. Calculations

*~illustrating the developed procedures are presuented for the longitudinal response of a
missile configuration excited by, a velocity shock. Calculated accelerations are compared
with measured acceleration data from a missile configuration and exhibit good agreement
considering the complexity of the structure.

INTRODUCTION continuous model on propagation of longitudinal
stroes waves owing tom an mr-wt ar shock load- -

To InveatIgate and design structures that Ing in n rotationally symmotric nonuniform bar
are to withatand shock and impact loadings, a with attached nonstructural miasues. The re-
theoretical approach is needed that will account sponse at any position Is calculated by using the
for' the complexities of the actual structure and simple concept of a building block technique that
yet be aImple hi concept and procedure. For a superlimposes the reepon~eo at the proper' tinle
structure such as a missnle cop'illuration. a con- Instant ol time t'arto'is elemients that jtccjuft ior
figuration with a longitudinal dimension large the complexity of the actual structure. Equa-
In comparison, with the other two dimensions.,a tions are derived for the tranmsin n
realistic model may, be formulated by consider'- flection of the stress w-avea through clenucicts
lng longitudinal 1-eaponsjes only. For this type wivhch account for gradual chattgoo and dItscon-
of response two theoretical models inay be ciii- tlnuitles lIn amea, material, anid mass of the bar.
pioycd: a lumped paraincetr type miodel, or a The equations for discontinuilties and gradual
continuous type model such as a bar or beami. changes In area and material have boon previ-
The lumped paramneter model can be made to ously presented 14-0] and tire presented here

Lapproximatte the actual striucture by using as for completeness; however, the effect of at-
many spring and mass parameters as needed tichecl nonstructural masses lins not been pro-
11i-3], but this representation Is limited In ire- vio"nsly considered and allows for the calculn-
quency content owing to the necessity of using lion of accelerations. N'onelastic waves and
a finite number oi springs and mnasses in the wave attenuation effects are also conseidered.
knodel. Consequently, the spring niass model
is not desirable for obtaining re-avonses owing Cluain fdnmcrsos lut't
to stress waves. To obtatin the proper wave

tresponses and frequency content a continuous gthdeeodprcd'sarpestdfr
type model is needed. a missile configuration that is loaded owing to

a. velocity shock. Experimental acceleration
Therefore, the purpose of this paper Is to datta are compared with calculated accelerations

present a theoretical investigation using a to evaluate thp theoretical rec,1tts.

V 33



NOMENCLATURE rotittonally symmetric nonuniform bar with at-
tILched non.,tructvsut| mP.aes, the oquattons

A Cross sectional area of bar governing wave propagation in simple struc-
tural elements are derived and used to replace

Z Modulus of olaBtlety the complex structure by a series of equivalent
simple elements and by superimposing their

£j, Modulus of elasticity for stress effects. The assumptions to develop the govern-

altor yield stress (aeo Fig. 3) tIg equations are: The loading is symmetric
about the contorlino of the bar; the only waves

M Honstructural attached mass are piano wAvea; and tbe rouponso of each wave
Is independent of offects of other waves on linear

V Magnitude, of step velocity responaes so that the principle of Superposition
is applicable. The elemetis that are 'mood to

a Particle acceleration represent the complex structure are shown in
Fig. 1. Those elements will account for dis-

c Velocity of propagation of lsngltu- continuities in area or matorial, gradual
dhian el aotic wavo, VYW7 chngoes in area or material, and attcheod non-

structural masses, and by suitable combination
C, Veloclty of propagation of longitu- will roprosent the considercd structure.

dtnal nonelastic wave, jE7p

o Integ~er _j•

v Particle velocity

x Distance wave travels (see Eq.
(22)) (* tsoa) n~ isCNTA Y ni IN AG N MATERIAL

a,/i Constant s defined by Eq. (11) '

,, Mass density of bar "-r ANPNCN

I internal friction damping factor
(see Eq. (22))

a Longitudinal stress

7 Yield stress tb GRAODUAL C*IANOV. IN AKIA AND MATERiAL

U(t - to) Step function defined by Eq. (13)

At Time increment

xbsorlptsj

i Incident wave

r Reflected wave

x Transmitted wave Ic) RI•DOLY ArTACttEO NONSTRUCTUtAL MA$$

1.2.3. ,n Integers referring to section of Fig L. Typtcal structural olements
bar (see Fig. 1) or velocity steps
(see Fig. 2)

To derive the relattions governing the
DEVELOPMENT OF BASIC EQUATIONS transmission and reflection of waves itn the

elements of Fig. ,, the relationship between
To develop the basic equations for thoe stress and particle velocity is required. Using

propagation of longitudinal stress waves lit a the uniform bar solution for a wave traveling in



013111 -gas IM
one direction (one-dimensional wave equation In Fig, 1(b. and that at O'eah of theP @top@ there
solution) and the one-dimeni3ional titreps- is no0 reflected wave. Usaing Eq. (4), the trans-
strain and dtapl~cemonet-vo.Ioclty relations. the mitted particle velocity through the first stop is
following equation may be derived 14-Ok T

2A,, -

Ai I1 , A -' VI

where zist the longitudinal stress,. to Use where %Iis the incident pairticlo, velocity at
milda density. c in the waive proprtgatloll Moeo- section 1. S~snitarly. through Lthe proccedlingiyad YIs Weif partle4I velocity. Fquation (1)
g Ives tho relation betwveen stress and vvlocity
and io often referred to an tike mepchanical

be obtainod for each of thie ole monts of Fig , I A,.. . a I
by using fwtdj'h -iental iorce equilibriumn and
dispIncemenu Compatibility Concepts.

IA3p, C 3Consider first what happelns to at wave -V

traveling In a uniform bar that encounters a A4 4 C4 A * j
discontinuity in area anld/or waimerIal no shtowni.
in Fig. 1(a). At the discontinuity there will beJ
transmitted and reflected waIves its illustrated 2An -A '1- 11- J5%

in Fig. 1(a). Note that for the sign convontlonA.v cIds_ IC
of Fig. 1, thu particle velocity and wave v'cloc-
ity are assumed In tho samte direction. Equal- Combinitig the above equations gives tho fol.
ity of the forces at thle discontinuity gives lowing:

A, (i, -A 2C' (2) A e

and equality of tlie p~article velocities at tho An, -nC

discontinuity gives (I Iilja'n.Alf(*i

where the subscripts . .and trefer to the Mw etn h ubro tp .bcm n
incident. reflected, and transmitted waves, re- Nowe, letit dhe nominetr of seq. (6) (foro dtil-
apectively, and A, and A, are tile areas o1 the seFe.11 srdcdt
two bars. Equations (2) and (3) are approximate seRe.tJisrde o
as the stese nd voiocitles tire, in general, ,
flut kuiiiiUVImly oksirtibip!d over the Cel-02-sertlon I Ito*
areas and are valid only for a mall changes ia 2 2 s2ji1
area. By combining Eqs. (1). (2). and (3), tile
lpnrikle velocity of tile transmitted and re-
ilected waves can be detortuined as 2 ,ý , VA,. g

V A,,,., .-1 (4) Front Eqs. (0) and (7). the equation relating the
particle velocity v, incidont at ono ond to an
elemnent with a gradual change in area or mato-

A) 'c le At I t rial and the particle velocity V., transmritted at
V A, ,, A.,- the other end Is _____

The correaponding trana.nitted and reflected A,7,
stresses are dete-ntilited iio EqV1."i- A,.,.

Consider next what htappens to a traveling
*wave If there Is a gradual change Its area and/or Again the stresses may be obtained from Eq.

material of file bar as shown In Fig. 1(b). For (1). Note Utat If the gradual change Is one of

this cise Assume that the chiange front one end area only, Eq. (8) lpredicto that the velocity orI

to the other Is brought about in a1 series of -i stress of (lhe wave will vary Inversely as the
successive steps as shown by the dashed lines linear (linenoion of the area Note also thatt
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WE_

tho total onargy ot tile waya does itot ChAngo lk"
it pasuses through the section. "CgTWAVf

Coiiuidei finally wimt happono to a trwiel- VO ~-
Ing wave thait to incident to a section that lias,
an vatiaclhed nonstructural inass ~ as Iowvu in
Fig. 1(c). In Fig. l(c), tile Mavs to shown at-tJ YA9iro*v
hkahod to A kntform elemonnt; ho we vor, tho rola .TR'kM ESWV

haeas tdiacontinuity, in area and mnaterlial
at the point of the attached mass. 'Ile attached
maIss to assankd rotationally symmetric, to- I.

anled 1kt a po'ot, QLd rig~idlY Ittachod. h
rigid afttahmekt. allows no relative motion of 141tiEP IijOiCigON MIDLUali VA'dL

the mass with respect to tho bar, At the point
of the aittached mass, equwlity of forces givea

A, (o'j A~,a iM__ (9) p
citVEL'tiv V4

where 14 io the totPl mimes, y, io the transmitted r
particle velocity, and t to the time. Equation V

then~~AtA~e substitutionri ofSt () n () no 0

Ing te t1 atho~te cde particle velocity: a h (
attnched nontrctrs and (13

titf

A, A.c

kI11 Substituting the incident velocity given by Eq.
2A. (12), Eq. (10) cakn be solved by Laplace trans-

toeity v,

Noate that tile siohitlami of Eq. (10) for thle tralls-
mitled velocity %,, will b~e a function of the - to t. t. - j 14)
shape with respect to time of the incident ye- I o IJ I J r
locity v1 , As the shape of the incident velocity and (or tile tranamitted acceleration
V1 may change with respect to time mid as the
exact shape miay become very complex to de-
scribe, an analytical solution of Eq. (10) cannot-
be Obtained for all c"0e8. llowiivev, approxi-(I)
mate solutions may be obtained in the following
manner. -l( av ' Uk I- 1.

Autivne first that the Incident particle Ve- The reflected velocity is determined from Eq.
loetty at thle attached mass is in the temos - n h'crnimwin'ii~~sncdtr

M-pVoociky ati 11io 4. Ike ShOWil by tile nowl (3.-dtecre-1kidn tea""edtr

line in F~ig. 2(a). This incident velocity cix 00 mndfoi e".'~ ce
exprssedmathmnalally~ti determined by differentiating Eq. (3) and

solving. Thius, from Eq. (3)

where v, io the maignitude of the velocity ;md where a.i tis the Incident acceicratior and ai, is
wt - to) tona step function defined as the transimitted acceleration. For thle cane -Til



cooaineuastl e ativ o te rafttoi sUt

neclertio nttim t may be neglectedfoIVC

concale conrideations

If~ ~ ~ ~ ~ ~ ~ ~~~I fglabrwthaaatce m hr n eral, Eqs. (10) and (19) are tedious to
no lscnttuly i ara r mteralof ie ~ ovnluate at any t'tite Iinstant. Therefore, rocur-

no , d~o ),tnl thn ar e ua l om a ndie ofhElia renee equationso were dorivod that lAtlowecl Eqs.
solution for the transmitted velocity, Eq. (14), (10) and (10) IG be evaluated at each time Incre-

in i a ormas how by he ashd ~~ ment -'t from tile initial time to. The recur-
2(a), Vote In Flg. 2(a) tuid tin Eq. (141 that inoe qa~nswr band yeautn
thie .Hldi us 1 beonies large the transmitted Eqs. (18) knd (10) At each timo Increment
volucity approcachoa the incident velocity and and 'vninbining the results. Thus, the following
die reflected velocity approachies zero, ita- rocurroacto equations are otUa~ned for the trans-

dos o eul -(there is ic (lipeontinuity inmited velocity:
area or mnaterint), the tranniinitted apnd reflected
velocities approach the values given by Eqs. i~. n - I~ t) At V" (, I -
(4) and (5).

Using the above results, .wo approximation awt (20)
can be derived for the case whiloe the incident
wave hiAs in nriltrary shape ax% a. function of and for the trniuiinitted acceleration,
tnim. Ani arbitrary shaped lincident wave would
occur in waves that are produced by variable it* (Va,1- Vn)input forces or by waves that have plaased at-
tached masces. To obtain the relatiesne for at * , (to, Il~At I21
wave pmassig an attached mass. assulaitt that
the incident velocity can be approxiniateJ by a where
series of successive velocity step functions
separated by equal time Increments _'ti, ats 0 .
showni in Fig. 2(b). For this roprosentation, tlie
iincident velocity v, can be expressed mathe- toI,) 0
matically as

V()-Vel- toI (V, y &U [It (to- AtI Equations (20) and (21) give the trans-
* .,s.~~~.,,. p,ý!uarl'.cic velocity and ~l~' at1.a- thelI

I 'I ' point vi anu attached mass for any time instant
from the prior time instant and beginiting at

Whoro the v*Aar (Ike! tliarnrltiulOk of tile veioca.- time t0. . Uquations (G), (3), anid (16) t"r used
lice ait each time incremeunt antd U( i)t are to calculate the stresses, reflected particleIunit stop functions as defined by Eq- (13). Tile veoccity, ;iuv reflected Iixticie accelerationu,representation o, the velocity by Eq, (17) can respectively. Equations (20) and (21) iarebe made as accurate ars needed by takting 'AIdeally suited for computer Comu~i~tationI; there-
small. Substituting Eq. (17) for the incid-3nt fore, fur the calculations prosented here, a
velocity tin Eq. (10) and again solving Eq. (10) comp~uter was used to calculate thle nunoiercai

by Laplace transform methods gives the follow- valueis of these equations. The acecuracy of
ing fur the transmitted velocity: Eqs. (20) and (21) was examined by making anI

example calculation in which the exact form ofI~ 4 ' ' \ U t -thde cranosmitted velocity aund acceleration wasU( t to)wa anti compared with thc- values calculateduaig a~. 20 mid (1. This comparison a'~
A. G . ) utted iii nr'gaiigbia differences b-etween the

exact and theý approximate values as long as "m
(1) was taken significatnt~y armall.I

file effect of nonelastic waves may also We
an~d for the ty anentitiled a~cceleratiao. considered and included in the present analysis
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ir. a straightforward manner. For an elastic
wave the velocity of the wavefront in the mate-I rial Is a constant (c =VET7), and the stress is
directly proportional to the particle velocityv
(Eq. (1)). For an elastic wave, the wavefront"IZl
do0es not change with time except when passing
an attached mass or If the wave is p~roduced by
a variable force input. For a nonelastic wave,
the situation is different because the wavefront
changes with time. However, a nonelastic wave I--1-
may be used in the present analysis by the tot- STAIlowing. approximate procedure. Assume that SRI

the r-onelastic stress-strain relationship can be ~ ~ RS SANRLTOSI
represented by two straight lines a.s shown in
Fig. 3(a). Straight lines would not have to be
used for the nonelastic strese-etrain relation-
ship; however, other relationships would cum- _______

plicate the procodure of superimposing the
wave effects. For the stri ais-strain relation-YIL
ship of Fig. 3(a), the first part up to the yield YILI
stress is linear and elastic (~-EE for <o )

and the second -ýrt, after the yield stress, is
again linear a,- dAted to strain by a reduced CI CII
modulus dnnota-. '..' (otE * for cu L DSACFor a stre'a less {iian or Pequalyto the yield DSAC
stress, the velocity of the wavefront is con- (III ELASTIC- PLASTIC WAVE MOTION

stant and Io the elastic wave velocity c. Once

locity of the wavefront is not constant, buit may
be represented by superimposing the nonelas-

tic wave velocity (c = vT.-) on the elasticI
wave. Thus, the nonelastic wave moves with By using Eqs. (1), (3), (4), (5), (B), (16),
two velocities that cause a. gap, which iIn- (~1O), (2!), and (22) and superimposing the effect
creases with tim-;, between the elastic and of each wave, the responses (particle velocity
nonelastic wavefronts. This nonelastic wave 13 and acceleration) or the stresses at any posi-
illustrated in Fig. 3(b) where stress is plotted tion and time owing tc impact or shack loadingagainst distance of wave travel. The only prob- can be calculated for a rotationally vymnmetric

lem~**.~* ,,uuuiiiiorei t. 04d,;n -nreýztcr wit, ii achE~ed mlautsets. TheE2.-wave in the abovc manner is that the time rela- above govern .ing equations are summarized in
tionship of the waves becomes more complex. Table I where the first column gives the text
Further discussion of nonelastic waves may be equation nunmber, the second column gives the
found 5n Rofs. [4] and [5'I. equation, the third column gives the quantity or

quantities that may be determined from tkie
The effect of wave attenuation owing to in- equation, and thke fourth column gives the struc-

lernul Irictilou of the material -nay also be con- tural element 'or which the equation Is appli-
sidored Mc the present analysis In the following cable. Note that aithough th,: concept is simple,
manneý'. If the vave does not exceed the elastic the type of strwiture to ne mode jed can be quite

limit of the material. the effect of internal fric- complex. An example calculation i.-, presentedI ; ion on reducing a traveling wave may be taken in the next *ection to lillustrate the application
asof the developed equation6 .tnd W~ presentmtd afb~ke~gfrtesprmoe

f()(22) reffects of all the wa ves.

where If ix, -8 the particle velocity or strest; at IRMULTS
a dista.ice fzom the beginning point of the
wpve, f. is the particle velucity ur stretis at In this rection, calculations of the respunsc

'he I'eglnnlng ~x-0,and -is a damping factor. to an impact loading empioylng the equations
The above equation and the Caminiag factor 0:ývplopedc here are presented and lirncussed. A
are presented and discussed in Ref. [51, an-i Ito jom~parison betw~een crti(;latcd and measured
attemyA is made here to assign numerical aif)- accelcrations is Woso presented to evaluate the
ue" to *.theoretical results. For these calculations, the
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TABLE I
Summary of Governing Equations

Type of S5ection

Text. uantity to Which
Equation Equation Calculatei Equation is

No. ApplicableS~(See Fig. 1)

(1) r Pcv Stress Any seetion

(3) V " -Vivr Transmitted Any section
or reflected
velocity

(4) 2A, poc Transmitted Discontinuity in
vt T7,; 7-,T-Xpc, vi velocity area and material

(5) A 2 P 2 c A, pi c, Reflected Discontinuity in
vvieliyA pc A cvelocity area and material

(8) _ 1  Velocity Gradual change in
-V An area and material

(16) P r at - nt Reflected Any section
acceleration

(20) fto (n4(- ( Transmitted Rigidly attached

v~it 0t)/ 
velocity mass

Vt(t 0 ) r 0

n = 0.1.2.3.

(21) at, - (n+ i)At) -(V.., - V.) O e-O't at(t fn~t) Transmitted Rigidly attached
I / ' acceleration mass

" " A;,, .*, I
- 0.1.2.3 .. I

([2) fix) - f e' Attenuated Any section
velocity or
s~tress

structure considered is a complete test missile of the missile. The attached nonsmructural
,-onfiguration consisting of an outer shell struc- masses are shown as weights in Fig. 4. For
turt. with attached -terior sundry packages the calculations presented here it Is assumed
(nonst,-ctural masses) that woula represent that the stress waves axe elastic, the material
elect-_. c devices. The missile cordipuiration is aluminum, and there is no wave attenuation.
is assumed to hAve longitudinal motion only at.d
to be represent.-ý by a rotationally symmetr-: The impact loading is assumed to be an ex-
bar with cross--aection areas .ud attached nc ,'- eitation caused by a velocity shock. This im-
structural masses as ahown in Fig. 4. in Fig. pact loading is assumed to produce two step
4, the ordinate is the cross-section ýrea in w4.es, equal in magnitude, that propagate in
inches squared of the missile skin configuration opposite directions from the point of impact
and the abscissa is the station along the mis- (station 34) at the speed of sound of the mate
"sile longitudinal axis. The stations are bpacud ria (l .- 200,000 in./see). The initia.
1 an. apart and station 0 corresponds to the (ip magnitude of the particle veiockiy is assumed
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Fig. 4. Geometry of missile configuration

to be 150 in./sec (initial compressive stress or decreaed depending upon the manner in
= 7600 psi). which the re.ected and transmitted waves

combine toge:ther. To develop a bookkeeping
The waves beginning at the point of impact procedure to account for each wave, a plot

propagate and will be reflected at points of dis- trLcing tie waves and their ref'ections is made
continuities in area (stations 7 and 68), at points and is shown in Fig. 5. in Fig. 5, the ordinate
of attached masses (stations 52 and 68), and is the missile stations, and the abscissa is time
from the ends (stations 0 and 107). The magni- (time t 0 0 corresponds to tlme of initial ira-
tudes of the responses or stresses In the struc- pact). In Fig. 5, :he slope of lines (slope = c)
ture owing to these waves are calculated using gives the correct distance-O'me relation of the
the developed equations and may be increased waves. For example, the time distribution for

too

100

'60

0

020

0 OOOO0 0.0002 uO 0.0603 0.0'005 0.0006 0.0007
TIME (SECONDSI

Fig. 5. Stress waves in iis slie configurailoni
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all of the waves intersecting at stition 68 is Fig. 5. As the transmntted wave travels on_
easily determined from Fig. 5; that is, the first from statson 52, it encounters another moas at
wave intersects at t a 0.0017 sec, the second at station 08 where, again, Eqs. (20) and (211 are
0.0035 sec, and so on. Note in Fig. 5 the comn- used to calculate the transmitted particle ve-
plexity of the wave pattern as time Increases. locity and acceleration. Note that the magnitude
For this configuration where the modulus of of the incident particle velocity at station 608
elasticity and the material is a constant, the used in Eqs. (20) and (21) Is calculated using
slope of the lines in Fig. 5 is constant; however, the magn',tide of the transmitted particle veloc-
if the modulus of elasticity or the material is ity from station 52 and Eq. (8).
not constant throughout the configuration, the
slope of the lines would vary accordingly. The Using this procedure, all the waves may be
direction of the waves (wave propagation veluc- systematically traced throughout the configura-
ity sign) is accounted for in Fig. 5 by the ar- tion. That is, whenever the wave travels through
rows on the lines. Knowing the time distribu- a region in which there are no discontinuities
tion of the waves from Fig. 5, tbe magnitude of or masses, Eq. (8) Is used to calculate 'he par-
the particle velocity of each wave is deter- ticle velocity magnitude; at the points of area
mined by applying the appropriate equations and material discontinuities, Eqs. (4) and (5)
developed in the previous section. For these are used to calculate the particle velocity mag-

and the remaining calculations, the particle nitudes; and at the points of attached masses,
velocity and acceleration will be the response Eqs. (20), (3), (16), and (21) are used to calcu-
quantities that are described; however, fromn late the particle velocity and acceleration mag-
the particle velocity the stress may be calcu- nitudes. The direction (sign) and the time
hated using Eq. (1). In calculating the stress variation from Impact of the velocities and ac-
from the particle velocity, the sign of the wave celcrations are deteriniued from Fig. 5.
velocity c (from Fig. 5) must be taJ.en into
account. The final response at a particular station is

then determined by superimposing, at theproper
To calculate the particle velocity and ac- time instant, the effect of each wave. This

celeration at a particular station the following method is illustrated in Fig. 6 where the parti-
procedure is used. Beginning at the point of cle velocity at station 68 is plotted vs time.
impact, station 34, and tracing the wave toward The dashed lines showni in Fig. 6 are the calcu-
the tip station 0, the wave is first reflected at lated velocities from Eq. (20) for each wave
station 7 (see Fig. 5). From station 34 to sta- intersecting station 68. The time variation for
tion 7, the magnitude of the incident wave par- each of the waves is determined from Fig. 5.
ticle velocity is calculated using Eq. (8), and The total particle velocity at station 68 is then
then the tra,-sn.ittal and reflected particle ve- determined by adding together the effects of
locities are calculated using Eqs. (4) and (5i. each of the waves and is shown by the solid line
These calculated values of velocities in inches in Fig. 6.
per second are shown at station 7 in Fig. 5, and
their directions are shown by the arrow above In Fib. 7, the calculated toal par.l.l. -e-
iimc nunmerical value. The first transmitted re- locity at station 52 is shown plotted vs time.
locity at station 7 travels to the tip (station 0) These velocities were also calculated using the
wliere it is reflected from the free end and procedure as illustrated in Fig. 6. Front the
travels back to station 7. Note that the reflec- calculations of particle velocity for Figs. 6 and
tion a the free end reverses the direction of 7 and from Fig. 5 (sign of wave propagation ye-
the particle velocity and the wave velocity. At locity), the stresses at stations 52 and 68 can
station 7, the wave is again reflected. The be obtained by using Eq. (1).
magnitudes of these transmitted and reflected
velocitiea ,re calculated using Eqs. (,4) and (5) In Figs. 8 and 9, comparisons of the calcu-
and are shewn on the second wave at station lated and experimental accelerations are shown
7 in Fig. 5. The process is repeated. for stations 68 and 52, respectively. The dotted

lines shown in Figs. 8 and 9 are accelerations
Tracing 1-e 'wave in Fig. 5 beginning at the determined from accelerometer data obtained

impact point ýstation 34) and progressing toward from tests performed at Martin Marietta. These
station 107, at station 72 a nonstructural at- acceleration data were obtained from a test
tached mass is encountered. At this pomI, the facility that simulates a velocity shock on a
transmitted particle velocity and acceieirtiori test missile configuration. No attempt will be

Sare calculated using Eqs. (20) and (21), respec- made here to describe the experimental tests
tively, and the incident particle velocity at sta- as their purpose is only to evaluate the the-
tion 52. The incident particle velocity at station oretical results. The experiment also deter-
52 is calculated using Eq. (8) and is shown in -rined the magnitude of the initial particle
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Fig. 6. Calculated particle
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6ý -1--cty that was use Act th iheoreicai flcu- s' nl -dge -i -reo siltrt ie4-~~~~~~ ~ ~ ~ laios Th hoeia'ceeain eefrin ucin h nltclaclrto
calulaed sig E. (1) ndwer suerpsi t~im hitoieso is n n h xe

tine acodig o hetmevaiaio o Fg.5 mntll masre acleatontie isore
Th ttl celrtin sshw a hesoi wr cnere, nt -okspcta500e r

comparing ~ ~ ~ F'1 c.alculated and expcriment.alacl ngai iesis lte sfeunyi eto
erations showgood agreemen, butri t Fig 9r mL,,tion sttos68nd5,rreti gi

~tzshe reu tsehebtonticalr acc eele entin wherte f grcingmfncti. btwetheoanrltical acc elertion

comparing the amplitudes of the responises. mental is better for station 68 than station 52.
I:However, the theoretical results of Figs. 8 and If the bhock spectra of Figs. 10 and 11 were to

9 do show remarkably good agreemnent con- be used for specification purposes and if a curve
sidering the complexity of the structure ex- Is drawn through the peak points of the spectra,
amnijed, and give adequate and reasonable re- then the agreement between the experiniwntai
suits for design purposes. and theoretical spectra would be good.

A standard industry practice is to describe
the response by a shock spectrum or transient CONCLUSIONJS
response spectrwum, but Figs. 8 and 9 comi-
pletely describe the response by showing its An analytical method is presented for cal-
timie hstory- A shock spectrumi is a plot of culating responses (particle velocitie-s and ac-

!Aacceleration v~s frequency and isderived by celerations) and streeses owingy to longitudinal
considering the maximumi response of a stress waves in a Complex bar-type structure.
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The method is particular applicable to a Results of sample calculations are presented
structure such as a misible. The method is for the longitudinal response of a missile which
simple in concept and has the advantihac, -. ' a- is impact loaded. For this configuration, the
lowing for realipt.c consideration of the wave theoretical accelerations are compared with
transmission process and of accounting for the measured experimental results and exhibit good
effects in the structure of mass, area, and ma- agreement considering the complexity of the
terial changes , nonelastic waves, and wave at- missile structure. 1I, addition, as the analysis
tenuatton. Tihe response or stress at any post- considers the actual wave pattern, the effects
tioti is calculated by superimposing the response of reflected and combined waves, either detri-
at proper time instants of the elemEnts that ac- mental or advantageous, can be considered and
count for the complexity of the actual structure. could be included In a design application.
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DISCURMION

It. Mustain(ýMcDonnell Douglas Corp.)- particle velocities, you could actually trace the
You Uanlayowyou did your experiment. wave throughout tiw structure to someý place it,
Wnat was youir Input force? Wite it ain explo- which you are Interested.
sive type of shock?

Mr. rot-kois (MIL): Can you tell us what
Mr. Block; The hinput was the upper sec- 10,000 gr metans iii terms of stress)

tion i-p-ac-t-ng and latching the lower section.
It was a true impact. The lower section is alt- Mr. Block: The g's do not mean arnything
ting and the upper section muoves into it at a in t4rrms of11ress. To get the stress you have
known velocity. 1That would set up the wave to go back to the particle velocity. Stress is
that would travel. In both directions and actually related to particle velocity and to the material
travel back through that Impact point again. constants, so you are w'orking with 9tie integral

of that curve, if you want to look at it that way.
Mr. Mustain: Maybe you have made some

kind of a brekthrough for the explosive type G. Brooks (NAS.ALa~gjy: When T looked
shock. I certainly want to read your paper. ait you next helastslie, Iwondered

whether that accelerometer was picking up the
Mr. Block: Are you thinking of something stress wave or whether it was just moving4

like istage separation where there is an explo- relative to the shell. Did you look at 'fiat
sive cutting charge? problem?'

Mr. Mustaimi; This as true. You are show- Mr. Block: The accelerometers were not
ing high firiequencies and up to now we have not located on the shell. They were located on a
been able to do any good prediction work on that. ring and the twr. I showed were both wvhere

there were attached nmasses. They were lo-
Mr. m0ck: 11 you havye a symnietric sepa- cated a! a ring interior to uhe site!! in theý dt-

ration charge all the way around and explode rection of the waive. There would not be lateral
that by somec reliable mnethod, knowing the initial motion of the shell, if that is wvhat you mean.

'Im
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ALSEP SYSTEM STRUCTURAL DYNAMICS STUDY

M. M. ahn
The Bendix Corporation

Ann Arbor, Michigan

The dynamics study tindertaken by the Aerospace SyStea-sa Division of The

Bendix Corporation inveitigated the oteidy-state response of ALSEP (Apollo
Lunar Surface Experimento Pactkage -- :-ponents, both e•astically coupled
and unc: upled with tie Lunar Module (Lhi? structure. The results of the ana-
lytica: study are correlated with the experimental results. Thhe dynamnic study
resulted in recommendations for design modifications and dynamic interface
requirements. A atatistical program has been developed that optilbizes rao-
duon vibration flight approval and qualification toot specifications. Currently,
the common procedure is to take the rmximnm value of trinmin-siibility
within a discrete bandwidth. The optimization of random vibration specifica.

tiosi based on the axiommtic logic that thle transmissibility within a tile-
crate frequency band will be loss titan a stated reference value based on givan
confidence and probability.

INTRODUCTION compute the steady-atate responPe it an n-
degree-of-freedom system using specified

This systems study of the coupled and in- structural damping as an Input.
coupled ALBEP and LM was conducted to de-
velop dynamic interface qualiflcation apecifI- Further eigenvectors and elgenvaltue were
cations for experiments selected by the Manned competed and mode chips plotted using matrix
Spzce Center for lunar scienttfic oxploration. Iteration techniques. To check the above
Three distinct and separate structural units frequency-roesponse program, A -:ormal mode
iorm the ALSEP:* frequency program using viecoua damping and

agene.-n!I -.4d foscling uinierlt waae alo eve
1. Cuau!airinient 1, locaved In the aciuetilic opid. The dynawil study restilted in a recoin-

equipment bay of the LM, ena-ries four experi- niendation to govern dynamic interfaces and
ments (ion detector, pnesive aelt801ic. Bolar qualification test criteria, and changes It• on-
Winl, amd niagnetometer) and the electronic cepunil deslign of tho A1SXP/LM supporting
data subsystem. structure for the experiments.

2 Compartment 2, located in the other
eticentifie epquipiment bay. c,'rieb three exlert- MATHEMATICAL MODELS

inents: geological tools, drill box, and rudio-
isotope thermal generator. A flexibility influence coefficiont matrix

was generated for the 43-POF (degree of freo-
3. Cask structure supporting the radio- dora) dynaimc system when compartments I ;uad

active fuel element, mounted extol eitily to the 2 were addod to the LM. The LM lhnding radar
LM assembly and tilt mechanism base properties

were unchanged fronm tho~e given ,y Crunirsia_
The dyrirn!ics study coputed tCi steaiy- Aircralt Co"

state response of the components m11ouilted on
the structure, both elastically coupled and un- The mass matrices oi comnpartments I and
coupled with the LM structutret. A generahd.ed 2 were lumped at the cente- of gravity ((7) of
frequency response program was dtveloped to the components. An additional degree of free-

dora has been added to the compa-rtment I %nodel
ri•-jpent oiiigkiritlon in a i..-•lif-ttat ,,I previ 2usly described to represent the dynamic
Oe ouee .!eeoribei !.ere effect of the thte ni•l plate assentmIy (see i'tg. 1),
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TIeo composite structuro was oxcitod along the influenco coelficients were caitil|ite(t JrI

ench of the LM coordinates. the attachment points of each component.

4. The cornp)urtmer.t I structure -w-as
MathematicsAi Models of Compartments rigidly atlached to the LM;

I and 2 and the Thermal Plate
The model as described is shownl in Fig. 1.

Compartment I was Ideallzed (see Fig. Ii The AttA•nltienlt poinAts are A-umred lt, mu'vt
as foIlows: only in 'he vertical direction, as lin-pl.ui de-flec~ions of the plate are neglected. This !is-

I. The experiments attached to the base plies that the center of gravity of each attached
plate, also known as the "unnhlel(d." were as.- both has only n3 Onn. The , 1er•i1zed- .somed rigidly connected W. 0.0eir atitch-'ient nute-1 W141-11P thus 'lken; " the th-i-ee- trarslatiunu

points. of the center of gravity of each box relative to
positive LM coordina~tes.

2. The mass of the experiments was Ae-
aumid to be coycontrated at the center of To use these c_)rdinates, instead of the

gravity plate deflections, as generilizPd etttiýditu£e.8

requLirk, n rigid LwAv ci-rkime~ate tranfl~ortattion
3. Ihie -'sunalited- piake was ansumed to to obtain infltence coetffcients in terms if con-

be sitmply suppoi-ted all ,xouud Itu edgcs, and ter of gravith diisplvemt-ient This m.v 1w



carried out eu, follows; Tih pQt6ntial energy in vailou0s component centers of gravity. that is, _

terms of plate displacement and stiffness is the ds. Figure I shows the locations of the
attachment points and the centers of gravity of

1I) ho e~l~rimneaits.

Compartment 2 was modeled in the same
whore ramaer as compartmont 1. Figure 2 shows the

concoptual model used [or compartment 2- As
.l- - the row displacement vector and the iuck Cakli iO attachod exterriktly to 4 nubetan-

tirily atiffer LLM structure, It was. aialy.eda
-Ci" = the Inversc of the Influence coe - uncoupled with respect to the LM structure.

ficient nuitriA. th1 armdysis of the fuel cank it In itslf "%rly
dcinuied, anat no aultpnlit wii be made here to

However, & to related t- i- by a rigid Lxidy explain it. Howe-er. the geauorgl gethod [A dy-
coordinate tLrantloriation, tmAt Is, mtitic sal••yesi wan the eame am above.

Comments on the Matlnematicak
I this is substitutOd into the potential energy Models
expression, the following is o btained. A gionwad pth!looophy is involved when at-

uL.x;.utng to cre,-te t meaininglul dynRunte model

V - 4t 41 ;IX'iC li'T: 0 (3) to repreent an elastic system. The model will
usuall ., some mathemalical expression which
will describe to the deslred accuracy the over-

Thus, ( T17iC T- ' " is the influence coeffi- all dynamic behavior of a system. Pro'leme
cient matrix in terms of displacement oi the AusoCiated with obtaining solutions to a large

U >
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tiuiiijr of wiilultai,-upt differental equat-m-ne and 'he deilection iwirin i
usuaill ttund ii, Itimn; the conipiexlitv of the
iuojdl choueni Trerefore, the accuracy of the

analysts in predicting the behavtor fi khe el"an , ' .
t:c system dependa to a large extenit upon how . •- . ,, - ', (9)
v'eii the inathernatirai mr:wjet repre-eP.tr the
a:tual Ptructu_-e

To obtain the coefficient A,,,, we turn now t.,
the Fourier formula. It is nut difficult to show

METHOD OF FrRUCTURAL that the coefficient in th.- load function cal be
ANAL- SiS expressed as

Compartment I Influence 4P ,,ii, *-,-

Coefficients A-1- Sill W il (10)

The differential equation for the deflected where ý and - are at 45 degrees to the LM Z I
surface of the therival plate and sunshield in and V a.xet isee Fig. 1). Substituting, we finally
Fif. I s t0 obtain the deflection formula of the plate, which

is loaded by a concentrated load on the co, -
7. (4) ordinates.

where D plate flexural rigidity. Fp -a Sill

Let the loading and deflection functions be W .
represented in tnle form of a double trigono-
metric series:

sin m• st,. •

t4 QAY A.'' si-S A n "i!= siu-" n °r (5)

Compartment 2 Influence Coefficients

i• . Compartment 2 has four pirmaed supports.
•, ~ ~ ~ ~ 1 M. I~x L) . 27-Y sn---s () the general method used, namely that of as-

0suming geometrically admissible functions and
minimizing potential energy, is outlined by H. I.

(Solutions with double trigonometric series are Langhaar [2].
due to Navier.) The deflection function zb t r h aoeso
the conditions of zero deflection anad zero bend-

- -- men's a,, oni .... ,...... "pl suppit••ed codk.• S- owution h~y Matrices......... truct-ural
of te plteTransmissibility of ani n -Degree-of-

Freedom System
If the load and deflection functions are

placed in the differential equation, the following As previously discussed, it is usually pos- :
ts obtained: sib!e to express the equations of motion fur an •

undamped lumped parameter system in the
matrix form

L L Csin--- sin
- i [M~ ~ b 1i](]4d) - iF(t)} (12)

where m represents the mass Yeatrlx, K the
A/ n (7) structural stiffness matrix, and d the displace-

nients of the various generalized coordinates. _
It is usually desirable In response work to In-

Herace, it is found that troduce a form of energ Sn-k irto thc equatiuna
to account ior the structural damping oe the
system. If R represents such a damping na- 3

) rameter, one way of including such a dissipative
C" 1 - 0 '\) effect is shown in Eq. (13), where the complex

-41I --, constant 1 7`17
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8uLMtuiwnofthe r-esuit t~q- 120)) bark ainto
!~.~oEq- A91 !Rr -zuld then yield ptart i! the responr-

tm.j te ~rxnsewft~he Bysteni Ulal''W
eves, the ;ii~a5 axe knuwn only an a statistical
basIs aAd thus Statisticajl mn'thuwds of response Comments on LM/ALq3EP
U:."11)[ia~ti"II CkiI. I foqui.: i-d Fmurind.Llwtal L. D'1 .naiC A~nXIysis
thesa' 1hclain A~ 1.J1Wlige~ ,f the com-
plex~ displacenient 11i which is defineti below. A comparison of the results of dynamic
It an input to the system is written as modes of compartments 1 and 2 with test re-

sults is shnwn in Table 1.

it'- A ~''In attempting to describe a system with ini-
after a sufficient period of tume the transients finite degrees uf freedom representing a con-
will hav-P die'd out becatise of damping. The tinuous structure, by a system with only a finite
solution will be of the form degree -of -freedom system has only a finiteJ

I ~number of natural frequencies, it may resLnend
It o aparntthe. tat heresponse of such a

A &olution for *l dslacemen 11"-' asd 14)d moe to excitations winthos fereqenc freem.
by Eq. (14) might be carried out "s shown be- greatly above its own natural frequency range
low. Substituting Eq. (14) into Eq. (13) yields must be inherently In error owing to tLie higher

frequency contributions which the finite degree-
i-tl)AiI MI Al u, 1~f~ (15) of-freedom model ignores, The contribution of]

these higher modes may be ignored itthe model
where the factor exn (i~t )has been removed, Is well chosen and a realistic value of damnping
as Eq. (13) Is to be an Identity for All time. We Is Included in the system.
break up H and A into their complex components, Terslsaevr estv otecoc

illýI) itil) * iifl1I of the structural damping coefficient. Thisl
(18) choice depends upon comparison with similar

iAý -A~ . iACstructures, and also r'4'ects the skll of the
'A' -AR Imodeler.

Uf Eq. (16) is substituted into Eq. (15) and real
and imaginary parts are equated, the folhl;wng Figures 3 and 4 show the analytically ob-
pair of matrix equations are obtained: tained plots of the frequency response of the

center of gravity of compartment 1 along X, Y,
REilt'-gK iil -O -Ai 17 Z directions (X axis forcing) for the following

(1) cases:

1. Considering LM and ALSEP mans and
Fwhere the matrix E Is tiefinled by flexibility matrices axsscribicd (Flg- 3).

El! - -f M (8 2. ConsiderIng LM flexibility matrix onrly.
the masses of ALSEP compartments I and 2

It may be noted that E is the matrix that. yields are assumed to be concentrate, at their re-
the natural modes and frequencies of the dy- spective centers of gravity (Fig. 4).*
narnic rzystetii Solution of the pair of equations
in Eq. (17) may be effected as follows. The The effect of adding adlditional degrees of free-
second equatlion of Eq. (17) may be solved for dom of AL.SEP to i" comiplex structure like LMthe column vector ii.: results in altering the center -of-gravity re-

sponse. The additional degrees of freedom act

I' ~l ~.iA -~ 1 ~ 19) to impose nerttirbatlons tin the center -of-gvavity
response, even though the substructure Is very
small compared with the combined structure. I

This may then be substituted back into thle first However, as may be seen from Figs. 3 and 4,
equation of Eq. (17i) to solve explicitfly for III,.
The fnliowtng is obtained:

ill jt, iF' ,r-- plots~ of vibratwa, responses of the LM
1jE(20) st'~ucture shown in Fig. 4 have been obtained

IE. '1C iAl ~ A' .4 (2) romn Grumman Aircraft 13].



TABLE I

Coni1par-oon f K.na~mic M ,ela oý C t 1 and 2
with Test Reports

Compartment I ".Ithottt LM - 12 Decrees of Freedom)

a. Nacural Frequencies:

Theoretical (liz) Test (Hz)

3 5 38
69 07

102 95
157 150
242 250
207 290

S30' 310
477 500
725 650

1475 1200
1775 -

1975

b. Peak Tranamisibillties: Theoretical - 10.1 g/g
Teat - 11.0 g/g

Compartment 2 (without LM)

The theoreUcal analysis assumes 9-degree -of-freedom
mathematical model.

a. Natural Frequencies:

Theoretical (Hz) Teat (Hz)

11.5 5.0
30.5 30.5
50.0 52.0
83.0 75.0

112.5 110.0
137.5 180.0

27 220.0
Si 75. 280.'.'

025.0 450.0

S~b. Peak• "ransmisstbtlities: Theoretical - 8.0 gig

Test - 10.3 g/g

no drastic change in the magnitude of the re- plot must be approximated by a series of con-

sponse of :he center of g:avity resulted. stant slope power density lines. Herein lies
the problem of what level of constant trans-
missibility should be used to represent the

RAtinrOM VIBRATION SPECIFI- "wiggly lines" in discrete frequency intervals.
4:ATIOW•S ANALYSIS

One set of output data that is of interest is

A. random vibratiou spectrur- is repre- the trajismi -mjill!ty of the t.eat --rticie. It mtight

sented by a plot of acceleration power opectrai also bo expressed as the square rout of the
density vn frequency (g~,,/IIz vs Hz). This ratio of the output random vibration level (in

plot, whether generated by test or analysis, is g 2/Hz) to the input random vibration level (in

a nightmare of "wiggly lines." To conduct a g 2 /Hz). A procedure commonly used is to draw

vibration teat using this as an Input would be an envelope over the peaks of transmlssibilities.

nearly impossible. The power spectral density The resulting curve is then multiplied by the

52 I.
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%quare ft saime arbitra-i- nu:!er iiiii oxampio, tvcatlFjrj j-• r he rs •ii mple n r;:l-tion
1-31) to ilenteate tii- qualffxo'r, iti- lov It la C-Aufyinic th's Cn.Alitzfii
behloved by the writer that tho rpoeulto would be
hig•i!v coriservati•e anw probably would cause
an unnecessary burden m design and schedules, (20)
Bendix Aerospace Systems Division has devel-
op"a -statistical test criteria'" pr--grai, w",iich

sa.igns a probability and a confidence level to where
the approximation of the 'wiggly lines" in the
discrete frequency interval by a constant level of X,, relative magnitude scale parawieter-
g ,... It it balieved that more reasonable lest (units) and
levels will be generated this way and the result-
trig contiervatism can be controlled by statisti- X,, -mialmum Independent. variable loca-
cal Inference, tion parameter iunita).

Exponential Distribution Thus, we have from Eqs. (22) and (261

Vibration Rt.sponses
- -- (27)

If a varialfe, X, is attributed to the indi- - ()
vidwili of response data points, the distribution
function of X, -3snoted F(x), may be defined as From Eq. (21) the probability that a randomly
the number ot all data points having an X - % selected observation X will not exceed x is
divided bW the total number of data points.

(X Xg).
This function also gives the probability, P, - (28)

of choosing at random a discrete response hay- P( x) - I - r
rIg a value of X equal to or less than x and thus

we have where

itX '_) F(x) (21) X - the response at any frequency (in-
dependent variable),

To derive a general form for the distribution,
the distribution function may be written In the P( x i - the probability of occurrence of a
form discrete response, and

x m(2 - the shape parameter (no unkts),

The advantage of this formal transformation
depends on the relationship (20)

I - -• ) - e7'

According to Weibull [4], Eq. (20) satisfies the
where P is the probability of a single obverva- observations better than other known distribu-
tion. The probability of n successes in i tiens.
events can be expressed as

To lit the observed data to the dlbtributioU
of Eq- (20). the data may be linearized by taking)(24) logarithms:

or
P 1 1- " -PO I _X- X_ , (30)

I- (idPtI - PI~' X

P1d 1 (25) or

For the resulting function to be a di.tribution,,_

iuncttio, the only necessary condition . ha1 - - "'n .x- X. (3i)
to satisfy Is to be a positive, nondecroasing
function vanishing at a value X. which is not
necessarily equal to zero. X can also be de- The following nomenclature may be con-
fined as a minimum independent variable verient.

S5-



..-_and the q-u•afit•iaon test level is tr-Avn
~ ., 4- pre.r~cw~arthoi jpreerd ruidiot0 ~raJi:n spe!fica' UIFIi e:imp.uier prok~Y-nm S.

A:,d Viendili computes the form of the diltribution

fntwAnt derives tht tqcaiaaih uf the Puly-"nmisl def"inin thh probability of a certlin value
;j !r~g ,IiseiiAlity as a fvlctlftin of the eltpotien-

'•'•" ltc-f !:, . n,..ttr, ., thAt can also bi interpreted
aa the distribution function. The exponential In

A typical cothinrter )ulpul w-.il provide the ALSItI specification aaltiysias results vai•es
following Information for the above equation; from 0.7 to 3 6. signifying dileriL.tion funetintoi

ranging from nearly ex p-ptent a! to nea-rly nor-
1 Fifty iPrcent Confleence Line, maal distributions

V - L \-\

The busts f;'r •ssignin pro"-billtiea Is a
(the computer programs •all the subroutine combination of "axiomatic" logic and a Priori
"Least Squares Polynomial Fit") argument From the guidelines of the ALSEP.

Qualification Test Plan, the qualification test
2. x, criterion for normal diatr•bution is 3v or 99.9

percent. Inasmuch as the Exponential DlstxLri
3. t button and Rayleigh Distribution are iar more

conservative than the Normal distribution
4. Slo( pe (M -- A %), we can with reasonable certainty

allocate lower values of probabilities for dis-
5. Sum of the square deviationo about item tributioiit ranging from M z 0 7 to M < 3. A

(4), above typical ALSEP component random vibration
spectrum obtained by statilstcal analygis of

The value of - indicates the type of distri- transmimsibilitltef is shown in Fig. 5 Super-
bution; I. I indicates exponential distribution, imposed on the figure is the same spectrum
or obtained by enveloping transeminmibtiitian and

multiplying by a factor of (1.3)2. It is ohvious
, .o- that the qualification randum vibration spectrum

x (32) baSed on statistical analysis is more realisticpr - I - P k than the spectrum based on enveloping of peak
tranmitiestbilittesa.

ConinienLi on Random Vibration
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REDUCING THE NUMBER OF MASS POINTS

IN A LUMPED PARAMETER SYSTEM

t I 6ýtt b -tIIii f i t 1, fl-u Ib .-

,nrrtii In Ii ri-r rIri bA u lt. I ri -iifl limthe ~qIf i l iitm. ikioe nIi

I NTI4ODUC ThIN P1418sble Inte ct.'ilvmIif tile trusL t,- an
,rtruclure. lotcating a iniamf I)mmift at rach truss

A nmetlvxi cI-ofl'iothVl ued ki-r studyilg like joinmt Inav tnakt- the~ I~ibrtfm -o eiu nbem-,ne
1iyrtanicm it cý,npecx a*.stic s-tructuren;i s to to handle efficient,%.
I eplat.i t..r b'sctli' ! a luimpedlW pat nittlete

syntern (that is, A byettill, Z-118,15titg of a bet of The purpos~e of thin paper is to present a
diiicIPIP mnasts p-Ints, lpiffin~s, and d-Aft, i ~us) ptucedure thilt will reduce the number af mass
Till, loaii Lid llue-heI mid iilas- pmilitS (Intelt - pmrit;,: I thlt luoi rxin parampter slYittent anti
ing the svm-,cni wkiiilie deteri-ined by conitidej vicid reliAble re..ii, '.ij- the nihirs of interrist.
AL1t41. A 0. Ai~ Like 11 Nicai a14.c-i.&m.11CC il tile I Ile III vdio Is plesuIlmi te It ,~' i t'.~

plt icturijtu thir nunmbime itll ii-pw dest red. thy vi-itch r.;v li' r It~RItint I@ Aitluivirdc t1 
stogir jri

qeficuts of rotary mtnvtia, i. sear. a-nd tilt lmp - iitee uf irt~tdum- rime bmits for the reduction
tug oA ~pmmiatri n.iser. itth rukfit, masses. pi~~dr Is Mil:a the wurk dune on thre reducedi

Vivlde5 IdimIailbit r a ftj flit hist t iii-fa

ch~uai CrSt A (hpi LI-pal Ntrutur It it af.t Ic I't S evet ill exaitmpuipRtt ae prebrinted, and the -

nilassi poIi~t l l sd are* ubtmmt 1 .111"nllf Lit Validity of tile I diuced i) ~tvimu it, v9alifll~ed fiov
lIIobdit-mm tile- ill, At~ i i~ the Leal litli mi these p mipe by deilutim tI at t .ittit ii vityamii

kfVm . .ini-I" ý I I11 VC. , 1hilikb il tile L Ijl qUI%; i1CIi(i lwl wevti.tI tihe. it iia lk l . Iild I dccii4,l

5tdvratittn r. enti.mut. aLk ie it tIi iii. Ci8h4I t.- S 4 sylte L Dn~aic rqultval(t'CeI IS dfilned here -

ittviiict .~~C miass 1pimith Wilt-it'C Thlt .ms di tuolst iatlin .i1aLuS s lin natural freý
Jt14 mf mmai. p~flti Ii *.~im i :if Whiiltt 4UV~I'ICIe jjjjl f L ut .i ilCiud uiffem tive !Ill;.dal ; weghtr

LlfL)I )-C the ICs iltS fI rtile Iii et IIlA.I C I far - sidferAtiutI A ef fec tive weaight is of imixirtaflce
Actetir l M - tlmez Hfir'liv, If be~ tm1imIC .Litm -s §ifý 11 lbiels t m v hleh % I, Lse acceler-atiot is

able to treait t.1 Ci svte-n ctiniaing A'i o)flyt. thel input ts it is tile Ig ba ine re.timtion lI

jmi;td At' exam hlirC it, the d~i.tinmet it f.t I russ; ll LI)UC FION lihoCF.1 ,EIl~t

hpIe strurtult rI-o tile I -IuIInl~aimhIl it ad .i

V.AIltdaru'mU% I iliitt IIII.I.N I-ttint at Ckh 11I It '., ofsidct .1 iin ii li neal ft tIv. elastic inyti

Jitit.'.I v1 ll, i'itfI .lu W9nh~ tin~ t o SI vv l.:" f- 1, thtmi lim tinha lmlg Iu .m ii 11aitti mof-ln m mt fl ,litWe
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presented in Tables 2 and 3, respectively, for
-4 S 2 m . the first nine modes.

Using tile itirluence coefficienit iiiatrix given
. hin Table I and Eq. (11), the influenve coefficient

matrix, ",,, for the reduced (nine-naass-point)
system shcwn in Fig. 4(b) is obtalneJ. This
matrix ts presented In Table 4. Replacing the
,maus points lying on the same truss vertical by

k 4 -M "44444a single mass point, and using Eq. (2), the
1b) weight per mass point is 8186 lb. Again, em-

ploying the DTMB program, the parameters of
Fig. 4 W•1 I ruse (original systein). interest (-. ,) were obtained and are presented

and Ib) reduced systeni in Tables 2 and 3, respectively, for thi system's
nine modes.

Influence coefficient matrix, a j, and the weight The errors that would be incurred if the
matrix were substituted into the DTMB Pro- reduced system were used in place of the orig-
grain 2202 [4] to find the elgenvalues and modal inal system are also given in Tables 2 and 3.
characteristics. The results of this computation, It is seen from Table 2 that the first seven
for the parameters of interest (. ,.j) are natural frequencies are reproduced to within

TABLE 1
l fluence Coefficient Matrix for Vertical Deformat!on of the

Truss Shown in Fig. 4(a) (In./lb)

4.7 4.6 6.0 8.1 6.7 6.5 6.3 6.6 5.5 5.5 4.4 4.1 3.1 3,3 2.2 7.1 1.0 1.11
4.6 5.5 6.8 6.9 7.4 7.2 6.9 7.2 6.0 6.0 4.B i.5 3.4 3.6 2.4 2.3 1.1 1.2
6.0 6.8 13.2 12.2 14.5 14.1 13.5 14.1 11.7 11.7 9.4 8.8 6.6 7.0 4.7 4.5 2.2 2.4

1.1 6.9 12.2 12.5 13.7 13.3 12.7 13.4 11.1 11.1 8.9 8.3 6.2 6.6 4.5 4.2 2.1 2.3
6 7 7.4 14.5 13,7 20.1 19.5 18.7 19.7 16.4 16.4 13.2 12.2 9.2 9.8 6.6 6.2 3.1 3.4
0.5 7.2 14.1 13.3 19.5 20.9 19.9 20.9 17.4 17.4 14.0 13.0 9.0 10.4 7.0 6.6 3.3 3.6
6.3 6.9 13.5 12.7 18.7 19.9 26.9 24.9 23.5 23.5 18.9 17.5 13.2 14.0 9.4 8.9 4.4 4.8
0.6 7.2 14.1 13.4 19.7 20.9 24.9 26.3 21.0 21.8 17.5 16.2 12.2 13.0 8.8 8.3 4.1 4.5
5.5 6.0 11.7 11.1 16.4 17.4 23.5 21.8 29.1 29.1 23.5 21.8 16.4 17.4 11.7 11.1 5.5 6.0
5.5 6.0 11.7 11.1 16.4 17.4 23.5 21.8 29.1 39.1 23.5 21.8 16.4 17.4 11.7 11.1 5.5 6.0
4.4 4.8 9.4 8.9 13.2 14.0 18.9 17.5 23.5 23.5 26.9 24.9 18.7 19.9 13.5 12.7 6.3 6.9

0. 4. " G. I ".. 5. 31 G.221. Z.L. 'A.0 £Aj13 249 2G 1! .'s 20.95 14h.1i IJ.4 0.63 7.2

3.1 3.4 6.6 6,2 9.2 9.8 13.2 12.2 16.4 lb.4 18.7 19.7 20.1 19.5 14.5 13.7 6.7 7.4
3.3 3.6 7.0 6.6 9.8 10.4 14.0 13.0 17.4 17.4 19.9 20.9 19.5 20.9 14.1 13.3 6.5 7.2
2.2 2.4 4.7 4.5 6,6 7.0 9.4 8.8 11.7 i1.7 13.5 14.1 14.5 14.1 13.2 12.2 6.0 6.8
2.1 2.3 4.5 4.2 6.2 6.6 8.9 8.3 11.1 11.1 )2.7 13.4 13.7 13.3 12.2 12.5 6.1 6,9
1.0 1.1 2.6 2.1 3.1 3.3 4.4 4.1 5. i 5.5 6.3 6.6 6.7 6.5 6.0 6.1 4.7 4C6
1.1 1.2 2.4 2.2 3.4 3.6 4.8 4.5 6.u 6.0 6.9 7.2 7.4 7.2 6.8 6.9 4.6 5.5

X TABLE 2
Frequency Compalison (Uniform Weight Distribution)

Mode " :, Percent
(rad/s-.c) (rad/sec) Error

1 20,6 20,6

2 45.0 45 1 0.2
3 68.,i 70.2 2.6
4 102.8 104.4 1.6
5 104.8 111.7 6.6
6 151.4 157.8 4.5
t 156.8 161.1 2.7
8 188.6 227.7 20.7
9 220.4 227.8 3.4
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TABLE 3
Effective Weight Comparison (Uniform Weight Distribution)

Mode \" " Percent
(•), , ,-,Errorn a

(l b) (ib)

63,576 63.678 0.2
2 i 33,576 0,2678
3 68,067 68,67, 0.9
4 70,708 68,e 8 2.9
5 70,708 71,213 0.7
6 72,450 71,213 1.7
7 72,450 72,669 0.3
a 72,661 72,669 0

72,661 73,675b 1.4
__J___ 1 ___

aTo nearest tenth ,f a percent.

bTotal truss weight - 73,b75 lb.

TABLE 4
Influence Coefficient Matrix for Vertical Deformation

of the Model Shown in Fig. 4(b) (it./lb)

4.9 6.5 7.0 6.8 5.8 4.5 3.4 2.3 1.1
6.5 12.5 13.9 13.4 11.4 8.9 6.6 4.5 2.3
7.0 13.9 20.0 19.8 16.9 13.1 9.8 6.6 3.4
6.8 13.4 19.8 25.8 22.7 17.5 13.1 8.9 4.5
5.8 11.4 16.9 22.7 31.6 22.7 16.9 11.4 5.8 x 106
4.5 8.9 13.1 17.5 22.7 25.8 19.8 13.4 6.8
3.4 6.6 9.8 13.1 16.9 19.8 20.0 13.9 7.0
2.3 4.5 6.6 8.9 11.4 13.4 13.9 12.5 6.5

I. 1 2.3 3.4 4.5 5.8 6.8 7.0 6.5 4.9

0.6 percent accuracy. It is seen from Table 3 The DTMB program was again employed
that the sum of effective weights (up to and in- imputing the nmarices given In Tables I and 5
clud-."g the .,,.,e of interest) a._re reprodlcd to for the original system, and the matrices given

within 2.9 percent accuracy. in Tables 4 and 6 for the reduced system. The
resulting dynamic characteristics of interest
are presented in Tables 7 and 8.

Example 3
From these tables it is seen that the re-

"Lie truss of Fig. 4(a) was treated in exam- suits for the first seven natural frequencies
pie 2 under the assumption of a. uniform weight are reproduced to within 6.1 percent accuracy,
distribution. The same problem to treated here and the suin of effective weights (up to and in-
dropping this assumption. The weight distrxbu- cluding the mode ot interest) is reproduced to
tion used is obtained by assigning to each mass within 2.6 percent accuracy.
point itruss joint) one-half the sum of the

weights of the truss members entering Pach
joint. From the geometry of the structure it is CONCLUSIONS
Been that this is a realistic assumption. The :€

diagonal weight matrix Is presented in Table 5. A method for reducing the number of mass - _.
points in a lumped parameter system has beenr

The weight distribution for the reduced presenied, ana several examples demonstrating
system is obtained, as in example 2, by replac- the procedure have been considered. For the
ting the mass points lying on the same truss examples considered, a dynamic equivalence
vertical by a single mass point, and using Eq. has been established between the original and
(2). This diagonal weight matrix is presented reduced system6-. This consists of demon-
in Table 6. strating a "closeness" in natural frequencies

63

I



-= -

TABLE 5
Weight Matrix for Trues Shown in Fig. 4(a) (ib)

(Nonuniform Weight Dlitribution, Total Weight - 73,675 Ib)

2671

4254
4721

S34b4(0
3904S3910 (0)

41774

4673

4072

4059
4558

4673

4072

3910

(0) 4774

4721
S~3454

2671

4254

TABLE 6
Weight Matrix for the Model Shown in Fig. 4(b) (lb)

(Nonuniform Weight Distribution, Total Weight - 73,675 lb)

F 6925 8175

i ~07458
i ~~661745

S(0) 8684

S6175P
6925

TABLE 7

Frequency Comparison (Nonuniform Weight Distribution)
M~d~ IPercentSi M ode -----T ie-r,'o,"
(rad/"Oc (rad/eec) Error

1 20.6 '20-1 0.5
2 44.4 '14.5 O.
3 66.7 69.4 4.0

S4 100.8 104.0 3 2
5 104.3 110.7 6.1
6 150.9 159.3 5.6

* 7 150.0 160.9 2.0
* 8 180.4 234.7 24.6

224.2 237.2 5.8

____64____ 
k'--



I
I

rI

TA13LE 8
SEffective Weight Comparison (Nonuniform Weight Distlibution)

- 'M ¢ ¢- - T
k ~Made s. "' Percent

( -, -, ErrorA

-(lib) b)
3 . 6841 r - _ . - -1

1 64,521 64,501 0.1
2 04,521 04,501 0.1
4 60,413 8,075 0.6

40.,75 2.6
5 70,830 71,203 0.5
a 12,380 71,203 1.0
7 72,388 72,530 0.2

72,520 72,539 0
9 72,520 730 7 5 b 1.0

a 1 e nearest tenth of a percent.SbTuial trus.• weigla 7,l 3,7), 5 lb-

and effective weights (summed to the mode of by requiring, in addition to the frequency coin-
interest) between the reduced and original parksons, a comparison of the generalized dis-
systems. placements (reciprocal of the product of gen-

eralized mass and frequency squared) for each
Saiitifying tile dynamic equivalence for fre- of the normal modes considered. Agreement to

quencles and sunnied effective weights is of within 5 percent accuracy was attained between
importance for problems in which a base accel- tile generalized displacements of the original
eration is the input. For other inputs, higher and reduced systems for the first two modes
resolution may be required in the criterion [or only. Tile higher modes showed a marked loss
establishing a dynamic equivalence. This was in accuracy, demonstrating the possible limita-
attempted for the problems considered above tions of the procedure to inputs more complex

than a base acceleration.
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DISCUSSION

M. Pp4 s (General Dynamics.- Electric Mr. Pakstys: Have you tried to use a
DBoat.-7As I understand it, in reducing the mass method I described, to reduce the mass matrix

g all You did was to lump tile 1as8 at the center which will Ov'e a nondiagonal mins matrix? 1
joint. Is this correct? think that M.. t improve your results.

t Mr. Soier: Not at the center joint, but at Mr. Soifer: I have not tried that. I did not
the center of mass of tile system- see aly simipllficadion of the problem in your
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method, in the sense that you were reducing the that wRs propsed ac•ually Involves the roduc-
actual nuumbr r of points used. I see that you are tion of the miass niatrix am) the stiffnessa ma-
subdividing the oystew and then analyzing each trtA. It is actually ellninatjig the degrees of
subdivided system. froodom. It it just as you Iave said here ex-

cept it allo reduces the mass matrix by the
Mr. PI)etys: 111ls was the main part of same transformatton mnAtrix insteal of Just

my paper, but tLle so-called direct roduction lumpi ,g it at the center.

.iI
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LATERAL DYNAMIC RESPONSE OF LARGE SUBSYSTEMS

DURING LAUNCH TRIAt . %T CONDITIONS'

J. S G'Iff-ey :Irid P. F- CarnptL
Atl.mntic Research Corporatioo

Costa Mesa, California

The flynamic response of large aerospace vehicles to the launch tran-
-kent luading in the lat•-•-1 direction has been the subject of consider-
able Atudy For the niust part. these ainalys-s have been conc erned witll
body loads and either ignore largo fiexibie subsystems within the vehl-
cle shell or treat them as simple I- and L-degrae-of-freedom modals.
DTIe pUrpose of this paper is to piesent a comparison of the vehicle/
subsystem interaction for sevoral model* and to show the advantages of
us•i•u a iiiultiple-deRree-of-freedom subsystem model for certain con-
fifurations. The problein originated with the Saturn class boosters and
the capacity to carry large auxiliary payloads In the spacecraft adapter
area, The objective of the analysis is to provide a batter understanding
of tnterfiClion of large subsystems with the primnry vehir!. and to oh-
tats a good engineering definition of the resultant dynamir. loads.

INTRODUCTION The attachment springs for tle rigid-body mod-
els include all structural flexibility between the

The method of approach to to write the vehicle shell and the center of gravity of thO
equations of motion in matrix form with the subsystem.
primary vehicle model coupled with the sub-
System model In the equttions of motions The main fenture of the tutialysle is the aep-
rather than in the modil analysit. This feature aration of the primary vehicle and subsystem
allows the study of the Pffects of the Interface models for the modal calculations and then the
stiffness without resorting to calculation of now coupling of the systems in the equations of mo-
system modes. The Isolation of this parameter tion. Title procedure requires that rigid-body
is verly tMnnvrtant in prenliminary, dewgin antnd -mod .,,,,,i l o 01. 1U..i. .

ac It vitica, written for both the vehicle and subsystem; how-
ever, the versatility obtained offsets this incon-

The subsystem models included tit thin venience. An imlortant consideration that can-
study are: not be overloolked when thti• mothod to used to

the accuracy with which the motion of the Inter-
face can be described. This prohlem w'as molved

1. Flexible subsystem - 20 masiis model, by pilnling the eubayslent mo.del -t the interlace
and calculating tile modes for title model. It Is

2. Center-of-gravity supported subsys- then possible to describe the interface motion
tem - rigid-body model with the interface at with only the rigid-body coordinates of the sub-
tile center of gravity of the subsystem. system. If a free-free subsystem model IA

used, it becomes .lmost impossible to describo
=-"title mo11tion writi tile required accurac~y,

3. Base-supported subsystem -- rigid-
body model with the interface lower than the Comniprimons between the vehicle/subsys-
center of gravity of the. subsystý-nL teint l-tet-face londse, an-d loadcs and isceleraloi-ato

*The work deacrhbe, in hitli pDaper k-ias perforined by the aitihors whule employed a.t North American
i ~Av t it, on.
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at AL typical vehicle station for the va~rious~ eub- At the gimbal station
U syatem configur at Iona are presented. These
f results show that thp londs for the more corn- iiif IUS

VE plisi m etoreofied model tire .~Canter of gravity
lower than four othor models. Utilization of thle ifstolbstil
inethod presented in this paper will result ini=leea t usse
weight, savings Iis addition to pirovidling detailed R Iefers to tile rigid body
Isinjltmiffoa lic preliminary denign trade-off
studies.

CONStIPERATIONS
NOMIENCLATU~T1

The dynamic r-esponse of large aeruspaco
A Area (It') vehticler, such as lthe Satur'n and ritan class

A~ Ci~tol sste ange o attck a~nvehicles to the launch trancient londing in tile
Contol ystri uigl ofufttekgahlateral direction has been~ the Subject of cotneld-

At Control systemi riatu crul study 411(1 cjur;QiEi. Tito frstlaluiotel
Whe dy.-iL b-a.a -ar.. limited to rltvl

CO Drag coefficient 11im1fle modela of 10 or 20 miass elemenets aud
Interfrice force fib! simlple descriptions oit the aerudynnsinic loading

on the vehicle. Subaequent improvemients were
rWind forco 0Ib) directed towvard bettev definition of the bodly

I Mn~s moment of inertia (Ilb-eec '/in.) loads, However, these analyses hkvv either
L Win loa Ob)Ignored large flexible subsystems within thle
L Wid lad ib)vehicle shelf or have %lead simple 1- uld 2-
M Total masis(ebwf-c 7/in. rigid-body models of the

Eiemnta4n~a~ lb~c ~subsystem. Bemause the reiatively flexible

Q Moaseeaie oc b ensitIve to tile inStantaneous1 releRAs Or th10
launch pad mnechanisms and as the Internal pay-

q Modal generalized .zoordinitte (in.) load In located close to the paload, the dynamic
T Total thrust (lb) interaction of the subsystem with the payload

must be considered with sufficient detail to de-
T. Gimballed thrust (lb) scribe thle total effects, As secondary payloads

VWind velocity is that are carried in arenas such as the Spacecraft
(p)Adapter onl the Saturn V for the Apollo Applica- J

X Station coordinate (In.) Lion Program are desligned, it becomes neces-
V Rigid-body trannslation (In.) sary to have better definition of the subsystemn

y Sloshing mans displacement (in.) diaicrs~ne

i, Ginibal angle (rad) One method which will provide bettor de-

degree -of -freedomn Hystet Iin the same way "t;
-~ Trus snsalnemnt raWthe primary vehicle. Details of thle mass die-

i mnliing coefficient tribution and subsystems flexibility can thent be
included. Studi08 of this nalkure roquire digital

Densty o air(ib/t3)computere both for the calculation of normal
o Rigid-body rotation (in.) mnodest of vibration andi for thle dynnmic ro-

Moda genrahcci isplcemnt (n./i.) ponae calculation. To develop a* program niat
Moda genralzed isplcemnt O./li) hs applicability In both preliminary and detail

;*Modal generalized slope (red/in.) design it is aidvinitageatka to sepairate) the mod-
Natual fequncy r~d/ec)els of the primary vehicle and the subsyatem.
Natual fequncy r~d/ec)The niodel for the primary vehicle can be de-

Subsciptoternainod and theose modes calculated only one
Subcritstimev. As various sulbeyetk-e configurations are

PoftA tudied, It Is necossary only to recalculate the
new. alubsyntemn modes. It is also poe~sille to

;S Steady atl study thle- effects of various attachmnent uchemnw
as the attachmient spring rates are used to (te-

LF Bdy 8atio (gelerPT) 'eri-lne the interaction forcecs between thle pri-

Mode Indicator mary vehicle and subsystem.



L Wh~enfip ise r~inary veh~cle and subaystemn 6Y niultip'lyiag (lie ateudy-statu, winds tly 1.4. j-
models arc! separated for the modal anatyinii For a triamigultir j1us. tulled to the firalt inudod

- ~ ~ I IiI(, Vqit~ ii11 cuat i" 1161 of iiiUtIoii*. lighi- frequency (it tilt Voehitclo (le reeponse Will bo a
body amd widKaJ e'iuationc1 Of frotion are re- 111a;Xi1nuin of 1-6 timena file forving gufti luad. As
(Itirite for both (tie velilcle and subsystem. Aui it turns out, it makes nu practical difference
imp11ortlant consideratio.1 Is the accuracy with whother Whe gust Is triangular or oinusoilda; thie
Whihet tht- uj1otion of thip imiterfacte can bie de- overshwit lit a'piruixinlately CIO percenit fur both
qrribcd. If A~ frer-fve iii.dul .( tilt! "uoiiysit-nim vaes Av the load is IprapuriUmaJ to tile cquare

- ~ ~ I' Il seri, it it- .los (ifnseIi . is ll' tilt, velocity, tile peak load to given by
this iiiAjiun with tile ;rquired accuracy. rhis
pa ublemin ti olved by pinning th~e Pubsysteni
moudel at Uwn intorlace Mtahone. It I" thenl pos- 4,, I., fi

Stible to d~lcrc aI b tilt I r allstda i..nal Iloiolk t o f tile
Interface w'ith only tile rigtid-btoly coordinates or
of tile subsystem. L %I

The loading owtnl: to vortex shodding haslAU'lSCH LOADING CONDITIONS b~Ctiae ~ .~tmste~vd-tt
Imari Tlt&8 load In ncormal 't tlie drftgit~e load

Lateral dynamiic loads at launch are causeCd
by aI Conlibinatlon of groond winds. voltilci ý (10-- ~ ii
fleclion, tand engine thrust vector anilsalilement -
lin all tit tile large booste'v propgrams, the strue- SW i 2S11 I[ .

k ~~tuild dosippn crtt(?ri- SpeC~ifY R ce-rtain percentr-
age grounri-wind profile that will not be exceeded
during the launch plia. Tile ty-pt of gust, ejithet
triangular or 1-mninus-coaine, and guilt durativon ~ I
are opecifled. As ft resuilt (if thban criterfin two
mnethuod fur groumid-wind loading have been do- 'rhe steady-state loading on the segmient to
velopocud for thn' Satuin clans volitclce written

The type of gust for Saturn vehicles is tri- 1, 1 2 CL% A (2)
angitlar and life perixt in equal to [lhe lveriod (if
the first rantitevered bending modxe of thle vehi- The aerodynantic loading on the vehiclo,
cet. The first ground-wivnc method, developed owing to ground winds, and tile subsefluent de-I
by the NASA at Marshall Space Flight Contcr, fo u f(i eil osiueteIiilcn
p~roceedsB an follows. the bending mioment dis. i-ino h eil osiueteiiilcn
trtumtioai for steady winldc is calcuialtid A~n in- ditions at rleleasO. Although the loading prior4
vorted triangular ioading (the babe at the~ (up of to roloatse mAwy vary with time, for the ipui'oseb

the ehice) s cutitucte (t hav vauee uch of toads analysis, releaze in effected alt ltile of
that When added to tile steady statehloading, tit maximumi deflection. Investigaition of the re-
result ing as kiti- fOinio.t Il O(illn) 1-~ I-" 0 .ponse for various initial conditions; has shown

the ae~~y sateD~.'~M-tha nnaxiauu-i loula uccur ior thq vebincto at
ihe -ie~lyisilp aseUeningmomnt.Alt do- Iaiuantuni dofllctiuol. Ptgux e I is at schemaftic

tailfi of this ratiunale atre not kno-n it, thle au- thvhilJutportrles.'mobe

wind guets awlc vortex shedding as well as the seradbltit ioletaedeotnoeI

steady-atate loauting, and reportedly agrees iea iinatrles.Ti tprltsof tile ltaunch pad forces is th,7 priti.O excitationWoll with wirad-tutinel tents.catnthlachtimttcbd.Thpr-

Thue second miethiod, developed by Space launch equivloilil wind loadinig is tleC aerody-
Divison, orth merian Iockwei, ~(namiiiiC force caouted by steady-state winds, wind

scribed tAs follows: thlt groumid-wind loading to gusts, and Von K.Ivnidn vortex shedding Mfocte.
calculated oin each segintnt of the vehicle (or 'rie deflection of the ushiele on tho taum'li
steadty -sttil( wiiili, wind goagtG, muid vortex Sthed- pad can be c alculated by dleterminking tho, benid-
ding, and ain empirical factoir Is includedt to ac- iug Illonment diagraml for the ioadiing as 8hown4
count for tliv dynamiac responsc of thie flexible in F~ig. 1 (notice that dhe displacementt of thie
vehicle to wind krusts. weight negment io Included in the inomemat Mlaq-

grant), Integrating (lhe- uonenat dilagrail for the
Tile Woading onl any segmnimt (or the pre- slope, and then Integrating the aiope curve to

launch winds is conisidered simply ap. drag on a obtain the deflvetion. BlY starting tile integra-

Cyuinder. wind -gubt velocities are determined (ti1n At thle baSe, theP Value. Of thQ in~tegrate Will
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give tUw #hiulm and deflection al c&0h massB ed
,r~ t~he cur~ves can be cu-nstruclod. Tim additional

altacta of Uio nukazeo whon deilecLhit rrun (tie
rigid-iudy centerlIne air'- taken Into taccount oit

- ~the socond and subsequenit 1t0rations. Although
6, W, the actuial numbor of itorti~ons depends on the

e~ -~ -weiIlit dMletribuklon, threp to five iteratione are
generally req~uirvd t'efuro the wldiitnal ire-
Inontiali ontent owing to Whe velftiv wolght toI
niegligible. Figuire 2 showe the peak &Ms~ntomily-
vintle prelaunch banding moment.

Tht, wind Iondinit Piter reiI'e40 ip PauUBd
by the atefidy-stlate wind and wind gusts only.
7The dynamtic response and vortex aliedling fac-
tor UP dropped frarn Eq~. MI, y~folding

I OnL*, 3)

-- When Owhoro sOIQ hodditi term Its dropped
from the Wind-forec Cquizttoti. n With tit Ill di-
rectioni of the wind-loading vector OCCUrs. Ti

at, voctor rotationi ia neglected, It would be pouse-
ble to include tLhe vv,~tor shift1 by ueliig &ym-

OF Metrtoal modes. This Is not done hewauss thit
criteria inacuracies do not justify thet ormbi-

We ILion and programing dlifficuliecs.

RQUATIONS OF MOT10ON
r ig, I LvAding diagrarn for The equatiotio of motion for tihe syntemt
Mimic deflection cat lsinisj chowl tIn Flig; 3 ar dvoloped beliow.

40-

36 1

16 /

%t0 o to o a o ¶0 jO a I d 40 0 3 0 3a 10 i

Fqit. ý Stoady-atasve and peah be'niiityg .omntO
for groitnd-i -WdO cu.ndvi'bons
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A dl.CueAlitiz, of flip method aemployed if*
dletermilne the fuei alosh nass am freaquincy tI

ilven in Rel . i.

- -• •lexible-. xly equations

The generalised orcea,. Q,, "r. ciaused by
ground winds. engine thrust, and inounitod miB
/uld Nuot siush •,upniing, Taking each livi in

.F The subsystem equattionn ire formulated
k lot a model that to pin-ondod at the stailon cor-

reoponding to the connoctionl staton. This al-
lows the absolute displacement of this sUletn
tU be deftnld by tie rligdlbdy coordtinte. The
main advantage of this modrl is to decouple the

I * .dli l-lgratlm tur accuracy of the interface loads between the 6ub-
irv.-Ilight vChicltd system and the primauy vehiclo from the numn-

ber of modes used In the equateons of inotion (or
the subsystem. As the subsystem modem gen-
erally have higher IrenqtnipIu lhin the vehicle.

Primary Vehicle E¢quatIons a few modes In -addition to the rtigd-body modes
ure sufficielnt to define the subsymomtn loal-

t 11id-body ttItfl-lNrllu;i usini! the modal acceleration reet- d, On theFtl_ ir haul. if tihlt muhmvnlr., Modhpi ia •."A. #."..

:- - = - " nally modtes kre ireqtiiled to accurately define
the displacement at the interface. heon, It it

halmost imieshible to eotibIlh the Lorrect ils.
I. - - -- • * . F, itl condltlonal with free-froe subsyntemn naldas,

' - With thin short prelude, the equnatlomuan fl -

(4)

X. 
tur. Ir thei~i andd romton which , in-ur, ar ucin f(lie

1; " tO) interf'•,ce spr-ing conAiant8 and ( -"•elative

71I
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deflection and rotation at the inte.Jace. For the Using Eqs. (5), (15), and (113), tile Open, loop
pin-ended model the contribution of the rnoment transfer function can be :-t~erminerl as
can be calculated by

11)T, X X A S )]

oimrA
However, the contribution of the forc F, can- 217
not be determined with a similar expression It R

because the mode ahape is zero at the pill joint
for all moudee. It io therefore necessary to de The corresponding closed loop transfer func.Von
termine this contribution from the inertia forces
on each mass. i

I~(X, X. _aX x
`.n [ S X-9) .~ .S

1 CLr.

The total generalized force is given byTodtriehegnsAad , ti ne-

Q5 Q0n Q~f (I12b) sary only to choose a rigid-body pitdiisng ire-
que.,cy, ., and the associated damping, I,
These choices define the operating points as

Interface forces--soni i.4

F,. KS, (X. - XC)i" Y -

-CY(X,-X G ,Xq, - lP

M. 
(, PEflATDNC POINT

Control E~jcations

The control systenvi used for the vehicle
jtat after launch Is based ont attitude control./
Aprinaciples. To avoid unnecessary complexity,
only the rityid-bcdy motion is coniliered in the
sy eden gaito calculations. Actually, considerable
libierty is taken with the simplificz-1on of the
control system. Thbe peak lo~ads on the vehicle
occur within the first 5 see after launch and the

c-jottr ol systeiim has little or no effect on the
loads during this Utie. Ti-e ~imkiil equations
are olso i~niplified, a!ssos'ied to be second order, h..i'ticupv.ttdeCorl
and of the form guidan.ce priniipk *1

The relatiofnslips for A, and A, can now
Th controk vquation is be obtainvd by dividing the equ~ation that de-

scribes, the rigid-body roots,

A I



into the characterlstic equation of the closed This usage is only a convenience. No attempt I
1 irol) trahsfer function, Eq. (18). The resulting is made to solve for the steady-state solution
expressions for the gains are through Laplace operations. The solution is t

obtained by numerical integration of these
S1 , A I I equations in the sequence shown. The general-
iA -- U . • 2 - 2 ized forces for the subsystem are shown as

I' Q.,(F) and Q.,j(m. It is to be understood that
S[' ~ . . | the actual expression for these terms it as

-•2', - g •- 2, ,.•j, given in Eqs. (12) a-d (12a).

Sand CONCLUSIONS

SThe loads summarized in Table I and the -
T-iX X - i 'k,_ time historiec, presented in Figs. 5 through 8
____ _ - " -2 ' : ,' "( ,• n' ")'m are tabulated against a description of the sub-

(20) system model. The flexible subsystem, mounted
at the base, consists of translational and rota-

As the characteristic equation is the prod- tional rigid-body degrees of freedom plus two
flexible-body modes, This model was composed

r uct of all the roots, the quotient of the above op- of 20 mass elements and was pinned at the base
eration is the equation for the locatior of the
roots associated with the ginbal poles. This support. Tie other two models have rigid-body
expression I degrees of freedom only. Bending moments are

shown for a station on the primary vehicle aid
2, i2-t.." - 2'.,.),)s for the subsystem/vehicle Interface. Accelera-

tiOU$ of the subsystem center of gravity and the
2.. , v -2,,(2' =- •, 0 J21 mr etl od refra seilycti." , .1 vehicle station are also presented. The pri-

-"ý 4a 2 2 o (1 mary vehicle loads are for an especially criti-
cat station that Is approximately 1-1/2 body

The criterion for stability of the vehicle is diameters forward of the subsystem Interface.
that the coefficient of the velocity (• term) in
Eq. (21) is positive, or that The maximum bending moment at the vehi-

cle body station for the flexible subsystem Is
(22) lower than for the rigid-body subsystem. This

difference in loads is caused by the structural
dynamic effect of the subsystem model and

EQUATION OF MOTION MATRIX shows that although the primary vehicle may be
many times heavier and more rigid than the

The equations of motion are grouped in subsystem the effect of the type of model can
marIx foani. Eq. 1,23) shw onb tog Kthye a., -- -- -vehlicle

These equations gives ready reference to tha )ends, Tit lateral accelerations which may be
interaction between the various degrees of used by the stress analyst to determine bending
freedom and the effects of applied forces. The moments between stations that are recorded
Laplace operator S is used 0? denote the deris- and loads on local components could result in
at've of the variables with respect to time, further errors.

TABLE I
Maximum Load Comparison

usse e hr 10- ' M 0 Acceleration Location
SubsysIb) (ir. ) (g) of Load

"" tex)hlp 7.7 1.5 n 0.3 Body station
i -'3111',joyt 12.0 1I8 i 0.53 Body Station

Base 8upport 9.3 1.8 0.28 Body station
Flexible 3.8 0 275 0.7 Subsystem

i Cg support 10.0 0.240 1.8 Subsystem
SBase support 5.8 0.360 1.1 Subsystem I
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: | Fihg. 7. Lateral acceleration of the su~bayletem'
S~~center of gravity (9'r several subsystem models

The subsystem response is, of course, loads or response characteristics for either
greatly dependent on the model that is used. the subsystem or the primary vehicle. When
The manximum bending moment for the dynamic interactions as a result of transient
center-of -gravity supported subsystem is the loading are a large effect on the loads, an in-
lowest because the moment of inertia about the vestigation of the dynamic characteristics of
attachment interface of the model is the lowest the subsystem is necessary. As au ox-:mpIo, i
of the three configuratiions. If ihe rigid-body the loads comparison for the configurations
subSyetom Is supported at its prupor base sta- ;Bed in this analysis shows variations of up to
tion, the bending monient Is increased by 50 50 percent depending on the model. The use of
percent because all of the bending must ta•ke flexible subsystem models will produce a more
place at the Interface and is not distributed xetistic evaluation of the response of the pri-

t throughout the subsystem. mary vehicle as well as the subsystem.

The time histories of bending moment and
acceleration show the differences in frequency
content that result from the three subsystem
models. If components or assemblies mounted
in these areas are frequency sensitive, errone- 1. I. F. Dauer, "Fuel Oscillations in the Con-
ous design will result if simple rigid-body tainers of a Space Vehicle and Their Influ-

* a models are used. once Upon Stability," NASA TR it-17,
* !Feb. 1964

Simple rigidi-body models o0 flexible
structure are not suflicient to provide design
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A NEW APPROACH TO THE INTERACTION PROBLEMS
OF FLUID-FILLED ELASTIC MEMBRANE SI-ELLS4

Clement L. Fat aind Shokchi Uchiynma
North Amer-ican RockWell Corporation

lUowney. California

A tles, engineesing approa(Ic. is presenited iur the cnmpi-iitati-it of naituralIfrrequenctcee and the,- corrOstondizne P10de -11:pe zJ tlc iaitt -lton 01fluid in cla Atic tankt. It le aseoiIlac(i ilift tile ;'elfocity potenitial Of fklidhiota and that tile shell mnotion in base([ oi mnembrane theory tuider
inertia loading of he shell and tile fluid pressure at the interface. Tilesilt or dipaeetnat uv inalyicAly te As, th ite veoct ikuknontcoohcet. rerethe by a sprface bof ndfricnditeemo each wthe antee cnkownditoafcient tly bre sutifaed bppoxnmatry. Anndi en andtile ptroblemi conditioncan~ bny beniaiiiniethepirtxiratelydA equaed carun prorle to boundrycondbt ionsubctm ton the coarintegae thuat h irabedrr frtinle budipary-coedtiaong- the edee ot the conxtrin behattilfed prsrie nalyial dorisplatco-meid soltongo the edeongituie 11. 1 vbr atisfied. the analyticald homrisphati.
cal shell is presented As a practic-il application.

INTRODUCTION Under these difficult circumsltances, a now
engineering approach wits developed to computeDevelopment of large liquid rockets has the natural frequencies and Uth correspondingcreated Increased Interest in the Interaction mode shapes of the Interaction sysetm by usingdyntamics of fluid in elastic tanks. Several fine certain simplified Assumiptions. This approach,papers have been published in the last few which has beenst uccessfully applied to the longi-years on the Investigation of shell vibrations tudInal vibration of a I luid-filled heitlsphericalof thin-walled circular cylinders filled with shell, a fluild-filted obinte speo'l shl. nflutu i ji -51 A tow 0f these pnpers deall* In a .1 (iuidi-illled cylindrical shell with an InvertedLux- 0ory manner, with the axisyminetric oscil- conical bulkhend 191, will be describod In thislationi of fliild-filled hemiisphierical sholls [6-81. paper. A detailed analytical formulation andNothing has been publirshed on Inveatimatiouga of solution of tile long It udinalI vibratiort of timeconfigurations other than those menOtitonedI above. fluid-ftileod heinispiterleal Aleli Is presented
below as a practical application.Thme main obstruction to the progress of

fitteraction dynamics for general c-infigurations
nmty be attributed to Whe very difficult nature of MATHEMATICAL MODEL AN4Dthle systemse of hmydrodynamic equations, sholl METHOD OF SOLUTIONdynamic equations, and associated boundary
coniditions that hiave kept many Investip, tort; hI this ap~proachi. It Is arisuniecd that thefrom reach~ing any reasonable solutionn. The fluid is ini'iscid, Incombpressible, Its Motion ISmost poweirful energy method that. has beun at)- irrotattonal. and that the shell motioti Is basedplied( successfully to the fluid-filled cylindrical on membrane thoory and is under Inertial load -shells produces6 a horrecndouG and io~gtlty amth- ifig ana fluItd lprI'oattre. Under these assunlip -enamitcall expresslion In the treatment of. for tions. velocity potenti'tlA 'ire obtained from (lieinstance, ;An ablate spheroidal shell or a cylin- aolution of lat1place's equations In coordinatestier with ain elastic bulkhead according to the confifgurationi of the different

*iere isulieben-eaeit)~u Ot ib paper ' r re d rawni f rom t be NASA- ýpktirod study. Comit raft NASe -
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___rt of___ tie(il havlct oetaUt_ oqitoýQ ht h rnrbdrd

tertu o athehnk t hlyoit oeticu. t,. ltoqn tlo a notcess~ral rthattion to conectba thdi
gothr wih Donouli's quaton. ermis thdunkntown coeficets that were t~ilw hle outgrowth of

oAsitoo the velocituptetiaIng flui greneral aof th useof theconstrboinedar e onditions of l r adilt
ths riprnterfce by Preatiesgotheninietermae rs- tlect, foon uf along fiothereg a at dual p trpose. o
sure wthe a ring function enfin hl qaionth.pr sure Furhem oret. aomltin tie oada inpncemen Ison h-en
land shell displacemneits arp~e also bopesod- tatnima frombtle m thedge onndiepioomn t o anda Its-
in erriesnorm a Whetnaly th fleclton r drvtivoton to ao ne e ry trlaon t connecnt th-

As the v inc bounndaryti co nditio cnseidpnetbuidn odto~oe
diticn Midtho iter Tlunkintil colff~c uents o tha tiwere thle outgwrowtne

tn hell codls aemnt are satisfidonl representshod thmedorom thoeoehe meido aldisplacmn n ii~p tr

muately, because these aeries have to be ti'un- meat solution precluder, the satisfalction of the
cated. Zlu duifureacti boLwuunl thXI u.% t am!d edgo condition and thle edge condition impo~sed
approximmue sailrifactloii of Ilie boundnry con- oen tile radial disptavement mnuot lie tr-eated no P.
ditlons atre the functional errors. When ench constraint.
functional error io first sqkvired iind than into- 'Flie formulated elgenvaltue problem to then

- ginio ove th sulocrbed ounary urfce, solved with a digital computer. The method of
- te integratLed squAred error iB obtained. Thme solution no programed la oceentially a Systemn-

t~ki~i~i~d~quned zrv fortheentre tic trinal-and-corroctlon process which starches
free tsurface and the Interface ig the sum of tile for froquoncy until thle frequency determinant
aeparate equared error multiplied by ito weight- aisu.
Ing factor. If the weighting factor of the func-
tional Qrror of the ntritrface condition !a defined
as unity, the weighting factor of the functional VELOCITY POTENTIAL FORl
error o1 the Iree-suriace, condition is the ratio lltMl6PHEI~lCAL FLUID
of the order of magnitude betweemi the functional Tile suggested method will be applied to the

erros o th Inerfce ad te fee urfce.solution of longitudinal vibrations of a fluid-
filled hemispherical Shell. We ohall consider

Ant oiganvftluo problemn Is formulated frow the shell to be n thibi elaetic uniform imembrane,
tile equations that ares obtained by minimizing completely filled with an Inviscid and It -om-
the total Integrated squared errors. with re- pressible propellant under Irrotattonal totion.
spoet to those unknown coeffiriento, and the The shell coordinate system io Shown in Fig. 1.

II
No

I Fig. I licinmi.phermcal shellI
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untaer the aibovp an~nuinlptoo. Ule W-C-l'tit Reid

- ~of sunklI-anitpIitudP IaxisynbaetierIC vibrations Of
a hemlephorob of fluid to r'educed to the solultionl -(to dOQ 0 -

of Laplace-' oquil Ion. subject to approprinte .171Ltý_

1A1*01- luoi]d11(1011131l t III BI' PhIitCal COOk'dtl1Lnt VS

for the canI' of axial eyniuniftry. .1aplacr's i'qua - whore t it wa innetfltive integer.

Equation (7) lina an its solution

A I R;7w' v, A;' It.'~

where I- in lthe velocity potenitial. .ild a re %-here A anid Pl nre itrhlttrai'y constants. To.

coordinfltev that deniote Che distanee measuredl ivd the NIngulaiirly Mi , - oi do dial tEh e -

IF rotI ho l'origin ;And the "conetinge n1II ipasurf'td bllry potenthil will rvitiahti (Litte. Lthe constant

roil 1 vrik a xe epci~l ii ~e nte free SurZac0 of the fluldi.file Helmer- Equationi (0) tnmny be tranoformed into
vndbunInd"y condition I 10j is tilven by Leftendr&B equationt by introducing it new varl-

I able,. dulizwd bly

IOnl We interiaee r I. the radial velocity of rho result is

tho0 fluid( relint be equal to the radial v'elocity of

~ I " (3) which has9 the solution

'it the casec of simple harmonic motion, the i12

velocity patential maty be taken in the forni where C tind D are arbitrary constants, and
I .and 1),> are Logondru's polyniotmials 01

* 'I(4) the first sad second kind, respectively, of de-
go..lie &itsimilariiishii~toi. with regardt to

whiere ' is lie velocity potential for aistady th constaLnt It in Eq. (0), the constftnt it to Ro-
flow, ta lthe natural frequency of the syittern, numed 0 because Q,,i.-) has logieit'thmitc atilgu-

and I i the tineý The velocity potential th 14ttt~irs at cona'esponndilli to 0

relaitedl to tho inerieliosali and radial velocity
cQIqti tite Co ICIIu rvspcr~ttroy by taw With Judi Rf t n ih(-H % determined, the

ta.. Lii oii~ iatady-silito velocity potiential c'an be derived
littiiediitlely frmI(ŽItq- (6). As vach terii of do-

+~a gree 'Iis .1 solution,.(the nivaut general expre-6-

11 -4 0io for the velocity potential is giveni by the
sunm of alli such solutions plon nit additional

4- arbitrary Constanlt For coniWUIicIIC, the radius

I 1-J is nondirnensionahizeft by dividing it by tho
radius "n" of lthe hemisplarer. hie addition, the

Oil ub~iluingLA.(4)Isio E. (), t dl - constants ire redefined so that finally takes

fc'rentiai equation thI.% Ir. Idetcl lit itn iýrrm to trfr

Eq. il1 is oiitabiitd for T his ffiltereltial

CQo~ttioii for rail be' uolved by iassuniiitg i' t ~L 'A.l (

UPIlo substitutIng into Laiplace'ia equil bio, two Where C, c, are nonimf(Iisiiinlail ari 1

ordinary diffotenti.AI equal 1(111 to- (iiteritlleltlfi Irary consatnats Thits. sulatitiuting this exprea-

lt ii an o are obtainied 'Fhoy :krt' Mnit back Itot I+i (4i), tilkveoity~( pot)' ixttial i s



Onl Substituting Eq. (14) into Eq. (2). the and
following raittloii forthWe true surf ace bound-I

a (li di ecio of thpf nIido a and7  cicnd
wlyo hor sht mtril and 1, in the reseshollt i

a(16) thicknesen T~he turl(Iitpial diohicOfliolt 1- 113

UA-on Woitfivilly iii the dirvct14.a off Iflctteftdtg
where Is mneasured iromn the axle of Upymt

It to soona that Uthi linea~rized boundary motry. and the radial dimplaceniont & io post-
condition cannot be sptatieied for oach %tilt live IIn the ditreclioi, of the inward normal. An
dogreo term of tho Legondre'a fwwtilono 0 toekie expa aaWin I -I' Uth pi8SBUre pt givrit by
C,'s differaitit fromn 0. Hance. the i elation will Eq, (10) to iii ternia A1 thle cos.intA~flI rO, there

bo avoragead over the tahilo IreinOt by kittogi at - W Ito Iona A gonoarality by iviautiihin that it acto

In& it Ver6 tilt free flur(aCQ Of ithe liquid. It IS in the diroutivit ul tilt outward normal, ad wasI
tthis rosutittg axpreaiiion that will bo wiied Inter done in "~. ('1D14
in formulk~thi the eigonvaltio problota to doter-
mitne the usitural frequencies of the system. liquationn, (19a) and (19b) may be expressed

in ter-ina of the dtaphicemento by utilizing the
The dynamic fluid pressuro can be oh- following relfttioiii fort Ie aiI'tiSE reaultaflhi I1I1 I:

taimied ivortn 111 voi~lloy potent'all through the
lttleart~od 13Drnoulli equation. Thits relation - ý ,' cu jjt- 4 j (20n)

where P. Is the fluid densilty. Inserting the ox- Whero
proeelon for p from Eq. (14). we have ~_ e ii 2b

I ~1 On evibstitutflit EqS (20a1) andr (20b) into iFqs.
(i0th) and (.10b) and introducing Uthe nondinion- 0

At the inwl~aco whore =a, the prositure io elonnllted dilepil14ement conmponents v and ii
definud by

and
which ropromts the fluctuati~ngprousure at

utid !](hpessr given by Eq, (18), we obtain~

EQUA'T10HB OF MOTION Foil tit

Tile oquations of equilibrluint for rt sheii ojf (2
rovolution tioder a cynitetricn) londing nre

vnfl in Tivotiliontko wid Wouinowaky -Kr teger
~l.Oil SivlpcinIing titose equntlomin to the m.1

case of a 8phorirmtI or I einieplericmid anvii ua-
der Inertial loadintg anti fluid pressurin, they
take tho form C_,p.(3

82



Tht itall-oductloo of a low varlable, i. defined
iJ ai

Thi dieplacement Componeniff IP! nondimen
Slouial form will simply be v'eriPv(I to dig dis-
placementa or dIaplIacnomen atcF.D IOlhUIvit1, liit th
remainder of the paper. Into (fi equation leads to

SOLUTION Or MEAUMONALDIBPLJACEMENT

tEquatIona (22) nird (23) may hto d couipirid 4 L. d (291)
to yield it differentLni equation expros•ssle d - - 1 21) 1

tirmin of (he diti~lfceiient Cuiti|onet % itlone.
Uf the Oxpreasiun for - from Eq (23) Is aub-811luted into Eq. (22,), ',€0 oltain Th•Ž hrOirogeiwcuusl prrt of Et|. (291) is recognipe~das n hypo-loometrlc diffoercnlinl equation. The

anaiytic aolutuoi of tiis homogllenoous difforen-
,c - - * tiail equation about z ti Is the hypor'goometrt'i

d-:_3 d,." aeries and exprevsnod 121 as

C,,~

P r .. (24n)- o,

where w . ,e 301,)

- -(24b) aind

and I -i *" 0 (30c)I x)14 Thus. Meq, conmplmeintry (uiiie!ion Of Eq. (25) Is

Tlin equaltlon may, in turn. be expressed int obttined s
termsi of Independent variable .. according to -

the rolation given in Eq.(10) Thus, t. , i - , i' . - (31]

IiI

,i i- i7 ; " ! • - pl ri cula 1lw I...... a il7~'i 61 Eq. (1-5) inity ime

I - I ,I 0 (25) & A,,P P!- (32)

The iirst two termo of Eq. 125) lmay ht" whitre i n the i -,2cllaed Legendro's
transposed Into a hlpo'rgeoietric equation. To pulyinoinnial and expreasca as
do hlt,, first let

. i ' IF (26) . (33)

Thean Eq. (25) becomes Trhc associated LUgeidre's polynomial, P,"(,.)

RatiAllet !he _!ffrentinl equ:at tnoll

1 1... i,'

p . (27)

-i l-1 EIg



(i2'l, dP' 0/ 
Cj - (

C"(35) !LA- F[dPO
P F,, (, pt,. 1

Substituting Eq. (34) into Eq. (35) and deleting (42)
the sign of summation gives

Co SOLUTION FOR RADIAL
All DISPLACFMENT

from which As ý is now known, the radial displacement
for the hemispherical shell may be obtained di-

' (36, rectly from Eq. (23). It gives• :-•-(36)
AllA0 = - 0(0, 1) I. ( d{<•

The particular integral of Eq. (25a) is then ob- 2(1

tained by substituting Eq. (36) and Eq. (33) into
Eq. (32) as -, r (43)

?2(: * - P o n ,,

______-- - , ,, P ,.. ), (37)
1)\ -' From Eq. (33),

The complete solution of Eq. (25a) the '11"o (I'ft..,

sum of the complementary function, Fe (31) d, d. (44)
and the particular integral, Eq. (37). Thus and P44)

Substituting Eq. (44) into Eq. (42) gives

C.C
flil - - I__l_ .\ I

The boundary conditions for v are

and ; 0 lit (39) J:-KrF- F d (,
and

v 0 ,t 0 (40) and hence

Equation (38) automatically satisfiev th( bound- -C

ary condition. Eq- (39). The arbitrary constant, , - .

io of Eq. (22) is determined from the boundary
condition. Eq. (40).

-IF

"10 _ ) . ", ,I , :i.j(I ,< , F, , I *,•l F, , !'(

Fir V ... , 2 j ''16)

(41) Fruo, Eq. (44),

Hence, the complete sulutioit fu ti-tdionial 1* 147)
displacement ir 

(47)
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t3v the till1 of Fits, (441) thiurl tuh47). the ternis h (shell thuickness) 0-01 (in.
hinstid the first bracket of Eq. (43) hav'e ilh( fol-
lowving expression: (density of sheil) 2.59 X (b

sec ý, Ill 4)

(density of liquid) 1.0O 0 (b 1
-~ I'- ''~' t ~see 2 

ill.")

21, - ~(Youar's miodulus) 1 0' (lb r,'11i2)

dI Thas. the parameters , ,And .are eValunlltud
as

-,-__ --M, - 0.4 10-"

('18) 1

The Legendre polynomial I,_ satisfies thlt 2: 1 2( 1 2f- (5 2a
differential eqdation 

13 . .
(52b

Substituting Eq. (49) into Eq. (48). gie In liths case, the termn i -t~ u1) appearing
in Eq. (51) behaves like a singularity at it - 1.

lj7 C'.To avoid such singularity Eq. (51) may be writ-
d t ten in the form

I~~ L ~ I~

-% .. d P ( I S,. i C , 0_

51) (53.... ,-' e,, . . , .,, __ ___ _

-and s~ will be obtained as follows.

-. 12U When .'and it I. Eq. (27) may be
wiritten iis

- ~4 C, 4

The abov,m' eqtiat toi ran be's Is with ohw aid
of lioundary conditions. Eq. (39) and Eq. (40)_

INVFSTIGATION OF SINGULARITY The Soslutioni of Iis

- ~As a practical interest. thlt following nu-- .

- ieri'icl valueps ars' tilt roducvd: 1-C,

- . (radius of shell) =200 (in.) .~, ~ (55)
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Substituting Eq. (54) Inte Eq, (26), gives of merldional displacement. V. and its deriva-
tive, there are no arbitrary constants Involved

* ,for the Z solution. Hence, no boundary condi-
_.n ( 1.)j#-" C' . tions can be applied to ;, This is the conse-Sl'I' quence of using the membrane shell theory In

2. n 1) (5) which beading stiffness is neglected. Because

of the original stipulation, w will satisfy the
Sand condition of axial symmetry; by implication, it

will not contain any singularity at t = 00, as
0d. X dt, ,_ both 7 and p(n.,) are regular at this point.U• cot 0) v : - -- I • -

- If it is assumed that the hemispherical
shell is provided with a rigid ring at the equa-

S3p-2 1 1 00 tortal plane, thus giving the edge simple support.3 then

(x 2. 1)- (57) •

i. i Thus, when Y" i 2 and n =1, the value of
THowever, the absence of an arbitrary constant

st(•i) C is determined from the first term of precludes the satisfaction of this condition.
SEq. (43), Therefore, this, or whatever other boundary

Sconditions may be imposed on T, must be
- V M. dv ct treated as a constraint.

- .) i -1 ) - W

S(1 - .l 4 2o Zo IMPOSITION OF INTERFACE
312(1.) .- _,-2) CONDITION

(58) The interface condition represents the comn-

Furthermore, for v 7 2, Eq. (30a) gives patibility condition that must exist between the
fluid and the shell at their common boundary
and that will be applied to couple the system.

S~F, (a.ip. 2;z) 1

(59) In view of Eq. (5b), the condition stipulated
S(11.;,- 2. 1 by Eq (3) for compatibility of velocities may_x 2) be written

Thus, substituting Eq. (59) and Eq. (52a) into
Eq. (53) gIves the radial displacement 7 for the , (02
case of I as follows:

The minus sign must be present as the positive
__-__P,,00 ' Y' L ' P radial displacement direction for the shell and

..- the hemisphere of fluid are opposite each other.
Substituting from Eqs. (14) and (21b), the fore-

2 (1o) going relation becomes
- nj~n• )- ••' d. JCn

ia2i~(fl *' 1- 2 '-" pn(': (00) D -

where FORMULATION OF EIGENVALUE
PROBLEM

S 00 13- -2,- 2- tit~l (I
( .- I' -~L - 2.)' " "~ "l The eigenvalue problem for determtining

the natural frequencies nnd corresponding mode

CONDITION OF CONSTRAINT shapes of the coupled fluid-shell system is
formul'ated using three equations that were ob-As the expression for the solution of radial tained as a result of imposing tihe necessary

displacement Z was obtained from the solution boundary conditions of the problem. These

86
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three equations are the liquid free-surfnce
boundary conditlci given hi Eq. (lb). the bound- , 2.01 J .. (67)
ary condition of zero-radial displacemeni at thei equatorial plane give In E.Sq. (61), and the con-
dition of compatible velocities at the interface The total integrated squared error for the
given by 6q. (63). The solution of these three entire free surface and Whe interface is then
equations talen simulLinoously will yield tie -4

natural frequencies. Other than the trivial
cais2 in which all the C.'s are zero. it is appar- t * (08)
ent that the series in these equations cannot be
a d ytgt where Is Introduced as a weighting factor forsatisfied terrm by ternm. This, together with tie

complexity of the expressions involved, excludes the difference of orde- of magnitudes between

all possibility of an analytical solution. Hence, the 1uictional erroz sof the interface and tie
Ssome arproximate numerical method of solution free surface.

[must be used, The approximate method used
herein to formulate the eigenvalue problem is Equation (68) contains a total of N 2 Un-
based on the Inas, squared error technique. knowns. There are N I 1 unknown C.'s plus the

dnltnown frequency, .. For the finite series

Because, from a practical point of view, representation of the veoSlY'Mpotential to pro-

the series representation for the velocity poten- vide the best possible lit for the satisfaction of

tial must be truncated, the boundary conditions the boundary conditions, these N , unknown
given by Eqs. (15).(61), and (63) will be satisfied C.'s are determined in such a manner as to
only approximately. However, the intention is render , T a minimum subject to Eq. (61) treated

to treat the boundary condition for r as a con- as a constraint. This is equivalent to msnimlz-
straint so that it will be satisfied exactly within Ing the function

the limitation of using only a finite series rep-
resentation for the velocity potential. '- T 0) (69) I

The difference between the exact and ap- where is a Lagrangian multiplier. Hence,

proximate satisfaction of the free-surface
boundary condition is denoted by the functional , , , : o
error Thus, ' -'C.

J 0
"-�'4  ? "c1 C ' (70)----- ------. . ........ 1

d P-(O) P,,(O) . (64) .LL " L! ;D 7

If this expression Is first squared and then in-
tegrated over the frec surface of the fluid, the .
integrated squared error is obtained. Ac-
cordingly, which can be reduced to the following matrix

formn:2 F
-iCSFrom E•I. (63), the error - l~onig a me- :

S~ridlian, resulting front tihe truncation• of the 0,,•-:•(,sre xuso l lgnr' oyoili 7)•

Similarly, to obtain the integrated squared where -t is a quadric of : and fo. g,

error for this case, is first squared and are known constants. This linear algebraic
then integrated over the surface of the hemi- system of J - 2 homogeneous simultaneous
sphere so that equations oto N, 2 unknowns. c C, Cc, and

•. ! 87



h WhS a nontrivial solution only it the determi- V.
tiant of the above equation to zero. sit~

The solution of the determinantal equationI will yield N 1 i natural frequencies. Only the and
first few frequencies will have any physical
significance, however. as it takes more and " I ft I 343
more terms, ti the series expansion for the
fluid pressure, to be able to represent it aecu-Srately as the frequency Increases, as must be continuous for .

DETERMINATION OF WEIGIITING SOLUTION FOR FREQUENCIES
FACTOP The oigenvalue problem as formulated cain-

The functional errors at the Interlace and not be solved unless a digital computer is used.

free surface are defined respectively as The method of solution as programed is essen-
tially a systematic trial-and-correction process

- * •, that searches for an :. until the frequency deter-
t - ('2a) mintant vanishes. A modal frequency is assumed

that permits the calculation of the hypergeo-
and metric function Ft(,.-. 2. z) and the displace-

I tinents •; and " corresponding to this estimated
- • -7' (72b) frequency. For the present numerical example,c __ -a however, the fWiction F,ý. 2; 2. z) Is very nearly

equal to 1, (Eq. (59)), so that it is not included
The ratio of ' to n. Is defined as the weight- in the frequency equation. The integrals that
lng factor a; thus, appear in the expressions for V and %- are

evaluated numerically by using the trapezoidal
ow _ rule. Because the constants c,,'s are unknown,

'T1 at ar only their coefficients are actually calculated
S,- , t,€ (73) at each discrete point used In the numerical

9 -- T process. Thi8 calculation requires the arrang-
nag of these values in a ngmatrix to facilitate the

The magnitude of a may be obtained 13 bookkeeping Involved.

by comparison of the order of magnitude of the displacement:~~~Wt tqheon deeriato ofio the displacepmentishe,
oquations of motion for the hemispherical shell, %, numerical values for all the elements ap-
S Eqs. (19a) and (1gb), and the boundary condi- pearing In matrix Eq. (71) are calculated. The
tions, Eqs. ('12a) and (72b). The results are (eteiiinint of the matrix Is then evaluated

lidThis process ia ,eparenid 'i Rpeoiod time with

the frequency increnieated to mitiate the
a : O ) for - 30 Newton-Raphson method of root determination.

vwhich continues until a zero value for the deter-
-I (74) mhiant is obtained within the specified degree

fSof accuracy.

S-O(1) fog 0 - 1 The results of the present analyses are
compared with llwang's t61 and Gossard's lei

For D = 10, n 200, a if 1.0 10, the results sho)wn on Table I. "liTe radial mode

numerical value of 1 is summarized as follows: shapes Of the hefaispherical shell filled with
_ _ _ _ _ _liquid oxygen for - 0.8. 45, 59, and 75 rad

- I 2ec. respectively, are shown In Figs. 2 through 5.

S1.6.38- 10 34-2 CONCLUSIONS

g. 393 34,2 The approach suggested in this paper for

L the solution of inuteraction problems Is called
S1 '. 393 "engineering" because the fluid motion is based

on the existence of velocity potential and the
where shell nmotton Is based on the mnembrane theory.

__08
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'1"A BI ,.E I

Authors Boundary Dinina-Ision Frequencies (lHz)
Conditions of Tank t*

Present Anlyst8a nu200 in.

h •0.1 in. 0 ,13 7.15 0.40

: Ilwaa . ... . . . ., 9- • 00 hi.i

S0.3 in. 0.42 10.14 22.63at

Gos•iard ... , i" 2001n. in.S.. .. 2-- i.48 14.04h__ _0.1 ill. II 
.---- - ---

100

Py t=H- arameteT -
a 200 in.

- 0 .1 in . . : C / n

"po'e .¥l 1q~ xg~.. 06.81' radse /i 4

.- 2.59 K 108 4 lb-secfin
100 

-. E 10 1 7  
1b/in?

-I- -

-tooo- ~ ,o

I kEE S oo 000

fIle w~h quid oxgek 0.8 rdd/sec



-fl If

too------------a 1200 Ill.
S -- -h0. 1 in. ----

pm1.06 x 10" lb-3oc /in 4  
-

E 4 p 2'S9 x 10 lb-sec /in.
SOf - ----- - I. 10' 7Wll/n - ----=~q- 0.3 - ¶14

- .- - -- --- ---- - - - -

-0700

.1e-IN - -ago - to fob00 - - ti u
teAsel

Fig. 3. Radial mode shape for hemispherical elicit
filled with liquid oxygecn, 4 *5 radlsec

From such assumnptionis (lie velocity potential the substitution of them Into the initerface bound-
of fluid can, be Obtain~ed from the- 1,aplace eppun- ary condtitions5. The energy inethod tailes the
tioii and the dynamic displacement of shells can assumied displacement functions that have to
tilwayis be solved from the statically determi- satisfy the boundary conditions at the beginning.
uiite menibrixne equactions. The substitution of Ini the suggested approach, Lthe equations of nio-
the velocity potential and shell displacements tion are the sholl dynamic equations. lin the
Into the interface b~oundary conditions ins~ures energy approach, the equations of motion are
the compatible and unique relation of the solu- the Lagrange's; generalized dynanice equations. I
tioii. The least squaired error techniqu~e lB
adopted to make the best of the selection of the The suggested atpproach requires a little
unknown coefficients in the truncated series more analytical work but appirently offerst
solutlon. mutch less numerical compliication. The sug-

gested approach might produce at better result
There is some resemblance between the because the displacemnents are obtained from

suggested approach and the energy method. For ttie closed] solution. Usually the frequencies
instance, thie suggested approach uses, the least giveni by the Rayleigh-flitz method4are In the
squaredl erroi numnerical lechnique and thie higher Oide, This cani be ciifrom the fore-
energy method uses the Itayleigh-ilitz numerical going comparison. if the thickneas of the shell
technique. Besides this, the suggested approach In tiwang's inve-stigation Is Changed to 0.1 tl%ý
is quite different from the energy method. The the corresponding frequencies are *,=0.241,

suggested approach demands the analytical solu- 9.33. and 13. 10 liz. Ilw,%ng used three
tion of the dfispl-acement function first and then modes in his work. Gossard usedI two mnodes.
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i 00 ]I [mTI ~T' l-I__ ____

ii i Physlcnl Parameters 3

too L a 200 In. '

_1'h1- 0.1 ill. i i
1-0* 1.06 x 10 lb-sec2 /An4.

59 pto x S 0 lhb-sc /in-j '
. E" 10' ib/}n

-0 .3

_ _ _1_ .. i i, i _•

100-JI ,

F-i ll-- --11 -I--

Sri

4-,

*3000 _

-00 -200 M too 46B
IN(IKi

Fig. 4. Radial mode shape foi hernispherical shell
filled wvith liquid uxygei. , 51P rad/sec

and the present analysis used eight ternm of the had a higher frequency and the present annkyais I
Lenendre polynomial. This showed that Gossard had a Ioweor froque:cy than Hwen.ni's resam'•r .
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DISCUSSION

Y. K. Mit (Univ. of Mich.): How did you sense, an tnfiiilly-to-tnfinlty set of possible fre-
overcome the problem of the fluid having. In it quenciee, snce, in your ahel! equation, you luhve
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only an ir~f llte oet of equntlosiw Ito:' do you Mr. Tat; Yon, the Luplace eulchjw le on

Mr. Tilt: Ipresume thtUuirt"ht" based onl tho undo! orred cotIiguration. nd,
of your statementn "an rinfhilty-to-Infilnity set of Interfaco boundary conditionis rArocosrtepus~ihe hquricirs' rpierred to the vnriatble oateudlomdOrrces. All those imply a

o I ,ono,+ . thondfrte o
depth of tih fluid. In thtl present paper only the constant volume.
case of full depth is considered. Under the full
depth condition, there is only one solution of the Mr, Smilth By a suitable hnndling of the
f luctuating fluid pressure which Isl evaluatedmemb or tie shell atfriosa propotieo, do
from the velocity potential. Tihe Interfuce pres-s n u o i you see s ,ny difficulty In e-xtendlng UIfts already[ sues waa used a I a forcing function in tile oiell difficult problem to tile case of constant accol-
equations, oration?

Mr. Liu: In your lenut square intogiated
result, wiy not something else ? Why not the Mr. Tat: With vnrlatblo thteknneses and a
minil-max &'riteria? conaint -orcing function I enn see the dtfficulty

lies more in the variable thickness aind loso in
]'. ri,:- You may lse olniethianp eis if (hle constant iorcb:g function.

you oL>.o,- I lned the Integrated "square" or-
rors becadse I intended to use Lagrange's con-
atratned minima technique, The error function C. Poriho (McDonnell Douglas Carp).
is a function of the first order of unknlown coof- You s o-J-Ile sine of the problem, Could
ftelent.9 Thle inigPted stunre error function you toil me wlat the running time Is for wiRt
Is of the second order. The dflforentlattone of 8120 problem on what ,tuchijw?
the intC. ,ted Square error function with re-
spect to the undnown cooelicients result In a oet Mr. Tat: BSace the present npproach in-
of linear (quatlons which Is what I am looking volves more analytical work and less numerical
for. Coftputatton. the computer ruuntng time is ac-

tually a shior part, In tihs problom of tongitu-
C. Smith (Doll Aerosy.atormn Co.): is there dinal vibrations of a fluid-filled hemispherical

any sort of constant volume restraint Imposed shell, the running time in IBM 7094 for comput-
upon the solution In the Interface problem? Ing the eight natural frequocles and the corre-
This would presumably affect tile pressure con- sponding mode shapes takes approximately
ditions in tile liquid. 4 nitn.

4 + -1

;I
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STRUCTURAL AND VIBRATION ANALYSIS OF NAVY
CLASS 1110H IMPACT, MEDIUM WEIGHT SHOCK TESTS*

W_ P- W,,ic and Paul 13. Sa~unders

Skunn)'ille. Ci~liuy-y'jt

Shock te mtivil of equip~i'iemaa au ahe nb bimu-tvight rI~-0l :'ai~ti un ( t I 600 bi b appr,,zi -
niahtriv) tc MIL-5-1b1t 0Ij a-iijlurap, tit Pvt", uasii., 1lar tle-gii fd At muituuaig fixturc to

C, linlttO tlie stifftn~s of0 thQ maineicir~ry fuitiadiai to -, uc ised~ tii tile evia p insallat Iion- A@
thi' faiuuro jrn-t la-e ,uflicienI strriiagti. its -ecll ais 1wecicribed -itilbie ss. Patric' Ingaiuity
to ticirdId to arrirveat ai .a t~lv.ed aioleigu.

Whert ile' %keighk i tl he apparat~ us tor Ieit cted apl roachtes atac uppw~r limit of the niotaludi
wigijht claosificatioii. the fixture weight becomes a oignifittint burden Iin limitting thir lutill

W .Ig -I (lie anvil table Lu 1LaX a cceptabale value. especially #Q tivauP4 if Ili# jitroductiu-
of the 30 degroot itictined test itode. 1-ience, demigning for miflhlmirn fix'ture M-iglit be I
conics all imiporteianaseto this prublarn

In thitl paper *1tititaliul d dyiyamiarail cunii.wvr .tions are discussed. ,tnd curves -ire pre
arte tattoraat mkanaainotii-ai load.. .r accelar.tiAns. and wright. With teaad

.1 hefontla ani cuve, ynmcly equialeont and tequonle nioutnting fixituiresa.b
dci. grie'd

A typical Aplrlit Aticn ol the procedure Li, Ai c la-s H 1. (tiagh Iinb-~ct sh 0 .k teat uf a
Lu rbine-driven lorcei-drall blower weighing over 5000lb Iisa presented Calculated mnax-I.n IthIi ~-yaluas butla for thim initial impart avid thle miolion rcevrsl uowing to tile Plops r

INTRODUCTION Initial Getting, the anvil table strikes (tefinlteI
slops anti Its motlion Is reverfied to Ili@ down-

&* &AV haitu.Lii it i-I V Y 131iUCKi Ptea Jiti 4-tiol"WiitilL tvard (ii-i*.r o' AfthO-!ao'i,-Ve. tfals !10-pitaa
wuighlnp. froin 250 to 16000 lb is described tit linpct dIiffers fromt the intitial tinfart Iia that no
MIL.-S-90iC III andti titlly.o (lth, lit Shoe* Teat- energy is added to the system. thereý loving lir
big r"achinle rot.N- Mecluairweigln Eqotilpoacar. Tile fact, Z odera-te toss In thv robounc!.
shock ninaclimn conuiets ot a 3000 lb hlannier

that El%% s tharough ani ,r greater Ihan too itie- Timo controlling sperfc~tieata Mu. *--001C Ug'eeo find strikes nn invil lable The anvil table 11,. reqoiret; "I la thie nioiting adaptreroý Licthereby auddeniy acqutlres ; vlucity tit Ow, up- jini lar ti thjote showl lit thc, spet'ictaatlpi.-. i
ward direction. Thle equipment under test Is nhiternatively. the adaptern should s~i.' Jate t he
mtounted to the anvil table on a relatively qott s tlifnese. of tile focindaltkun on whhthe equip-

struCtural ad~lpter thkit catifies- tile r11spon1e Of Imont Is to be Mounted oiltw ah Ihip Thce - C.the equipment to lag behind thle anvil table ann- 1revliica '.1 tine "r',w difi. utto tnt r'ai,'ett the 30
tablo execute .an1 out 01- ph.se vibraitioiun oli' i'itiibOL.JUki 4tLa the~ 0l ni4kili

£ opelessemnoe uwr ~t naer (~-a iat~It.stiffness of the woultiixgb adapter. Thus the to thv sh-iril 'Intd tiluSR slindatirag mth-twi-Se ox1

age~'At aeetytu severei tiranslerit vibr-mtuoti
at one Or tiore frequencies- After 1-li 2 or 3 Thpucirt.. krnuia the wnlghkb -vil jhe
itl of anlvil t~able travol, depeaijidg uponi the ut% 1 ~it, ilo.ic ahii DA kiila~ttly 7400 JiiŽ arnd tIle

*lhts~,cr"..-nct m c.. 'A



equipment weight from 250 to 6000 lb. When U2 Velocity of iS2 the Instant after the hammer
the equipment approaches the upper end of this hits (in./sec)
weight classification, a challenging design prob-
lem Is posed in develGpllg mounting 11v, wres of V, Veiocity of hammer just before impact (in.!
minimum weight, adequate st;ength, ann con- sec)
trolled stliiness. In the inclined test mode, the
problem is compounded by tLe requirement that Y, Displacement of M, after hammer impacts
the fixture must rotate the equipment mounting (in.)
suriace by 30 degrees with respect to the anvil
table surface. The intent of this paper is to de- Y, Velocity of M -after hammer impacts (in.'
velop guidelinis Rad rules based on our experi- sec)
ence to enable .1)n design work to be done more
easily in the fwa, Y3 Displacement o0 m, after hammer impacts

(in.)

NOMENCLATURE Y3 Velocity of M, .alter hammer Impacts (in./
sec)

FA Maximum force acting on mounting adap-
ter during phase I (lb) z, Displacement of m , after stops are hit (in.)

Fi 1  Maximum force acting on mounting adap- z2  Velocity of M alter stops are hit (in,/sec)
- ter du-ring-phase 1I (1b)

hz Displacement of M after stops are hit (in.)
G1 Maximum acceleration of M3 during

phase I (g) Z3 Velocity of M, after stops (in./sec)

Gt Maximum acceleration of M, during a Velocity of anvil (53) just after hitting

phase 11 (g) stops/velocity before hitting stops

g Acceleration of gravIty (fa./seC 2) Circular natural frequency of m and M3 on

K Spring rate of mounting adapter (lb/in.)St,, Natural frequency of M, void m. on K (Hz)

L Fractional energy loss on impact of &at
and M2

MATHEMATICAL MODEL
M, Mass of hammer (lb-sec 2 /in.)

The 3000-lb hammer strike6 the 4000-lb
M. Mass of anvil table (lb-vec 2 /in.) anvil table with a controllable upward velocii.',

VI, that depends on the height of the drop, and
Mass of equipment (Il-see 2 /in.) may be as high as 19 ft'sec. The hammer is

extremely rigid, and the anvil table is designied
P Ratio M3 11 with a very ritid central section and stiff ribs

and gussets extendiag outward to the underside
Pi Ratio MIM, of the table. Therefore, we consider both the

hammer and anvil table as concentrated masses
t Time from instant that hammer hits anvil in simple impact.

(see)
The mounting adapter is relatively flexible

- Time frox Instant that anvil hits stops as compared to the anvil table and equiprient
(see) or machinery under test, especially in the 5000-

lb weight category, An equivalent system of the
t Time from instant Ivhmmer hits to instant hammer, Mr, anvil table, M,, mounting adapter,

itops are hit (sec) and equipmnent under test, 1a, is shown in Fig. 1.
This is reasonably correct if the equipmen', Y,.

U Average velocity of M and M, duri-ng is rigid, as is most powrr machinery, and if
phase I (in./see) damping is assumed to be zero. The aesump-

tion of zero damping is reasonable if there is
u, Velocity of M, the Instant after the ham- no significant yielding ii the structure awd no

mner hits (in. 'sec) appreciable sliding iotted Joints. Although
the model is corre.- ir the normal upright
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A

r� M) KY2 - KY,
TA91E (4w)

TRAVEL "tKl M2Y2 * KY 2

I Fig. 1. Matti...t l the Solution of which is
Y, model of 'luck inachlme

*mn e~tlinYI A 11. 1 1 cos , t Ut S(5)
Y - C Sm,, .t Cos 't ti t

JV. With the initial conditions at t 0. V2  V,
t- o, the motion after the initial impact is
given by

mountlng position, It is only approximate for ' -till A Ut
the 3C degrees inclined mode as large lateral (6)
responses to vertical shock would be present iv
the subsequent shock motion. Y' - - . , U1 th

-DYNAMICS OF INITIAL IMPACT AND U is the anvil table initial velocty given by
SUBSEQUENT VIBRATION - PHASE I Eq. (3). ti is the velocity of the cnter of g)'av-

ity of M2 and m3 , or the average velocity of

7 At initial impact, energy, and momentum either. is the natural frequency of 11 and,, ion K. :•
are transferred from the striking hammer, Nit, ?-
to the anvil table, hl,. The momentum of the
system before and after impact remains un- The motion of the system then consists of
changed as the instantaneous response of the an upward motion of the center of gravity at a
spring, k. is trivial, and is expressed by velocity U with the two masses M, and M. ex-

ecutIng an accordion-type vibration at the

MlV' MlU , - u2 (1) frequency

The transfer of energy from M, to M, is ac- ,]-_ _ -m_-f(7)"
companied by a loss. but this is small because .... (7)

of the careful design of the striking surfaces.
If L is the fractional loss 3f energy, the energy The relative amplitude, y - y, is obtainable
transfer equation is fro eq.t(6) and itf rom Eq. (6) a nd Is

I M. 11.2 2)ISM. V.2 M.I' - M.11 t I . i_ M V2 (2) U,2 Y --,- 1 sin

Solving Eqs. (1) and (2) for the ratio of the
velocity, U, of m, adter impact to the hammer The system motion is Illustrated by the

striking velocity V, we obtain curves of Fig. 2, which show the sinusotidal
motion of the anvil table and the equipment
under test, with the average upward velocity

(:2 11Z , -- R' , R) (3) being given by-:.
i Vl -z R M• g~U

where R is the ratio %' tM3. and I. is the frac- M+ - M ")

tional loss of energy during the impact.
As Lhe upward travel is limited to 3 in. maxi-

The system consisting of the anvil table, m, umm, the effect of gravity in reducing U Is too
coupled by the mounting adapter spring, K. to small to be important.
th' equipment inder ter', N',, is thus started
upward by a suddenly applied vclocity. ii,, im- It 4s not, however, the steady velocity but
posed on M2 at 1 z 0 The subsequent motion the vibration that shock loads the equipment
is defined by the following equations: under test. The greatest acceleration on the

tested equipment occurs at the l.'4-cycle point
2 2 Km' ' :(4) in time, and at each 1/2-cycle l)ertod there-

M,•y F(Y y. Y after, with the shock forces alternating first
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frequency resulting from making the mountingSF-adapter stiffness simulate shipboard mounting

stiffness, It is Interesting to note that the finite
t /weight of the anvil table prevents both the ship-

Io board frequency and the shipboard spring ratefrom being duplicated in the shock test.

Equations (12) and (13) can be used for
/ assigning the motuiting adapter and the equip-

0 t•-meat to the proper strength levels If the value
_./ of ut2 is known. As the amount of energy lost

- -"on Impact of the hammer is difficult to deter-
I t mine, Eq. (3) cannot be readiUy used to deter-

4 m itne U. .Ac cordingly, exp~erimental values of
I/ -4-- M- U2 vs vs, and the height of the hammer drop

F, 0- 0121 are shown In Fig. 3.

Figure 4 is a plot of system natural fre-
quency vs K for equipment weights between 250
and 6000 lb. Figure 5 is a plot of Eq. (12),
which gives the maximum acceleration of m3/

0 W.•0 ZL"-- 3RO 400 elo) f.elos ttitial anvil table velocity U,, during phase I
TiME 1.64d| for various values of .. and W3 "At. Figure 6 is

a plot of Eq. (13) giving the maximum acceler-
Fig. 2. Anvil table and equipn•ent dis- ation of M3 /initial anvil table velocity U , dur-
placenent ve time for a forend-draft Ing phase I for various values of K and W, for
blower (DE- 1051 Class) an anvil table weight, vi,, of 4000 lb.

DYNAMICS OF IMPACT OF HITTING
upward and then downward. The force magni- THE STOPS - PHASE II
tude it K(Y2-Y.) and is

After rising 1-1/2 or 3 in., depending upon
VTK U si (10) the initial height setting of the anvil table, the

-tavil table motion is arrested and rebounds
from the stops with a downward velocity that is

with a maximum value of some fraction a of the striking velocity. Let
this occur at time t. so that the initial condi-

Fm) Utions for phase II or the "rebound" phase of theF .... . ., U: aII .. . -.. at ' " "

The maximum acceleration in g's on the tested Z2 0
equipmnent, M,, is

G- Uj (12) -nd tt -q. AY,

Z3 Y3 .
and if Eq. (7) is substituted in Eq. (12), we get

with a new origin of coordinates T and Z being
G K(3) chosen so that time is zero and the anvil table

(I , )displacement is zero at the onset of rebound.

where g ts the acceleration of gravity and w, Two general aspects of the rebound are
and w, are the, weighto in pounds of M3 and M, himmediately evident. First, there is no energy
respect ively. added - only a change in momentum - of a

degree dependent upon the efficiency of the re-
Equation (7) can be used to find the mount- bound as expressed by .,. Second, there is no

lag adapter spring rate necessary to simulate immediate effect on the equipment under test
an expected shipboard natural frequency, or (m,), although Its velocity Y,, and the stretch
conversely it can be used to flid the test natural of the spring Y3 , - Y,, Y. at the time of
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rebound will Injluence the rebound shockInutio,,. I.. " "... - i"ll
As the frequency - will not change and the (17)

average velocity of rebound is of minor inter-

Pat, only the extension of the spring 7, - 7, and where P i the ratio of the equipment weight,

maximum g-loads will be calculated and dis- W, to tlie anvil table weight. W:

cassed. Using the above initial conditions and
solving Eq. (5). the following is obtained for the Equation (17) is used to find the amplifica-
Maximum value of 22 - Z,: tioe or attenuation of forceo on the mounting

nmdnpter and g levels on Lho cqulpmzent that oc-Scurs after t!!e stops are lilt. The rebound effi-

I/SY_,,-j Vci (15) ency , can be determined from plotr of anv'.i
(Z+-Z+) .... + + ,) 1 • table dlsplneement vs time, and may be of the

order of 0.6 13J. The thie, t., at which the
It is seen that the muaximum spring load stops are hit can be determined from Eq. (6) by
K(Z1 Z-) during the rebound phase Is most setting Y, to 1-1/2 and 3 in. Note that any
dependent on timing - that is. the time of hit- error in calculating the natural frequency • is
ting the stops as a function of fractions of a multiplied by the number of cycler occurring in
cycle of vibration of M, Inlid M, on k- 'rhe ratio the initial phase I travel. 'h'lierefore for highoa"

frquelncoes. It is desirable to use the namxihuum

___ z possible shock amplification for designing the
(• - •) T_ (16) adapter and the equipment.
S(Y2 - Y'/)mx 1] G

Figures 7, 8, amud 9 are plots of Eq. (17) for
Sboth differences being taken as maximnum val- various values of P, a, and fraction of a cycle

nies, is a direct measure of tie amplification or of , when the stops are lilt. When M, is larger
attenuation of the phase I force and g levels than M,, the velocity of M,, Y2 is negative for a
caused by hitting the stops. portion of each cycle of motion in phase I. If

the velocity of M2 is negative, M is moving -
From Eqs. (14) and (6) we get away from the stops, and no contact can occur.

SHOCIK RESPONSE ALPHA .5

:t0.4
Z

0.0 0.V 0. 0.3 0.4 0.S 0.0 0.7 0.1 0.0 1.0
POATION OF CYCLE nT MIMCtI STOPS MElE lilT

Fig. 7. Ratio of acceleration in phone I1 to accelerationt il phase I vs fraction

of a cycle %I en stop., are lil for alpha equals 0 5, P %5 W,
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SHOCK RESPONSE RLPI- = .6I
to

_____ 0.0 ~ 0. ~*. ...0

Fig. 8 Ret of eclItin in phs 11t ceeaIoni I v rtin

0.0 01 me: -0.3 o ., 06 o.6 9,'7 o,6 0-9 •.
. ... ~~~Pontmi• or CYCLE• AT WIICII SIW•S MEf HlIT

Fig. 8, Ratio of acceleration in phase 11 to acceleration in phase I vs fraction •

of a cycle when stops are hit for alpha cqnals 0.6. 1' W.' W,

SHOCK RESPONSE RLPHR = .7

lb-C4

I I

0.0 0.1 04 0.3 0.' 0.6 0.6 0.1 0.- 0.9 i.e
m'mll0N or C. -)1 14.40ll STOPS RqE HilT

Fig. 9. Ratio of '¢ccaleration m phaae I1 to acceleration in phase I vs iraction
of a cycle when stops are hit for alpha equals 0.7. 1P :;.'WV
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This condition is Indicated in Figs. 7. 0. and 0 still have a fixture that had the required strength
by the areas where the acceleration ratio goes and whose weight, when added to the blower 7

to zero. weight, did not exceed the specifications weight
limit. This problem was especially apparent in

From the foregoing it is easily seen that the 30 degrees toot mode, whore the Standard
the phase II shock may easily exceed the so- 30 degree-adapter of MIL-8-901C [1I weighs
verity of the shock resulting from the ilitial approximately 1430 lb. Accordingly a fixturo
impact of the hammner (phase 1). The ratio of was designed that had a spring constant of ap-
g-loadings ranges from 0.6 to 2.07 for , - 0.00, proximately 620,000 lb/in, and mot the noces-
depending only on the timing t , of the shock sary strength and weight requiremients. The
reversal and the ratio of w, -W. This pienuom- effect of increasing the spring constant was tO
enon has beent witnessed many times by those Increase the g-loading on the blower to about
experieucod in 11.1. shock testing; parts will 132 percent of the g-loading that would have ro-
fall "upward" rather than in the downward sulted if the shipboard stiffness had been dupli-
direction. cated it the !(1ture. This g-londing to ;88 per-

cent of the g-loading that would have resulted If
the shipboard natural frequency had been dupli-
cated in the shock test.

APPLICATION TO A FORCED
RI)AFT DLOWER Table I shows the calculated rosponse of

the forced draft blower for a 5-1/2-ft hammer
This analysis of the Medlumwelght Shock drop. Figure 2 is a plot of the displacements

Machine was performed In conjunction with of the anvil table, MA, and the blower, Mj, vs
designing the mounting adapter and shock test- time. Unfortunately It was not possible to
Ing a DE- 1052 Class Forced Draft Blower. The verify any of those vatues experimentally dur-
blower weight (M,) was approximately 5500 lb, Ing the shock test, although the successful coan-
and the stiffness of the shipboard mounthig was platton of the slhock test Itself, along with the
approximately 300,000 lbWin, minor damage observed, ts an indication that

the calculated results were of the right order
li designing the mounting fixture, It soon of magnitude. Figures 10 and 11 show the

becamrc apparent that it was not possible to blower mounted on the shock machine in the
duplicate the shipboard mounting stiffness and horizontal and 30 degrees test mnodes.

TABLE 1
Shock Response of a Forced Draft Blower (DE- 1052 Class)

Weight of blower and part of fixture W.3....................... 5900 b1)
Weight of anvil table and part of fixture W .................... 5000 lb

Spring constant K ..................................... 520,000 lb/In.

M Natur-al froqulency ..... ............. ................ 433.4 HM

Height of hammer drop ................................. 5.5 it

Initial anvil table velocity ............................... .... 122 in./see

Maximum acceleration In phase I 4...........................40. g

Maximum acceleration in phase 11 ............................. 57.9 g
Portion of cycle when stops are hit ............................ Phase II acceleration

Start of cycle. ........................................ 28.0 g
0.1 of cycle ............................................ 40.0 g
0.2 of cycle ............................................ 55.0 g
0.3 of cycle ............................................ 57.1 g
0.4 of cycle .. . ...... ... . . . .... .. . .... . .... . . ... . .. 47.5 g
0.5 of cycle . ...................................... No im pact
0.0 of cycle ...................... ................... 47.5 g
0,7 of cycle ..... ................................. 57.1.
0.8 of cyie ................ ................... 55.O g
0.9 of cycle .. . . ... . .. .. . . . . . ... . . ... . . . ... . . ... . .. 40.0 g
1.0 of cycle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28.0 g
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F"ig. 10, Forced-draft blower (DrC-105-0
mounted for ho*rizontal shock Lost

7i j
I

Fig. I), Forced-drjait blowe"r (D1c-1052)
mounted for 30 degrees iichiued shock (val
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CONCLUSIONS fight weight, and with fittle or no conidoratioji
boliag given to sprIng rntq.

Coaeidering (Ilet'Ž rie of Eq. (12), 'Ik
weight of the equlipment is usually we)! dotined, Abi~ratscnaYapc fti nl
which In turn defines Weo height of tho hnimnir yes is dintI the shlplboard mounting ratural fra-I-
drop and the otfirting veloeity of t-he anvil table, quaticy should Ito simulated on Lb. alkock machinae

means rather than the opring rate. aB 11 U hoe a tack-
l.(Bve 1*alei I of MIL-5-90lC.) Thicmans ie;bato osst fa ecrinIk

athlt the & levels experieniced during the ahock mode vbuin ooae of andIA I aceodion-lke
test will be 1irectly proportional to the natural moen 3and , with a node In th eprig, K
f requcucy -. lience it io of the ut inost lin- It Is hoped tatil this, pilpur hoa ClarIftod
Poritinct that wheni designtng the tno-utmntig 1-orn of the Important thoorotIc-al aspecto of T
alliapter, proper Rtittntion be given to the adapter the Medlurnweight 6hock Machine Tentj anid tbefit
spring rate, as Whi defines .. This to contrary ths equations and curvee will aid In utilizing the
to the usuol practice of dunigning matunting theory in practicail nlppilentions witl, ft nainitInuty-
adaipters with eniphanis on high strength ind] atniotit of effort. - -
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IF

TRAN*SIENT RESPONSES OF A LINEAR MECHANICAL
SYSTEM BY USE OF EXPERIMENTALLY

D)ETERMINED) UNIT IMPULSE RESPONSESO

V'ictor V. Wa~rkknlwtz

Missile imd 'Spav Diviuion

A n .. t, - tiioi~mque tvisvetl on thc convoutiorm i-lgral has been devel-
pjed wiu'reb. tIh- tranment ienpunssofharnclicI .Wt In

Subjtcled to arbitrzirV excilations ca~n be dc-terniiined utilizing~ the result;.
of a lt~ock -r vbration tui The iypo of lem~ a-nd tire typp of excitation

used in the test are- not rcify uted thecoretically but are subject ottly it.
p rnrttcn I finlittatitenL* Thius: llwa the timer a Wide vuariety Of %mt and
exccitations froam whichi to chvs. The numoricil tachniqtre is applied
to ilia Wal. dika boy usae of an awitogl-o.-dialtai Cunvarter and d ds~uilli
computier aind reault~i %n unit it pmlda rev spunme. 1w 1111t imuso r"
spunses are then used not invers- transfer futittkuii, to drternitne rn[ieai eponses caused by arbitrr-ivý excitations.

INTRIODUCTION The discussion Will boffin with a brief re-
vieti: of tile unit llnpulse funCtion followod by a

The purpose of Ujis paper io to Introduce description of the acceleration transfer equil-
a method of oattiling thle transienlt responses tions for lumiped linear syoltoms. This enables
of ai liniky niechaniati systatm tittt may prove a backgrouind to bo (lovelrf),e whereby tile full
to bW quicker, cheaper, and miore roliable than potential of the tecliniqug can Us reallied. The
nvothodo protsently used. This mlethod requires numericaJ l ethodt will then be developed, and
a simple shock or vibration toot in which an additional apiplications will be Introduced, Tho
arbitrary AX0Wtiatia" n -n hdi-tl _-j~e ~ Wc ue -will" 1m&4i. uie voxielt o to I incu W~eoll0

andi r(ý1olSpoti Hkue i0aftUred. 01kC tsUCh toui 16 tinuotio lilnear oye~eteili The procedure will be
performed in orach of throe mautualily llerpenfdic- surnimarized in the formn of ft flie cluirt, and an

uhlir directions or in (lie appropriaite dlirection examnple problonm will Im pr'esented that will
it only unidirectionall responso inforniatkin ie iliuetrteiho ilauao of Lite bechnique and provideI
dosired. Thle tost datta is then processed by nn some informiation concerning Ito accuracy. The
analog-to-digital converter and a digital coni- appendix contains mathematictil developmento
puter. Thiu processaing provides tii. transfer of Lthe varioun relationships introduced.
chitracteristics of tile sycstein in the formn of
unit imipulae responaos. These responsea tire

then Used ito doteviliine the transient responses THlE UNIT IMPULSE FVNCTION
caused by any given excitation. _-

Consider a aquare pultie of tiane duration,
Essentially, tile technique is a numiierical i,,, and height, I i a as shown In Fig, 1. Tile

schemile in whileh tile convolution integral is ex- nrea under the piulse is equal to unity. Now lot
proomed in tile fori' of it nmtrix equation. This t,, aipproach zero. In thke lInil the iarea under
oqwatio ib fis hen 'imot to obtain the deoired the, n to( will remain at ýjnffl as 9hown iii "he
I esponees. followine oqualion:

"bThin pape r -s~i rw-t 1 ,resarztc .1t tite ytpri
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in the system giving It an acceleration as a
A function of time, then the acceleration of another

maSS point, 11 ,.y. z y , in the system is
H-I related to the acceleration of Pi by the equations

Iii Fig. 1. Pulse used to

TIE"" I I.. . .'i'i t 
"i(u sh 

- 1 d , ( 3 b)

C' y

and

I , i , ( -k (3c)

1im (t. ) 1 I1
where the double dot over A letter tidicates the

acceleration of the corresponding coordinate.The resultin g functio n is known as the unit ira - Tlhe fu n lulho s , hi' jt 1)7 • and hi j t ý, are

pulse function or Dirac delta function. It can the coions ol th a-eeration o P, causedthe components U thle accelerto 0 au
be defined loosely as followw by giving P, a unAt impulse acceleration. The

superscripts, ., y, and . indicate direction
t ) st t -0 and are not exnonents. They will frequently Ie

omitted in the discussion for purposes of
-;ýtl• 0 fit " (2) generality.

",. T-.. resultant acceleration of P, is

I Y t ( (4)

The aspect of the unit impulse that vwill
prove to be most important is that the re-
sponses oi a linear system to this function can where rf is the distance iruin the origin of the

be used to characterize vibrational i elation- coordinae system to P,
shdps in tho system.

The unit impulse response, ii (t ,, is also
known as the inverse transfer function because

ACCELERATION TRANSFER it is the inverse transform of the transfer func-
EQUATIONS lion lit s) used in the Laplace transform treat-

If a lumped linear mechanical system (Fig. upon the physical c;ia1acte0ristics of the system,
2) Is initiaily at rest in its equilibrium posi.tion that is, spring constaith, masses, damtring
and a force is applied to a mass point, pi. v, 7, coefficients, and contfiguration.

"AA^V-

U1a

-,. Repreuientai.on 01 J

i~..I.ticI ysrn rOpaz



The integrals of Eqs. (3a), (3b), and (3c)
are iii the form of the familiaz convolution in- ft f,() h 1 1 r -t ) dr
tearal. They reveal the fact that if unit impulse 0

responses are known then the acceleration of
P. caused by other arbitrary accelerations f I h(ijt) (5)
given to P- can be obtained. where I, (t)f, I ,1 ), and I', j (' designate a re-

Impulse responses of a F' can be de- sponse function, an input function, and a unit
termined experimentally b% y testing the impulse response, respectively. ' By replacing
Eystem using fast pulses to appiximate im- &' by the sampling time increment T and Sub-
pulses. The use of fast pulses, hoeever, pre- stitutirg nT for , we can approximate Eq. (5)
se.:ts some practical problems that may make by the summation
testing difficult. Tests of this nature are not
required though, because the numerical tech-
nique discussed in the next seition provides a t 1 I n ,(t - 11" t G)
way to solve Eqs. (3a), (3b), a~d (3c) for h, t, ,
given the acceleration of P, and the correspond-
ing acceleration of P,. Therefore, almost any for KT :t •( I )T where n - 0. 1.2, K,
type of shock or vibration test will provide suf-
ficient information to solve for the impulse If the samples of f t i are to be calculated
responses, only at points of time KT, then Eq. (6) can be

written

NUMERICAL METHOD K r (fj(KT) - T Z f ,(nT) Ih i j(K -n) Tj- (7)

Equations (3a), (3b), and (3c) can be solved -0
numerically for the response acceleration of P,
if hi it ) and the acceleration of Pi are known. The meaning of K is tl'ustrated in Fig. 3.
Conversely, they can be solved for hi j(t) if tie For any particular value of K, Eq. (7) can be
accelerations of Pi and P, are known. These written as the product of a row matrix whose
solutions will be obtained by the use of sampled elements -tre the samples I,(tnT), a columni
functions. (A sampled function is one whose matrix whose elements are the samplesvalue is specified only at particular points in 1i . , K - ,fT} , and ithe sanmpling time increment-

time. A sample corresponding to a given time T. A column matrix of f (KT) for all K up to a
is the value of the function ait that time.) given value, N, can therefore be written as

Figure 3 shows the type of sampled accel-
eration-time function that will be discussed Lin
this section. It is sampled at constant time in-
tervals, T, with the first sample at t 0. The f,(T)
reciprocal of T is the sampling ra!e in -a,m.'p!e•,-zI5

per second. Sampling rate is sometimes ex-r _ I
piesse' inP the same terms as frequency, for I nt
example, 100 kilz means 100,000 samples per

-eod |•'(o) 0 0 0.

Consider now the following general form of I) 0

Eqs. (3a), (3b), and (3c): , ,T) f• l) , 0 ... 0

.-I5Ai

S'' - " *" ) •(8)

h Ni) i

T IM V

I . 3. ý, pl- •[cccisraii,;i P --terisk wItt:i, ri, .,n 1, tUnvoIClln l ll ibe
I litle ?u:n lion tic", A .• i o , ills papcr

'1 i



ii f (o• $ o, Eq. (8)ean be transposed to -h1 (T) 1
yield the sampled unit impulse response. f

Is ,(NT)J

fi(T) 0 0 . . 0 I

{ 2) O (T)0 ... O01

"O Lf i( NT I (N '- lI T
1  f " (N - 2)Ti

IF ] i(T) 1'(O) 0 . 0 .. .

- (~NT) fji N- IýT' fji(N-- r .' !,0J
I j (311

f [ N , T i'l..
S/(T) , i(T)LN T ",: 1.--

S- • (9) t{ } Once the sampled unit Impulse response is
f, j) obtained, it is possible to determine the re-

sponse caused by any Input by resorting back
to either Eq, (8) or Eq. (10), it is also possible

if f() 0 0, then the f i(KT) matrix is sin- to determine the input function required to pro-
gular and cannot be inverted. This problem can duce a certain response. This can be done by
be overcome by noting that h1,(0i f, (u) - a rewriting Eq. (10) in the equivalett form
always, be.•:se in a real physical system an
acceleration cannot be transmitted instantane- F 1 t2T)
ously, that is, no physical system is infinitely
rigid. Under these conditions Eq. (8) then re- f'(3T)
duces to

0 0 •.. 0

Sh, IT) 0

Nj • - 2,T -
II [I (, NT , h , (! N - 1 'T ; • + N 'T . . (

I,+ o .. oT.
f, 2'1Y fi(T) 0 . i(TI

[I.rT IW ( I fT , ItN - 2)T; --- (,T 12)

(NT) f, I( 11f(N-2f tT) 1
f. ,(NT)

hi2) if h, . T) 1 0, this equation can be transposed
10) to suive for the samoled t.

I N' J, The following points should be i:onmldcred
' ", when using the nuinerical tech iques described

in this section:

with 1,(T) 1,(O; o. If f,iT- , Eq. (10) 1. The sampling rate must be cunsistent
can then be trarsposed to give and constant, that is, all functions nmist be

110
ilo U

U



sampled at the samec times KT and T must re- practice, the matrices would be generated from
main constant. data obtained from velocity sensors or strain

gages.
2. The accuracy to which Eqo. (8) through

(12) approximate the exact solutions depends on
the sampling time increment, T. The smaller rORCE TRANSFER EQUATIONS
T, the more accurate to the approximation.

Decreasing T, however, results in larger ma- If a lumped linear system Is initially at
trices (assuming that the time duration o'er rest in its equilibrium position and a force,
which transient responses are to be examined 1, (t ), is applied to a mase point, P,(x.y, L),
remains fixed). This, in tuin, increases com- then the acceleration of a mass point, 1j(xj.y 1 .zj),
puter time and cost. A tradeoff must therefore is related to ;P, ( t by the equations
be determined.

0, (t) - 5()*gf a)

VELOCITY AND DISPLACEMENT
T&. .•FER EQUATIONS Y,(ti - *$i(t) -j I(t) (15b)

If a lumped linear mechanical system is and
initially at rest in its equilibrium position and

a forceis applied to a mass point, P,(x,,y,z,), 2i(t) - .h,(t) * ( dt) (15c)
in the system giving it a velocity as a function
of time, then the velocity of another mass point, where i. t , j,y t and _t) are the conpo-Pj ( x , -YJ' z j ), in the system Is related to the ve- wee:i• I ),Ii ,ad••(t)aetmem
locity of i by the equations nents of 4 1 (t) in the x, y, and z directions,

respectively, and g&j(t), gRj(t), and gl'(t) are

the accelerations of P, caused by unit impulses

X(,t ) j( t * h.i t (13a) of force applied to P, in the corresponding di-
rections. Here again the superscripts indicate
direction and are not exponents. Note that iný,(t) ji•(t) * hytt) (13b) gn rl zjt i~ )

and

t) '(X 1 * 1 t (130 If the accelerations are multiplied by their
St*( corresponding masses, Eqs. (15a), (15b), and

where the dot over a letter indicates the ye- (15c) can then be used to relate excitation forces
locity of the corresponding coordinate. The to response forces. The function g ii(t) can be

aroh e orreledin smiat, Tdetermined experimentally using the same tech-
displacements are related similanly. niques that were used to determine h, i( t).

•x•t)- '.x•t *hi•t) (14a)
t j*(t) (14a) PRECAUTIONS

*t). y (z) '14•t) ( b) Ca-e must be taken when applying Eqs. (3),

(13), (14), and (15) to a problem. The following
and points must be given close attenti'n:

t• ,ct)h * i(t) (14c) I. The system under study must be initially

where in..icates the dis~lacement of the point at rest In its tiuilibrium position.

from rt'. fiolhbr turn positIoS. 2. Equations (3), (13), and (14) relate the
Sfact to remember here is vibrations of a response point to the vibrations

of the point where the external force is applied.
that *jw i-xsem~ transfer functions used in the They could be used to relate the vibrations of
velocity aA it-ptarc-,wit --nii.Wois are identi- two points that are caused to vibrate by an ex-
cal to the ,F-10 J ,ier inl thL acý:vtoratien equa-calu. Thato 16, the m d inpths responeais achar- ternal force applied to a different third point,
tiona. That is, the impulse r'esponse is a char- but the inverse transfer function in such a case
acteristic st two points In the sy stem that would not he unique- It would depetnd upon the

etnains invariant with regard to acceleration, ....nt wuie the eXternal force is applied.
velocity, and displacement.

Equations (13) and (14) can be solved by 3. Equations (15a), (15b), and (15c) ira-
the matrix methods previously discussed. In plicitly relat,' the resultant force at a response

III
.|
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point to the externally applied force at an input as to a lumped linear system. This is because
point. It does not imply any relationship be- a continuous linear structure, such as one con-
tween the resultant force at a response point structed of metal plates, beams, etc., can, In
and the resultant force at an input point, nor theory, be approximated to any desired degree
does it imply any relationship between the of accuracy by a lumped linear system com-

Sresultant forces at two rosponse points. Such posed of masses, springs, and dashpots. The
relationships do exist, however, and can he impulse responses of such a structure would

Sexpressed with convolution integrals; but their then depend upon its material and geometric
inverse transfer functions are not equal to properties, for example, elasticity, density, and
5j(t ), and the inverse transfer functions be- configaration.
tween response points would not be unique.
They would depend upon the point where the Instead of thinking of a continuous linear
exteraal force is applied, structure as approximated by a conglomeration

of masses, springs, and dashpota, it may be
4. The wperposition theorem can be ap- helpful to think of it as a locus of points in

plied when using Eqs. (15a), (15b), and (15c). space that have definite relationships between
That is, if a number of forces are applied to them, regarding displacement, velocity, and ac-
different mass points in the system, then the celeration. The relationships are expressed in
response of any mass point in the system is convolution integrals a-nd are characterized by
the sum of the responses caused by each force unit impulse responses.
acting independently. Superposition cannot be
applied, however, to the relationships expressed To clarity the point representation con-
in Eqs. (3), (13), and (14). cept, consider a structure approximated by a

lumped mass-spring system (assuming no
C TNO..TMdamping for simplicity) as shown in Figs. 4 (a)

SCand 4(b). (Figure 4(c) shows a more elaborate
The preceding techniques can be applied to model.) If more accuracy is desired, the num-

a continuous itnear system or structure as well ber of masses must be increased, thereby

S,.SENSOR-
=3

2

4

/.J 77f7MI7777TR T7;77
(a) Stracture with sensors (b) Crude two-dinionsional muodel

G 5

!j•i M.nr olaluratw, o Ll -dl owIt *'Flrttt ion

"Ac"Ierornoter, velocity sensor. or strain gage

Fig. 4. Point representation or a
contirtious linear structure
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decreasing the value of each mass. To describe EXAMPLE PIROBLEM
the structur'e precisely we must go to the limit.
that is, let the number of masses approach in- Assume that the base of the unidamped sim-
finity and the value of each mass approach zero. pie oscillator shown in Fig. 6 is given the step
This limit is represented by the locus of all of accolorntlon
points in the structure. Figure 4(d) shows the
points of interest: acceleromcter, velocity t 0 (Ol t 0; o
sensor, or strain gage locations.

im(t)7 1k for tz•O. .

PROCEDURE A simple analysis will show that the response
of mass m, assuming a value of 4000- for the I

The techniques described In this paper can natural frequency -,, of the oscillator, is
be used wqth the results of almost any shock or
vibration test. Accelerometer, velocity sensor, 3  (It) -(I cos '1000 -i)g.
or strain gage responses are recorded on mag-
netic tape during the teat. The data on this tape The first part of the problem is to obtain
are then sampled by use of tile proper analog- the unit impulse response over a period of 3,
to-digital conversion equipment. This process 0.5 ms. This \vill be done by the matrix method
results in a tape that contains the sanpled re- previously discussed using both 40 kIlz and 100
sponses in a format acceptable by a digital coam- kHz sampling rates. For 40 kllz sampling,
Spurer. This tape, along with the desired excita- T - 2.5 x 1O0 see, and the samples of ijt are
lion data, is used as tnput to axn appropriate
program. Figure 5 is a flow chart illustrating it(0)
the procedure to be followed utilizing acceler- i1 (T)
oimeter data. Similar procedures caun be fol-
lowed to process velocity sensor or strain
ga 6e data. ý,(NT) 1

SAMPLED
SiAMPLING OF "I ("',.-

ARBITRARY SAMPLED ,r
ACCt"E ~A TION Y; (t),rb
TO BE GIVEN TO P "6

SAM•PLING RA•TE2 SAW LE.D

SAMP...SAMPLED

.. 0 SIr. . ISAMPLED ab

SAMTE I VA

I

""MP • D ]MP,•

V, 113' Y(
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F with Ude ample points cUWW citd to form a con-
/ lZ l /t1/11 tinuous function. Figure 7 also inicludes Life

exact Impulse response which can be shown to• P• (2V" Y1 is be t

hli, (t) (4000" sin 40100 I)t

The next part of the problem is to find the

-• PJ (Xj,~ YI" iresponse over it period L 0.5 ins of mass m0

mj caused by giving the base the acceleration-

ji 1(t) (Sin 4000- tg

-fr'A This was done by applying Sq. (8) using the 410

kHz sampled unit impulse response calculated
Fig. 6. Simple oscillator of in the previous part with the following 40 dlz-

example prublenio salmples of -i(t):

1 ((O) - sin (4000- , 0).

The samples of tj(t) are ji(T) sit (4000 - I- 2 5- io-"5).

•-• -- : -- • (0) = I - Cos 0.
i1(ht) sin 401000" 20' 2.5' 10-")

Similar calculations were made for the 1UO

kHz case. The results of the calculations areIj(NT) 1 - cos (4000r, 20' 2.5" 10- ) shown in Fig. 8. Figure 8 also includes the
exact response which can be shown to be

The samples for the 100 kHz case are similar
except that T = 10s and N - 50. Equation (9) (1 -• (si, .1000
Sapplied to the samples in both cases. The
results of tile calculations are rhown in Fig. 7 - 4000 - t cos 4000 - t ) p.

140•0 SmEXACT

I - '

/I -0K1

S64001 ...... _-00-

,.0

F OA. , - -..I

0 0.1 0.2 0.3 03.4 0.5

TIME IMILLIqrCOH[NS

Fag• 7- Cumilparis l u C'•dLl lt and ix c .icltile('i ýinit Ilnlipil-- rr'- n-|

11!



i_ a
- EXACT

10o KIM•

S~1.0 I. " __ _ _ __"__ _ __ __ _"_ _

IIX ___ __ __ ___ _ _____

-2.0 _ •• ••,

0O, 0.2 .3 0.4 0.5

S~TIME 411I LI JECONDS)

r ~Fig. 8. C•ompari'sonz f- exact and mzatrix-calculated sm, 4000: t lesputluee

Ani inspection of Figs. 7 and 8 reveals the fol- Also observe in Fig. 7/ the noncontinuous
lowing Interesting facts: nature of the mat rix -calculated impulse re-

spouses between i - 0 and th~e first sample
1. Te 10 kiz oluion agee oretime. This kink occurs because tihe solution is

I. Th __00 ___z sutio__gremor

closely with the exact solutions than do the 40 exact a~t 1 o but approx~mate elsewhere.

kliz solutions. This was to be expected be-
cause of the smaller sampling timec increment
associated with 100 kliz samnpling. ACKNOWLEI)GhENTS

2. pek values of both the 40 kIz and Thle author is indebted to L. E. Chaunip

100 kilz solutions agree very closely with tile and B. F. Price for their helpful suggestions-2a.k values of the exact solution. and ktncl encouragement.
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App~endix :

DEVFLOIPMENT OF EQUATI[ONS (3), (131, (14), Arm-) (15) --z

A thre smitellrsioal ingtihaimea system t ional systens, une in tile direction of each

situated i it re kangul00 r coordlinge sysAeCm cal iNTs. nits is b Sectuse it spring oi dashyot that
100 r olutibs tagree v )eryc los uldlryc- is tht'lendB. .11 Pice 'ngle to th e h Lxes Of tile sosteu-

neRvle f1h1xc5outoadkn ecuaeet

131 LIOGA PH



can be eqtllvalently reprosoated by thr-ee springs 1) X.. ~*2Ior daahpots, each parallel to one of tho axes of
the coordinate system. This oan be shown fore a +* :t,*)c (A-2)
spring by r~oelving the force exerted by a
atr~aethed sprijig Into its COMPORCitLO along eacth where x isI the Laiplace transform of x c a
axis. The component force along any axis will and 4(9 ) Is the Laplace transform of t;'( qt).

be equal to that exerted by .an Itiontical Gprtaog Those equations -,in be written III matri~x nuhio-
(Yanne spring constant as original) strotche-d a tiOn fl5

distance along that axis equal to the component

of the elongation of the original sprin~g along

pots. Tile dev'elopments of Cqs, (3), (12), (14), 1K
system parallel to the n, xis only. Identical

arguments apply for the component systems
parallel to the other two axces. n~-~ LL( q I 0

Tite equations oi motion for the K compo-
nent of a lumped linear system can be written where
in general as

0"(3) - , S 52

~xi ~1 2 X* ~ L~L'~tIl 'I) -Solving by Cramer's rule for the acceleration
IL~~ *transform of mass number 1(c, we get

3 IR 1 3 -23L 81 1

~' ;:: I ~L~ whefrmedli,)i the determinant of the matrix
fo e yreplac ing the Ilth column of the

m)natri~x by the column of '' sand D( S)
*, ,Is The determinant of the a Pq(s) miatrix. The

'L L 
1

, Ix 2 'LL L ' ;L I I 'LJ-X2 numerator of Eq. (A-4) can be expanded by co-

~~LLL ~I~I* * 1.¾ x faclors. Equation (A-4) call then be written

whore the :~5are constants depending on the
masses of the system, the L~.sare constants id, j.(fl(SlhiI&sl (A-5)

depodin onflicdaningcoafticients of the
system, the -?.'sq are constants depending on where %i',a cofactor of Ds.is the deter-
the spring constants of thke system, and 1. is the mniatai formed by crossing out the phil row and
Lotal nivinier of mneses In the system- The pill column11 01 1(st I rnd multiplying by ~- i*I

* function t~ ) Is the x component of the force Similarly, for the acceleration transform of
applied to mass ntumber p; and .,'( t, itiL, ass number a, we .-nn write
Samnl Ax,(t t) are thie acceleration. velocity, and
displacement from equilibrium respectively of A"")D~)~) 2SD
mRss anumber q.

Taking thu Laplace transforam with respect ~S ) V S A6
to x(I o bot sies f F~. (t), nd ISSUU if all forces except :,tare zero. then Eqs.

ing t~at the system I, initially at rest in its(A)ad(A)rduet
equilibrium position, we get

* '.- s XcP ~ st ji s~.,,~ (~1 1, (A -7)

O . -, -S U' '' i

(A-=2) Dividing Eq, (A - 71 by Fq kA -8) and reiar -
* . (Cont ) ranchin, we get-



X'( d*t d." x~ n integrntion Iin the time domain if (lie- system
Is initially at rest in Its oquilibrium position.

11,1(" x'(1) (A-i?) Thia rosults In

whiere 11iIs t il e 11i,44nstet function of tile X' (A-i11)
tconimpotlet of tile system. Note that 11 IsS II

dependent only onl tile physical parai-nters of and
tile system. but the pnirticuinr, It' I used is
dependent upon the niss numbers iand ,.1 - ' I ( (A - 12)

11 i s the transform of a unit Impulse which is EQ. (13a). Similarly. dividing Eq.
It is equol to unity. The [unction 11' 3%)Is thenl (A-0) by nnd convolving, we get
the tr-misform inOf tile- reupunsu aCCCI0V;Mtiu. :eid
its iniverse Is the unit impulse response Ii, I i~ (A- 13)

From the Laplace transform theory, the whichi is Eq. t 14a).
Inverse triantsform of the protluct of two tranls.
forims Is thle tinverqt of one convolved with the Equat ion (A-7I) canl also be written In the-
inverse of the othier. T1herefore. the Inverse time domnain. It we let tlia inverst, transform of
transform of Eq. (A-9) is ~I, M u e t we can then write

: 19vhich Is IN. (30~.
which is Eq. (15a). Thle superposition prlterliy

Velocittien can be related by dividing both associated with Eq. (A-H1) can be seen by in-
sides of Eq. (A-0) by swhich is equivitlent to spretion of Eq. (A-5).

* . A=

7*



A MOMENT TECHNIQUE FOR SYSTEM

P~ARAMETER IDENTIFICATION"

V2 Koxm i ~ni C- 1-4 Kn,.

wrat I Ltavelte., lfelailai.

I'lic obi(,ctjve of il lsi smtudy waft Ih dQev1OICIYI.IM41 Of *I OrJCticil Coi~lli-

Itilioia*. tecimcluer.~ (lie 'idcrtifi, ation of lit-e~ar constant cocificjcnit
Staia..b~i..d tij.ii Llio Ayaicat w.ipui ýýi~iic hell iriteal to r-Anadorn or

ei u.t.-iton

INTRiODUCTION of Buch palailyetera A6 thke lengthl of time ovor
Whilht tile syitem [a to be ohlaerved amaid Uthe

The purpose of this study Wait the analytl- nature of the spectrum of the excitat ion, as well
cal development and dtigital simulationt expert- as tho role of the steady-state dynamics of the
ertees of a parameter estimation technique that system in effecting a usable identification
alppears. to be of superior prActical significance scheme.
for thll Idenitificat ion of rali s stemis

When the mass is 'cnovin, only the displaice-
The technclule is simply based upon the ments and velocities are required to determine

pirOpertieS of statlatical expectations; and timne tile entiniates atf the spring and damping con-
avcrageB andl canl be applied to nionlineiar as. slanlts.
wei! ~as lliwiia ystrins The physical situation
thai one often encounters is that a dynamnical The technique is applied to .,tudy digitally
niodel of the system, through dijferential equ-1- simulated models of one-dimensional linear
tions. lis given, but the various physical paramn- systems with 5 degrees of freedopt. Tile pa-
V103 I.. ili t# 1£i i i i-Ie I . 014- iliki £ . NIll illi . Alkiii id (L rst i? i tin si nhu mn arei tai 4 S Ikeri am twolle oif

dlamping Factors aire u4Aiown To obtiniia £ the NASA t(Goddatrd Spkace Flight Center) fire-
complete, tinefil tiviiiil of. tile- avaleii it 1 l~ ei- oIIASS byatofli. The slimulatedl model is sub.
ivssasiy thI ol I ier !e pa ianiele r s be known. Tile sec ted ito various ra.-idott as well as sinusoidal
technique presented in this repuriAr rioquirnis imctations. The estimated parameters are

kiiowleflga' of tile dynanliicr (if the sypitem, that found to agreev with the actual param~eters up to
Is. the dis4placements, veliocities, and Aceed- foul - and five-placp accuracy An even more
i rat idos .-s lwvIt 7is i lii' inptila Ida F row uivsfe 5igI~tfIc;'tt I'tetkutIe is that tile actual Sy'stemn-
by forming various miomentsi. ur titne averiigvS. six orders of magnitude between the mass and
Of tlli Ilinpu Ind IIh( dyne ifcal~f I ooput varilablies the spring constant A major problem in pa%-
of [lie ytmtemi The resultine. iane.ir c~quithions 1* a 1i'lt ste.i1 iil I chaialiju's li~ t- d..n1,nmin1e Ill.
tin thel unkniowit pai-Aintterms ire then ii solved toj range of pa.rameter vattiem For the present
y olad ta i- 1hsired 't vgýini.aIi's A thiiorcticia technique this piesen Piu proble-m as rai; be,
Study of thle techniqut- was accromplishend for seen by the extrernily -,ct-urate estinmated rnj-

!inear svstemis in liothlithe r.,iotoni midi dote: - t-:ameii *? V. Iiif,

'Dht-retical Deveiop~oa-nt, wltie., toilowys A completely dectailed program for simtula-
Thiii,- I hiorrl ii ii tu g reatly ular ifien th: *I -A twin and .*st lllait in Ofi pIraftmew r a has been



ZI

-eveloped for linear. chain-like mane-spring- Simulated Linear ivamitcal Systems" 'not Wn-
daehpot systems with arbitrary degrrce oý cluJd in this pa.ver)

freedom and an arbitrary number of force In-
puts to the system. This appears in "Theorett- 5 A complete discussion of the simuL'tUn

cal Development." techniques a. well as the program details are
presented hi "Computer Simil!ation and Identt-

The Weehnique was also applied to a simu- fication- (not included ir this paper).
latid two-dhmen•io.nal system of masses,
springs, and dashpots supplied to us by J.
Young and F. On of NASA. Again, parameter 6. Suggestions for iuture investigations
S estimation was truly outstanding. are presented in "Summary and Conclusions"

(not included in this paper).
It can safely be stated at this PoIItt that

when displacement, velocity, and acceleration
data are available, system identification can be PARAMETER IDENTIFICATION
accomplished quite satisfactorily by our method.

The problem of identification of -a system

It was hoped that actual data taken from or of a process is now recognized as a basic
vibration tests on the NASA five-mass system part of modern engineering techniques- It Is
could have been analyzed to estimate the real clear that to design and control, in any optimal
system parameters. However, the tests yielded fashion, we must identify. Thus, the subject of
only acceleration data. Integration of this data identification has been actively studied in the

X _wa" attempted to yield na estimate of the veloc-- past decade, and will continue to develop both
itles and dispLacements of the five masses. A theoretically and practically as engineers con-
leazt-squares trend was removed to account tinue to expand technology.
for the initial conditions of the velocities and
displacements being unknown at the point "t Primarily motivated by the desire for
which the acceleration record commences. Be- adaptive and optimal control of systen.s and
cause of the numerical inaccuracies present prozesses, identification problems in engineer-
when integrating and removing trends twice, iag have been most actively pursued by elec-
satisfactory estimates were not obtainable from trical engineers in the past 10 to 15 years.
the real system data during the contract period. Thus, the ideas of cross correlations and cross-
(This Is, in part, bec.use of the time required spectral densities for estimating the impulse
to put the vibration data on tape and then digitize response function or the frequency response
it in aR orm suitable for computation. This was function have been generated by them. Further-

all accomplished by NASA.) However, we do not more, electrical engineers and optimal control
hesitate to-add that this to merely a numerical engineers have been forward in their efforts to
problem of simulation that can be resolved with apply parameter estimation schemes for identi-
reattvely simple investigittnre. and weý present ficatlon purposes.
a first step In this direction in the present re

port, by integrating the acceleration once and Vibrations engineers have, to a large ex-
identifying two parameters of a damped oscil- ten'. remained with the classical tc "'1te of
lator. Thius, we can say in summary that: driving a structural system by sainu& al ex-

citations a. various frequencies to determine
1. A method has been proposed for idonti- the fruquency response characteristics of

fication of linear and nonlinear constant copf- structural systems. Parameter estimation
tficlent systems, by random or sinusoidal exci- ideas have not as yet permeated the bag A
cations, as discussed in "Parameter Estimation" tricks that structural vibrations engineers can
(not included in this paper). use freely in determining models of structural

systems, although new techniques based upon
2. The methzod is sWudled here for linear second-order statistics, mean-square approx-

systems, subjected to random or sinutsoidal imations. or energy techniques are beginning
excitations. to chaage that picture somewhat.

3. The theoretical studies have generated The purpose of this report Is to present a
a rather- broad understanding of the method, as parameter identification technique. As indi-

presented in "Theoretica. Development." cated above, there Is certainly no lack of pa-
rameter identification techiiques in the lttera-

4. The method yields extremely accurate ture. However, the technique that is presented
parameter identification for rather complex in thc present report possesses a few note-
systems, as presented in "Identification of w€orthy features.
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First. the ter.hnurqtr i Aun amle to comprehend to lielp provIde a better system mnodel Hrow-
and apply Seconl. the 5a;nt' ihireotici~ ,'a on'-pi nrvr we WiA tot r dwell on' that potnt here
applies to ')oth random or sinusoidial - indeed,
even sweep sinusioidal - excitations. Third, it With thin understanding of the proper role
app-arl Owl hat t,'CIAhukque can be exten~ded to of Identificatijim bv paramecter estimation. we

the nonlinear svsteins with uniknown paramec can POW proceed to describTe on-. approauh.
ters as tho bas"ic theory would renatin unchanged
Fourth, the technique does not appear- to be af-

feeted by wide ranges of the pararneter valuns
that oftrn plague optimlumr pa.iameter sear-ch
leclojiquei F inally, in fsanmulat ion otudtr6 thIe TIKEORETICAL. DEVEL_..PMENT

F ~technique has produced highly accuarate' paralm-
eter estimates for reasonably complex systems General

Thus, it appears that the identllication T7"e -asic assumptiona in this dinscussion
tochnique proposed in this report holds promise are that a itnear time invariant system is being
of being of practical signilicance for identifica- driven by somne excitation. elthee random or

lion of arbitrary systems with unktnown con- deterministic. Although the systemi may be
slant 19traimeters, quite general, it servps our purioaes to think

cl the system as being composed of a tiumber
This report. the result of a 1-year investi- of massee connected to one another by linear

gallon that was limited to the study of linear springs and linear daulhpots. We further as-[systems, presents a theoretical development of sume that each mass may be driven by a sopa-
the idea. estimates of parameters cf simulated rate excitation and that the accel~rations,
fivc-mauas ChaiR-iike systems, a two-miass two- veloc itiea, and dioplace ments of each mass. as
dimensional system, and other systems These well asi the various excitations. mnay be noise-
systems as well as the actual parameters were lessly observed, or at least, obtainable by suit-I supplied by J. Young and F. On of N~ASA. In able means. We point out that this rules out
each case, the mass. spring, aid damping con- white noise as an input for reasons di~scussed
slants are estimated from the digitally sirno- below.
lated system subjeu ed to random and sinusoidial
inputs. It should be noted that the mass and We assume that the vartous displacements,
spring constants are six orders of magnitude velocitieo, and accelerations of the masses are

parin their values, and yet each is estimated related to the excitations by a system of linear
tvltt. very high accuracy. In addition, a single differential equations of known form and order
sinusoidal excitat ion at what appears to be any but with unknown mass. spring, and damping
arbitrary frequency will yield the entire iden- parameters.

C ~~~~~~tification of the system patrameters. Thun, oneIngerlou yimhvetecaatr
tdoes not have to excite the system at a multi- In ghoeneral, our -yfenis 1. avg e 1(a) chosarce
F ~~~~~~ttide of frequencies. or~ in senic ft-equency band- oedmmms"n hi-iesse;Fg n

invest lga~luiis. .
0

'-...n AS

The description of the digital simnulationi .n ither case the for:n of thc linear differ-
techniques and tile program for simulation and tensequto thatem goeistednaiso
identifl-ation are also presenited-tis ysesI

One point must be made concerning the -A(~li I
identification of eystern': by parameter estirna-
lion techniques: The methods that have been where the vr vector is the vector of all the statesI~ ~ ~ ~ ~ ~ ~ ~ ~~~~o dccoe n h no w eciei hs 0ystem That is, its components are the dis-
report will identify the analytical or simulated placerneets and velocities of the masses, the A

niodl o th acualphyica syteii Terematrix is a constant matrix made up of the vani-
fore, if the analytical model Is not a satisfack- ous spring and damrping constants, and the i,

luyequI-valfent or' approx-l-ation. to the avaleaiL
thene~eaiyone ~ ni idnt~fingthe ealvector is ltie excitat ionl itecturi.

system. Any analyltical inoodel Identification
scheme (such as paranwiter estimation) is only We have ~itsbuned all mass and inertia con-
as good as the model that will be osed to de- slants to be unity In the general equation of Eq.
scribe the physical system. (We note that (1) These constants will enter explicitly in the
mi fnitfication schemes can sometimes be used specific (lasses of systems we study below
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k We can nim.nediatilv write a generai Rotultioa
to tile A matrix for the linear system of Eq )

_ 4&4as follows Equation (1) is multiplied by the
transOpose Vector y' ~t )and expectations of the

F * " ' 'IsutIng. equation are tak~en to yield

a. C~ha~n-ltke. oe-dinmenaional systent 'ji t A iyi t Y~ i I P ft yI

Equation (3) can be solved for the matrix A as.

-Tasmigta the inverse matrix-I

ff1f ,( (4)

11 exisots.I
The relation of Eq. (3a) presents a general

solution of the identification of A for linear sys-
N N N teins of t1w form of Eq. (1), UI Eq. (4) exists.

The existence of this Inverse is guaranteed U
4. Iwo-dimensional system there io no linear relationship among the com-

ponents of the y~i vector, because the covar-
Fig. 1. Linemar time invariant aytm iance matrix E; y(ti ) yt t~ )Ist symmetric and

Thuenitivea follow from the fact that

Vonmeativ del ite y ~ 0 (5)

(ý) fnt 0. % for any constaitllb ~ Furthermnor,
2) the equality sign in Eq. (5) can hold only ifI

there exists a linear relationship among the
for th etr n aik:dimn h ytn. components oyi-.Thus, Eq. (4) exists vnd

icconstant matrIX A 1_ UVIC oivabi glut-11 III
In Oll eveopmet blowwe sallbe on- Eq. (311) onlte ai of observationsofteVf

cernd Wllibot stadyeta'zz scilatonsand vectors-

oscillat til exist's This is somewhat more general than we
wish to consider, as the esti-nation of the var-

ous moments in Eq. (3a). as well as thle Inverse
rlandon-A Excitations matrix, especially In thle transient situation~~here the moments are functions of i* are cif-

Let use assume that the components r, i lcuit to estimate. Therefor-e, to proceed withr -. .. t of the f(t excitation vector arc oul developrient let up asatonie thiat the [ran-
suoayrandom Processes possessing as slents have, for all practical purposes, died

yale. (It'. general, for linear systems only sec- state. It Is known that the y -process 4aan mcetsamyberurdbyo nl- O ndheyte isprtngn(hstadI
ond mnorfle,it propertier a will be requilred. 11 ..-------lt eatoar roes e In tat case and
will far Vier asisurne that the excitation proc - Sit the mna..nwts present in, Eq1 %'a Ir osat
e~sae aite atnooth enough to gua-aaatee that all

the derivatives i,mt exist. (Tile reader may
riecall that this ifi not. the case If the excitation Moreover, they can be estimated simply byI

iitGauissian White noise with Dirac Dea taking tint wieragcs over discrete or continvo-
functiont for Its covartance ) et values ot tile time parameter
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!t foli-• •'. tht-q. i) thi. StakioI•ry Case, 1Ihat IXarnpio ] - (on.•.•pr the _yci..m

F V, t- ,-i

- 2 (6) Upon ,tdtt'.P'-,r Eq (12) by - and takl

exist and are c'onslant In ttime HKt'uIea,1

i , , , , n•.y:,tt F'- fý i -, t (1t)

E i% kl!wexer, from Eq. (10) it follows that

, -j ,(14)= ~E-y ;'(t Y.

- for , and , ,as above [o n •For u r estimate of .a, therefore, one merely

estiniateti the morin'•lts tha't appear in Eq. (14).We now specify that the -iprocess is th
stationary, mean-square differentiable proc-
ese. Such processes are generated, for exam- Example 2 - We consider here the some-what more complex system of coupled oscil-
pIe, by passing a stationary mean-square con- ihtmre cownlen Fyte oo
tinuous process (that is. a process with continuous
covariance function$ through a time invariant
linear filter. Accordingly, Jf the excitation proc-
ess f to inear-square contr.uous, we are assured
that the stationary )-process is moan-square
continuous. It is becase of the desired differ-
entiability properties of the v -process that we
are ruling out the white-noise type excitations ,- '* '\"L

In the random case-

Nlow at a iebult of lie ieanI-toluaire differ- 2,.. an C ivpex system u.
entiabtlity of the y-prucess the derivative up- ckupled ufcil!Latur
erator in (7) can be taken Into the expectation
operator to give

I 8 Assuming the masses to be unity, we may
F j0 (8) write the equations of the system as

rE iy It ', ',,ti C' i,(i7- 1 1 1 i) '*kn (t1 Z2 (t) - fi(tI

sk~~C :'. .9 ~ Ikr C, i I zIt

In particular, it (ol ,ow S that for , i n L1. kh '* l t 0 (Ito

(8) and i Lii Eq, (9) we Onbtam Upon setting

t:j i ci (10)A

F.Iilý 1 y jt V I 0I \E. , • ;,ti ' . ( •; , t, - 0 (1 ) I " j ("0

The first tm.quathty in Eqs (10) and (11) I
states the well-known fact that a stationary
process and its derivattve are wicorrelated at \i /
any given tihe. We repeat that Eqs. (10) and

.1d l ,i, ,,, we may rewrite Eq (15) hs the ststem i
Nwhiiv nolsr

V ,ti I it I

On Ytae basis ol Eqs tB) through (11) the
idIetifir.itloii of the parameter matrix A as , -C I I - 4(1 t kI

given by Eq. (3) reduces greatly it the ata-
ti.nary cas, We illustrate these Ideas by a f1it • ft I (17)
few very simple analytical examples. (Cont.)
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Y ,( , 'O •• choic el o' +Ow ihii d m lvigament ix ,, U n.t~ by v [111 _6•1-

low ing tL~nple asbe ltuLtr.
4_++ (t 1 -CO'4' t 1 4' •+ s t .C zt I V';t, ( 7 Let us Cone' er Lý% case ot the system

k~ I t Vgiwelm by

The second equation in Eq. (17) Is multiplied by t c I Y, I V (20)
V Y 1. Y , and Uhetn averaged. The fourth equation

in Eq. (17) is multiplied by y3. y., and averaged where C k are all uniknown,
On the bas•i Of Eqs. (10) and (11) it will follow
that Upon m-nutiplying Eq, 120) by v v and tak-

ing expectationse =_ obtain equations analogous
E y V! N -C E to those in ý.r previous examples, as.Y?} V:' ' E}iviv•'t*+l !n°" y'° + .C•y'k°y'°° *°'

* t .. .I 121)} . £ , i . E,'', !

mE,,,41 CEy;'- ,•I,+,
l C- (It 1'I - E "Jy/) - .,v1y j By Eq. (10) we can reduce these equations

EI y Ely 'I- C.y~yj (18) to yield

i-mIEli,) * kE~y') ElfyI I (22a)

4 k~t'iIj ý FJij EIjI (22b)
-C-E{y:" C, (Ely,,. However, we require one more equation.

One might consider multiplyhig Eq. j20) by yv,
"". + , "for example, and then take expeclntione to yield

nE yWO CEvYv , kFiv"• Yldv " (23)
The set of four linear algebraic equations

in Eq. (18), in the four unknowns is easily where, by Eq. (10) It follows that Eiy'y) to
solved to determine the parameters C,, k I C2 , identically zero.
and k,. For example.

But, generally, in practice the excitation

j~j,-jjfy~ E ,,'I - lyy,)function 
will be a zero mean Gaussian random

E y *£ y• E y•-£ Y•Ysprccess. Htence, y,•.j,: are all Gaulssianl proc-

Esses; each is a linear operator oe the input

________process f.[ 1 (l8) Then, specifically, one hab,

[ Ui~ I J i +
- yat y E tf y J lilt - 'i f v+I d '

where - H' - ,) , ,I, (241

[ + I -).Id I

Sinilr equations yieid C_ k1 as well. an- aly third-oldl-r Inuuld in v. i will Ui.-

volve fiv:'ments o-A '+he t(or
For the case of unknown matss, spring, and

damping constants one must obtain one more set E I , , . t t ,,t (25)
or •omnnt equations to obtail a solvable set of
linear simultaneous equations. We illustrate However, it is a weli-known fact that all
the problems that may occur In the proper third-order moments vt a Gaussirlin prtrei.
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are ihhnt~eal|t, fort, bideedý all edd-e: r atve(rrtiorn data that are aetzall'j obtained
minoments ofl .• .ausslln proce•s are zeut. mo tromn experimentai tests
that Fiq (21) olrot yvivid aný} ne mipni omation
as all its terms are zere Therefore, we can multiply Eq. (20) by i

and take expectations giving us ouir third, ,1d
lIIen-e-. if we cantjno! jppy -lld-order too: inflL•,ldent, equation.

nments to vieid our third equations. tile IleXt

questioa it. What about even moments? U .y yy ri k (30)
Here. we get into trouble of a different nature.

al we now demonstrate. For example, let us Finally. then, the system of linear equa-
choose tions :,vallable (or parameter identllleation is

given as
SME-y'y- CE~y'y• Ely'- E-iW" C.6

- ky k Eiyl, Eixyi
as our third equa:ion. Again the term L, v" -t

zero, It Is ,well known that tie even product C1 -)Smoments of zero-menn, jointly distribluted
SGaussian random variables can be evaluated In fpi•t} - k Eiý} : Eix

termns of the second momente, In particular for
' X X1 X 4 , jointly Gaussian, one has To Identify linear systems by random ex-

citations, we shall construct moment equations
- , -Et - , • E.by multtplying the coupled equations by the dis-placement, the velocity, and then the accelera-

EXXl E!X2X.' (27) tion. We Illustrate this for the gerneral one-
dimensional chain-like system as shown in Fig.

If we apply the identity of Eq. (27) to the terms l(a).
of •q. (28) we obtain Den-ng t±= dtpl _ -eloctty. ,

acceleration of the ith mass by x -,. R, , the
E 3Lequations of motion for N masses in the chain

*VV , (1 2V ) 1 (28) are

-, X,'2
F~f C2(xl-x -3 kys- 2rx x3,

I-i C : •t J - k f'-i -"

Therefore. Eq. (26) may be written as X it i lx 2 2

ME(y'tEiyti 3A Elyl))': 3Eiy'1Fivf% (29)

NC'1 •N "N "N"N •N-I''"N-I - N'

We immediately rerosiiize that Eq. (29) is
Eq. (M2a) multiplied by the factor 3E'V 1-. $O, * kN-("N1 - xN)
Eq. (20) yields no inew informiation. Again, If
one chooses any even moment equation, it will Upon multiplying tile ith equatioax ini Eq.
always reduce to a linear combinution of Eqs. (32) by ii .;, , respectively, we obtain the
(22n) and (22b) for the zero-mean Gaussian following system of pnrameter Identification
ease. equations:

yield Gaussian or near Gaussian processes, it

will not be possible to identify tile ihree un-knowns O Dl tihe basis of moments obtained from J)Fx|•, •••

Eq. (20) by multiplying by powers of y -and ) I - 4

averaging. We hasten to add that if the noise A..
process used for excitation Is definitely non-
Gaussian then one can establish moments of the " i 1
nature of those we have described. How then
are we to obtain a third condition for evaluatsig
the unknown paratmeters? The most obvious k 1E' ,t x )
choice Is to use the acceleration variable This
Is quite practical because. in general. it is the j33) (Cont.)
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mal'e[ a , E .•iF~,• f •, --t • , . - CtaIu taro) when it to 1-ot rit4i| ir" r an yield largii'

erl'ors in Indeed, the t4 1: greati) doita-
- IC %I•t C1t • . . nates the E-,• term, so a sml eror In L;-

i will not affect the e as much

'lphe story Is quite different for the Pati

th E.ki I) CJE 'i - I mate of kC (thal Is.I. By Sletting E.y - equa!
to zero. the error Ias very little eflect M•i k it

L:Eiai~ - C k. One would conclude. that ; could atlill
I be estimated reasonably well by ottll ig v4riuu•

, - •second moments equal to zero. even when this
Sis In error because the system has not yet

Mfi= 2 i. - C'Ei(, i , reached steady state. One would also conclude
that tWe damping coeflfcient estimate would

k- Ali - CF; 1 - iuffer groat.,. T.is to exactly what wats ob-
served in our simulation experimenlts.

kEt£ 2 x1 - '2' 9
When )te system Is in lt(h, steady State, the

estimates obtained from simulations were quite
S...t. acceptable-

lNaturally, In tie steady-state ease we can
apply the tdentities Of Eqa. (10) and (11) to fur- Deterministic Excitations
thor simplify the system of Eqs (33). It it
worth noting that the chain-like nature of the We shtIll now concentrate upon the problem
systoin of Eq. (32) yields a set of parameter of identification of linear systems by means of
*-,,-tr ;- c .t11ons t.car. a -"'" =cquen- deterministic excitations of the type that are
tinily. In Eq. (33) wO CAiA solve ior m,, c,. and readily available In laboratory toot situations.
Ik, from the first three equations. then substi- The most common types of excitations that can
tute these estimates in the next set of three be generated in the laboratory are the pure-
equations to yield estimates of in,, c,, and kIC sinusoidal and the sweep-sinusoidal oscillations.
This procedure may be continued along the
chain. To Illustrate tile approach one takes for

such a deterministic input. let us consider tit(h
An obvious question tat must be considered simple osctllator with n sintioidal excitation

concerns the errors that are made when the sye- Consider
tem is not yet in the stationary state. This ts
likely to occur when the damping factor, c, is *, c ,j ky - Am t.. (35)
small, relative to the spring enn-nsnt. L• We

. ... ;.. ~ ljaa-*' w aoe vrrc!- !r,ýi W1, sina0,ailo C o .' .... s tit utI '.'iý dIky .f tutivitil'a

ti made In the estimated value. iyy•. any. ior stable so that the transients will die out. In
the simple oscillator, this case, it is equivalent to spectfy that

beunded Inputs yield bounded outputs.
Let us assume the mass, P, Is unity in Eq.

(20) for the aimple 1-degree-of-froedom oscil- For zero initial conditions the solution
lator. We assume C ak-Are unknown. may be written an

Then Eqs. (21) yield for estimates

F, EjIV- kF.'yyV - 'C

where(34)

Eify- -•y II{,i "_, k, C

1. C (37)" "4 ." )
where " " denotes estimate.

We define an average operator of the form
It k is very large relative to C, then a

small error In the estimate of t-.,vv wIll create , , ,, (380
4 large error in c Titus. placing F vi equal "_

120



I

*v isttlatloflji-y C`A kT~5 n-Pt. taLOi We( UydiiPm, Where
thie r-nata•t mittrtk A if atability 'int.ri InN%-- -It Ole A.RSs of fits oi&orAtlu. let us thati Cue, thw steady state solution it a taltlonarya.-lhkip to IdentIy thr conntsinta C c t Fquir raTd, lTcegS3 Ad ,;q.. 03 apLply

ln,11 Ia rM'ulitplied 1,V ir;jp vtively- wind .4veraes are liken av dcliticd by 0) Of, other hand, Eqq i42) did not makeFq (38) to yield use ud (lie fnluiril)fion of Ltatlortarity, or ateady
-satel, to" fit derivation, Thla to a very uit-I.Iicblt. Piouint. in fact, it' tho seinuai•dal inl.t
OlAP Si V.1 is 0;v gip-ady hekýtulut!'irjof. we-- - C .. , * , I (39) cannot IdIntifv all three C¢oWlntiht C C k,

~ ~ k rli~ b~ 110 -~e~lvery sifnapE ij In1.
following fashiton. Tiv uieady elate, Solution isWe now wish to Investigate these ferntm in given

-Oniewlat more detall.

One eiinpliy obtains

,1

-V I im 0~V I d

t.. ŽT (40) j . n" "43)

where the initial cutjitions are zero arid y( I isa where k, are easilly determned in terms ofbounded on the itnf!rval (o. * ) becauee the exc- the ltegra
tation in bounded.

Therefore, we can determine in the same d i t titf - I &, U(ý I
fashion that

V -- Therefore, we find,

(4 1) .

It will follow that I-. (30) ran lire Wrlt-'.' .iil ) . .-- .,i ,•*t -. :-f an

Upon applying Eqs. (44) to rqsa (42) we
find tile eqtnutionr

C " -0 . - (4 2 )- '

The render will recogmie Eq. 142) to be .- - - •identieni to the paranmeter identification of Eq.
(31). except [hAt the e.pectnti;on operator ineEq, (31) Am replaced by the (trie average op-crittor as defined in Eq. (38). t' -

There Is a vory ei.n. il• . icit da, 4,1 ct o, ton t ube made., In the d"ratiun ol Fq (42) an opipv6td
to th( derivationlof Eq. (3 l0 In fhe derivation -iof Eq. (01) it wau asauntei Iihat thti l)troesses - ' T '

Over which tile expectations are ;;Iplied are atu•
tlotrury pro_•ces~e (at leaIst oip to the efteondIlonientu') 

(46)
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a-A .~ th- ýO.CIte trTM ;r A49;J.=I StAl'"

We aO- andrniuIif the i*to 1wp of 21w form

botou VI 4)w ifluat establish :~
bcuetotidrow 0a. times th'e fIutrotO

Consequenitly. we cannot Idenlerlif all three
unknowna by tileac equations in the Steady-sLtate V (S ~3b)

quite cleart Y. and its two derivatives are not Dtti nliidaofrb ellts

lhtinliearly I dependent mofo eanotherom lluevr Butil sImdaefrbdoinlnFttanry tw ounknown Waetro c an e detiie
U coursoe. tis~ werobem doesnomen[or Int iple, _ _

"ndiu Odllhatior.w c ease imly becta ush the: T mlk
viapeqfuntloos ate an thsebir Lah erivtdeR reenot-I freeobti linearly weell.den t momecntsdfro the
stenerwal solution trotesmstes.

1, -f ,I; '

uscirq Ay.f WIvi dunneasl estrtlisihi lthae similr." - I
fo-q~ n arepossniible Cin igiIIIher dge -oluin -n th(54viol fFi 54I OhrWw

--nrk boundedn tn th. syadshttemIi~a onlto

re A~~ vi dui,.~ arel~l lero (TthatcndttnL lerynt
Me "Toreka reqirmet oreaiimelmngFq(5b)

boude o (IIa the and th~at the Initial ondm itionI

It was pointed out above that the eteady-
Any coni1ponent ý, I u the state vector y can Otmb solutlon to niot required (or scfrntilicar ion
be given by the Integrak We should slow notice another remarkable (act

tUMS [l rot basic UO the .~lato I iwc A
~~- ~ ~ jj j IIu r si (O t Is brtelc in that the icy~ntm is atatiie in the

sonse of bounded Inputs ylelding bounded oiaptprs.
Tlieredr *e, till thAt we require lit that a bounded

- whore f W the cIxc tatioo at the ,Ib driving function, any function for lhat matter, bt.i~r
point and 14, ' ill tile tinluenC4e fulletiomi or for OXCktationpri t)UII) For example. ~i sweet)

limptoie response betwee'.n the ,ti driving ptixtii sinulsoiCall Or ei've a idanigwd-t;inuoold;%l lutirteir
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i F- jr i F, r I [t- i S e '!, f. f -t '2.-• i --

eating a sample excritation frfmn a Pai iz- o",

4- a i~ -o~ne t ah i` --f'f 1?i ii-'- L'- "-

: ~ ~ ~ ~ . a tit ! ,

Clit whille approach to the iduntifixcatic'i i 'A th-n :t will tollw that

the otk~iown tui .uxielti q i.aE i'ee iicti.' .tt'$l UW

thi'e pl1ati t ic ii easoili sigg•zl t ?i ii '1w10l . -o4I

Excitations - cci We we n ew teha there is wr . :
- haips a' mre fundamental 'ont thiiti ndi lieis

the li!- IiseCI procedure We aLre led I.:- thinK
: l~~~his s~inil-ii twea,;isp wrl caii eglahltn•h the naine c

ai1Chniq]or tOr idontiticatinii with any test Pxca.

taition. Furtherii,,i'e. it appeafs Ilia' _ste1ady- T.lS 1N. tilt, i 'I u cn : Atl il will A- _, !

Stle- properties arv not requiredC(I.avlacot.ulti.4
Their toi in f.ct, at mare basic mccliamnil li " is - is identically zero then allir-;..

here that subsumes all of the previous ailysos in Eq. 058) '.;ill be zPro Dlire-il; taking a himr

in 'ilandurko Excitations' and .a this section as average of EIq. (55) would not yield a usable

special Caes. equintion lot identilicatioin puituspi For this

We lliustra•te this mechanism, •i•,. with reason we will use. as1 before. ti,.e .. verisrv u-

the siniple linear damped oscillator. We con- second powers for ildh.niilcatiuio of linear

sider the oscillator driven by a Ibounded excita- 
A"ysti'i

mj4 t t Cv. •i k-•it I I I' 1'i) apply In the case of the ltinear sYst• m of EA

55 rht' givenuas idnii tinCgaiol bdwSppoee we tire •ble to ijliscrv,, tilt, xelta (Mi) fieC giVOi as

tiln, the displacement. velocity, and ater era-

lion exactly at three different instants t , t -. t

It would then follow that we would have thi ce i T I T i i - C 1 " .

equAti, 'mu.

-, k

"at il tie' .,itmcr ,'vilm uss i : oI ii t i r

With .i.lyv hlues ibSlervailons, these equa- j-

tions , if not ci Ligoilltr, would It d it j hd ' ilil ietn

tion ot the paraimeter•. but, even if we call oh-
l .a in g~ in ju iltl, n-o w, r ,e ord s o f th e e x c it alii l , - , ", r , + t i h
displ.•emeni, and flj forth, we cinnot expect Ito 1 +

a1chieve exac-t &hs. ivatloois of the fout quainti -

lie a it-v given t•me - -,

lltiiod, thie observations would yield some t ' 4 t- C'

Oenol oxf al indei•endeit. uiudonu it leW with ;er,

nicui Thai is, !tih ou-bsrviloat ns Witold tl i."

*the formn:t " ° n I 1- I '."

%+

" 7- 1 :: H " "w here all of th ' %ar ia ils's .irc insid--ti ud Iti b '

7 157! !Ill ol).su~rvfd %, Fih ti .
'ii~k it

where the -'a are nid'ependent, idettOAlly div- we iwe Ws h t;il o MAliKe It_11 1til+ Cile r !Illat Fit -a t i

llI kut bu-atl•, hisv .il i the Iii l o Ila , ii .m a'tu • t a :li a ,I .ioqibil A) Ai l l~u+l :1lts an', +td i-

hlt, *irali zert', it fulIjas that .i .•f lloutiCl; ti,'n Pi- athe l t' rcp-acT.

I t"i it,

it,
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hy expectation operators, allowing a number r,.
the terms to go to zero as we have discussed " C y3 () y ,tt) - y dtI dit
before, and tile analysis discussed in ".Random
Excitations" can be followed. But, whelher T
Is large or not, these equations will always ,,
hold. As we shall seE, they yield extremely - II ( ) V2( t

accurate parameter estimates k,

The enuations analogous to Eq. (33) for an
N mass chain dre

m T fT -c t J-T it tI

T y 2 (t) t '

| { T ~~~~y2 (t) et) yt) tTT

C IfT r d

. T 0 ) 
y( k) yd(t) -ydt (00l

ms i' i't) mnt d, - ý Yl x) fltt ) dt ý1I 2t ,t) -Y 0 t. ( 0

etc. We repeat that these equations hold for
S.any T. 'n some cases many of the terms will- T, J tt t) - (tp) dt be close to zero relative to the other terms.

This Is especially so when the excitation Is a
sample from a stationary process and the sys-
temn is operating in steady state. In that case,

- k, Sj t) [y (t) [ - v(t) ,t the analysis in "Random Excitations" will apply

We also wish to repeat that Eqs. (60) hold
for any excitation function as long as there is

- i I J0 Y(')di = TJ Y (I ) I (I (Ii ..... -- 0..............i...... .. .r ... .

T This is quite distinct from the analysis in
(60) "Random Excitations" where the stationary

(Cont.) properties were significant.

DISCUSSION

R. H. Dudley (Aerospace Corp ): With any one obtains per second, and so on. in the report
simulation study one wants to bebe to estimate you will find that In some cases we were able to
the precision and confidence as a u'nction of the estimate on the basis of )ust two cycles of the
number of random variables sampled. Hive you lowest natural frequency and we arc rather
done this? encouraged.

Mr. Koztn: A rather comprehensive report G. C. Smith (Bell Aeroaystems): Your
will come out of NASA's Goddard Space Flight abstract indicated applicabiity -o"nonlinear
Center, or you can write to our organization and systems. Could you say a little bit more about
we will send you a -opy. in a sense It is not that, please-
exactly a statistical approach. We made a num-
ber of studies as to the relative errors in the Mr. Kozin: I can say a lot more on an aua-
estimates on the basis of the time Interval over lytical basisbut we h.ve not made any study of

which you estimate the number of samples that the general nonlinear system at this time.
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Mr. Smith: How does your work extend to I would say that if one looked at the problem
continuous Eystems where one would have ac- that Dr. "aney did, where you are Interested In
celerations and velocities at particular points? looking at equations of the modes, he could use

the same type of idea as here. In the contriaious
Mr. Kozin: I have not looked at the tase case, I do not know. i think it is a very inter-

where -onieiFliasaa continuouu, iiumber of niodes. eating problem theL one could very well look at.
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REINFORCED CONCRETE BEAM RE$ONANCES

Fred G. Krach
Barry Controls

Division of Barry Wright Corporation
Wditertow:n, Massachusettp

The principal objective )f this paper in to preef'tt design techniques that have bern[ found to be effective when designing reintorced concrete test piers for ineirology
labs.

rlhe experience of the author indicates, and this paper illustrates, that steel rein-
forrement hitasa negligible effect on the dynamric rosponsA characteristics of a coo-
crete beam and, iti fact, the error caused b>y neglecting the existunce of the re-bars
is usitally compensated for by concrete strength in excess of the contractually spe-
cified value.

Finally, this paper presents test results that indicatce that when the ratio of beam
.tiffnese to the stiffness of the isolation system is sufficiently large (approxi-
mately 100), thl- beam responds is a free-free beam (as opposed to the usual sim-

ply supported beam). Trhe test rusults further demonstrate that the theory applies
to vibratiotis with the "iricro-g" accelerations tseismic disturbances).

INTRODUCTION In particular, optical oxperithents require
that angular deviations between the light source

As our scientific society advances its tech- and the light sensor must be minimized. The
nologtcal capabilities, many test facilities are principal source of measurement error to usu-
being built that are capable of making extremely ally the bending response of the beam (optical
accurate mneasurements. This is especially bench) that supports the components of the ex-
true In the field of optics and related metrologi- pertment. Figure 1 illustrates the effect of this
cal sclunces. The ability to make measure- bending on the accuracy of a typical experiment.
roents with increasing accuracy must be matched
by a capability to control the dynamic responses Barry Controls has designed, fabricated,
Qf testicilt ies o tea corrospnodlnglv precise and tested niany dynamically stable teat piers
degree. for the optleal industry, an we40 as for other

tRROe CAUSED BY RELATIvE TRNSLATIONAL
FMOTION BETWEEN LIG)T SOURCE AND SENSOR

LiGHT souflcEc r-- ,-LIGHT SENSOR

"- - -- -- -' "- " L- .- --- OPTICAL

ISOLAYORS

/ - - L" J . .. . _• • _ __ .. .. ........-.. "-...4Cl

LRRION CAuSrO 9', AI.iULAR
OUL'CTIONS iENOINGi ii
OPTICAL BENCH

Fig. 1. Opticai measurement errors
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industries with similar requirements. Fro- of tits order are required to maintain dynamic
quently, our design has employed reinforced responsvs (and the corresponding angular or-
concrete boanme on servo-controlled pneumatic rors) within allowable limits.
isolation systems.

Barry Controls has boon concorned with the
fReinforcod concrete In usually onipioyed following aspects of concrete design for prect-

becausf- it has the desirable characteristic of s1on laboratory applications*
being highly damped, Internally, and it is readily
available and economical. 1. Experimental veritcation of the mathe-

matically predicted dynamic responses of vibra-
We have found by experience that precision tion isolated reinforced concrete beams to

test facilities will ihaie desirable frequency re- seismic disturbances.
upon-so characteristics If the lowest reqonant

- frequency in the concrete structure is least 2. Optimization of Uie dynamic character-
10 times whe highesi nnturai fronuency !.he isties of the system composed of the reinforced
isolation system; concrete beam and low-frequency vibration

Isolators-
fn ( beatm)

This tO (p) Tis paper presents a brief summary off n (!kolat ion sys,)

typical design calculations and the substantial-

where fl ts natural frequency (Hz). lag test results. The example chosen is a 50-
ft-long optical test bench mounted on four stand-

-When the above Inequality s satisfied, then ard, 6-lt.-tall Barry Controls Serva-Levi R
pneumatic isolators. The vertical natural fro-

the folldwing-three conditions exist: quency of the tiolitor-bench system is approx-
1. The environmenital vibration will excite Imately 2 liz, requiring a minimum structural1. Te evirnmenal ibrtionwil exite resonant frequency of 20 lHz, in accordance

the isolation system primarily at Its resonant with Eq. (1), above.

frequency. This frequency is far enough below

the structural resonances so that the beam re-
opondu essentially as a rigid body; that Is, no CALCULATING REINFORCED
relative motion between the test components. CONCRETE BEAM RESONANCES

2. Environmental vibrations that exist at, The primary beading natural frequency of
or near, the structural resonnnt frequencies of a free-free beam Ill ts
the beam are attenuated 05 percent, or more,
by the isolation system, thus reducing the
resonant response of the beam to acceptable 22. 4 (2)
levels. VMAL)

-3 Th 1-weo. .resowaa., S. L~puenc~y Oft. Uk where'
beam will approach the fuidamental frequency
of a free-free beam, which is approximately F = modulus of elasticity (psi),
2.3 times higher (2.3 2 - 5.3 thnes stiffer) thia
tie fundamental frequency of a simply sup- I area moment of Inertia of beam cross
ported beam. The beam responds freely (na if section (In."),

It were floating) because it is 100 times stiffer
tha- the isolation system that supports It. - mass/unit length of beam (lb-see 2"

2n ).

To realize the design goal represented by
Eq. (1), the designer must have available roll- L - length of beam (in.), and
able techniques for predicting the dynamic
characteristics of reinforced concrete wider . natural frequency (rad/sec)
conditions that are not normally encountered
by structural designers. For example, typical Because concrete is a composite structure,
allowable deflections for concrete beams, the effect of the rotnaorcln steel on the natural
fleors. and roofs in normal structural appli- firequenciva It considered by calculating an
cations are rarely limited to less than 0.1 per- equivalent area moment of inertia (1,.,, an
cent of tile span. Deflections of this magnitude follows:
tIn an optical bench would render It useless;
they are commonly limited to values on the 'oqu•. : Iof tg * -0, A
order of 0.003 peycent of the length. Stlffneses t A3)
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~ *A* *~.This approach generates a fictitious con-
crete beam, which is equivalent to the rein-

* 9 d forced beam being analyzed, and therefore, the"A modulus of elasticity of concrete (E,) would be
-- x used, along with the above moment of Inertia

, (Eq. (3)), in Eq. (2) to calculate the natural Ire-
f ind the modulus of elasticity of concrete 12J

A. - ' t from: IV - b - iK ' 33 %'P (4)

Fig. Z Typical L.russ eetiugi where
of a reinforced concrete beam- F" = compressive strength of concrete (pl),

and

where h, d. and D are nil linear dimensioau. = weight of cubic foot of concrete (ib).
as shown in Fig. 2 (in.),

A - area ot the reinforcing steel (eq tn.), GENEAL DESIGN PILOSOPHY

Our experience has emphasized that a good
I x-x m area moment of inertia about the seismic mass design will limit the length of the

ncutral axle. shown as the X-X axlB seismic mass to approximately 10 times the
of Fig. 2 (in. 4 ), and depth of the cross section of the mass. or

modulus of elaSticity of steel (E,)
(psi)' modulus of elasticity of con- where L and It are linear dimensions, as shown
crete (E.) (psi). in Fig. 3 (in.).

A1

"I- -3"-I- "- =* •- 1 "-- •- l "•

AJ
L|50-0

-12 6

1~~ -HiARS 9 GC TO C
I-i A-, ARlOUND

"6"A11 T0• ,:2C To- ,

Cr~ TWO "

-Fi . 3 Cvnstructiut delIt.,i oI a 511 It ,pt.c.-i be..i h (t , 4 pi(-1i hear' n
design th.It optinItize dvokil c i.spuoisc- lra.lcter Ib-.Lb of a re

Snfo rt el cnm) ,r,-t be•-•rI
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Wg also use pipes (paper and/otr steel) to Using V. 2.B x 10', and knowing the ,ieu-
remove concrete from the center of the seismic tral :1.xls of the heWitt shown in Fig. - Lu he 24.6
block, as shown In Fig. 3. Removing concrete In. above the base of the beam, teem E'q. 13) we
from near the center of the beam can result in ket
lirge weight reductions without decreasing the
beam's stiffness appreciably- that is. beam ,, , ' - 2 I 'H .. I!'
weight in reduced more that "I". Thus, the
efficient use of voids (pipes) can generate a 1. " 5 4¾ -;S .• • ['4 7 .SAJi)"
much higher primary bending mode hi the beam.
P.ram ro.onmnens have been doubled by the 65 3 - 10o -.3 - O1
nlorementioned design tecthique

6 07 - tO1

Generally, employment of Eq, (5). and the
Judicious use of voids in the cross section of When the above values are inserted into
a beam, will result in first bending mnodes in Eq. (6) we obtain

ithe beam of more than 20 Hz. hi the Introduc-
tioe, we explained why it is desirable to have
a beam's primairy bendibg resonance at least ,, 1_ A* . I. J- 20 .b o o'I't
10 times higher tUnn the supporting isolation -. •
system's natural frequency; and It a 20-Hlz beam
is generated, Eq. (1) will be satisfied by using
a 1-liz isolation system to support the mass. 122.A 22.44 37
A _2-lz Isolation saytem is not difficult to de-
sign, Sorva-levI ' syateins, manufactured by
Barry Controls, have been designed that have 137 rnd-sec
natural frequencies of less than 0.5 lIz. and
2.0-11t systems are standard. I, - 137 2- 2 lir .

SAMPLE CALCULATIONS TEST RESULTS

The following example of a typical seitmnic
mass design is present.d to illustrate the design Figure 4 shows oscilloscope traces of a
tectniques discussed In this paper. This exam- voltage signal generated by a sensitive velocity
pie to an actual system that was Later tested, pickup (seismorneter) that was set or top of the
and this paper contains test results that verified beam which we analyzed earther in this paper,
the theory.

The natural frequency of the reinforce Figure 4(a) shows the block responding to
Thac 'a"e naurl ncy of t reifored -a step-function Input pulse. The input pulse

ounytin () ...(4)oE. was eneiirated by quickly ivieioVli• Os..".. O 8.-lo2d by h)corpum-ating Ils. (3) n end (4) asto Eq. mass (approximately 10 lb) from the top surface
of the seismic mass, The predominant 2.1-H1z
oscillation (in Fig. 4(a)) is am standard, 6-in.-

F-V •high, Serva- Levi Vibration Isultion SySteu's
-22.4 V . (6) response. The 2i-ilz oscillation which is so-

perlnrposed on the system response curve is[lie( mass reuonating caused by frictional Otter-
From Fig. 3. the components of the above ghess releatid cause bontrctibnaleente-equatin arefoundto begies being released becama onact between the

steel weight and t(ie seismic mass was not

L 50x 12 -6.00 x 10 tn., broken quickly enough - that is, the weight was
not taken off "cleanly--

, 1.29 x 10i t. n .,
The response shown in Fig. 4(b) wvas gen-

L(48x54)-(152 )-(21 12/50)]150 orated by removing the same weight from the
1,728 k 386 ;ystel-. Tits time the 2 1-14 isolation sys-

ten's response is "clean" because the weight
4A = 4.1 0 10"' lb-sec 2iin.2, was set on a thin piece of leather that was on

E, 144k X 33 %!T600 psi, ithe top surface of the mass. Then, when the
weight was pulled off the mass. no contact fric-

F., = 3.27 - 10" psi. 1ion energy was released
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THz pitar bsenecegsfryqec toclflt the moauls ar te nau rqec fThebam00 rne

shown on trigth 4(c ). seiido ie rwn.Ž
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draings ti re cthel uomsedsbite cotregilt as1 the n ormal Uent.o Ntevet(o theicrohe aboe iolof
tonree wpelwiallnfrtewr ob done tati beam) ws noa ke n linileCto tg acmta the natcura
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Ifrequency prediction. Becatuso a relatively that in loan than 0.01 perrent of tie beam'semail change in frequency, like the one above, weight. This very snall energy input was.

ban beoen encouniered during many design cal- therefore, compatible with onerity Inputs caused
eulAtlons. the change in silliness caRued by by seismic disturbances.

-:• .fig reinforcing steel can be ignored.
. ~hi Pip-e 4(0) awl 4(c), the ntinittuode of the•

The rueidurcing steel ahowqt In Fig. 3 was oscilloscope trace to approgimnately 30 ni as
not Incorporated in the design to enlance the the setsmometer used to generate these signals
strength or the stitfness of the beam. That re- .xno a sensittvity of about 20 v/'in/sce, the peak

inforcoment was used only to optimize tro velocity of the beamn's respollso to
shrinkageo roaletance characteristics of the

S~m. In othe. widt, w.. d~d |not wani ts 0.02•0 - 0.001 in./sec double aniplitude-
beam to warp excessively 2a the concrete cured. 20

The Iolngt-to-dpith ratio of the beam This velocity, at 21 tIl, to equivalent to 34 piln..

|hown In F 1g. 3 is LIt - 000/54 11..1. This single amplitude, Thus. the beam responses in
ratio ti larger than recommended by Eq. (5); Pig. 4 nieo hi the inicroihch raie, and the tWe-
however, the increase in beam resonances, ory contained herein seeini accurate at thoso
which were gained by the addition of the 30-in. - very small amplitudes of response.
die•mdtor void in the beatu's cross sectioni, oil-
sat the high leogth-to-deptu ratio, and the ire- Barry Controls has used the principles ex-
quency ratio that was recommended In Eq. (1), pressed in F-is. (1) and (5) to design many vi-
was achieved. bration Isolated precision toot piers. Whon

= ~those p.tere tre tented to verity benm reno-

The principal investigation disclosed by nances, the toot results demonstrate that the
this paper ka the verification thla the hioureti- calculated natural bonding frequencies are
cal dynamic responses of beams to microinch within 10 percent of actual measured responses.
environments are tompatible with calculated Also, the users of these test piers are able to
response characteristics using standard struc- mRko measurements that are auvnncing the
tural engineering techniques. state-of-the-art of ther motrological sciences.

In Fig. 4(a) we see that the beam reso- Therefore, the design goals outlined in this
nance respunse was driven by the release of paper achieve, and often exceed, the objectives
contact friction caused by removing a weight that imposed their invention.
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STKRUCIURAL DYNAMIC ANALYSIS Of THE

MARINER MARS 1969 SPACECRAFT*

Je Prj .1 r tl , l.t'li

Paadnap. C-isnrn~ia

I lit- Ptruct uirt alyi~i~fnic anitiiysto %spproitch lot tile M J.IUNEU4 MARS 1969J
I peccr all is tarr itt-d in titl p'Iptr- lp Tile itnikivats tecni~ntnu usedt. kinved

on tile componont mode synthesis method. the mud~I chtdt clettstica of the
coulipusute structurse .are~ -vnUit it&v 'i rrumOluei Lioft thin cenponon't moades,

t~.aton u -irati -_- Ow Culioiat .. ,tn torniulatel inh tortms ofgz
1

rlf

(Uut-tdfinmes V. ItUc .91' a trmnantptilel of.. tho oyottlsentaed iliudos. 4are eolYvd to

give Ome dyttansmi -eilprise -- I tile- tructurv to i,nuvioldal base .celrioi
Llegrated watIh a Lorretative Itit progrann. whic och.an.ded slatic, modal. And

or ud vibratton tosts., this att-lys,i pt-ailed it ooknd bia..is for confidence in£
tie integrill; 1,,( 0-siruatkiare. Cutre-tniatas bcl'.. or test results And anisylti

I preditctiouns ip distus sd md tionn resulths ire givens lit gener alI. reasoniiably

good agreemepnt -as obtptined, indihcating the basic saounonessa ul tI i analysi%

INTHODUCTION on Ow. tilanetary science platform inert-used Int
weight front 35 to about 170 lb, while the total

Tho rmr objveltivrs of .1 spacecraft alincocraiA weight Increased fronm 570 to about

Eligli dee il~lutta proideta. pretest condlidtece. and vehiclet ill 1)act of (lie At ias.- Aganta Ic-il to a re -
form tho bnais 'or responding to later problemsg definition of Uie levol andi lorationa of steady and
livid flitsi t' A Ill noitar-y sigwec-ral ja mrin vibljittion lulljg -h illyetvcrvit conlitturattaiol
imposes 5jptcuii reqivei~tt9Ild UtCciitiiit V1 with gca'tltly Increamed adapter Jengthj, W.,1 far
scheduiii tattlextibtltt and the laff- allmllabjillt" )If mre suaceplibie, to "balI intitcilou than was
representative tvr't harenware The 81,kltttVriii MARIiNFIl IV. Additionally. tile four solar
.analymsi alirroarhtitii thr, MAiiINERl spac'c litt pn-l-s Welt.~ Iati bed torvilier at their tlpg rather
fprogrnms. is best illuittrated by that of tile than separAtely Supported
MAR1INERl MARS 11109) program (MM'Ili) that
has llist attliized somte i ccentiy tievokipo-d Thest- !avtoi r required that tile spacecraft
tec hniquest bu consnidered --t, % new designiaroan the atruc-

tanal uthAlysis nlaitdpulvit. The recent develop-
-rho MAIAlNEIA MARS l9Nu (MOD) tsimhtc- ii-witt of [lit Slei roiral Analyais Nlatrix Inter -

croft required maximuni usalti, of MARINFI IV pr.'tave Sysite-i (SAM]S) 11,2), and the modal
te-hnlog ad dplplthe missiOn combinatton pI ogranal 1,3I provtded power'ul

rq!"v4LtEtl etenolvie ht- CaTn nrm-t tools for more effeetive tnmpieen aumon of Uth

0_I 5 ill 1-mp r pr.'evvtý tile rc',it, ,s m',o ,.1raI%o ir r'er,,ic ~t i oat ait il. jet' IPtolula.mn lzbL z 3

tury. udiiil~rtI!lt in'TituxeuSlt''',v 'uu- 'u ,' N., %-A, ' Z. ~utairdb), tiii N.Ihlcoa



bante MARtINEIR anialSi ApPrOACh, In the lot- othier loads Thltivio '-ti;tlltu to,-ft cond~tions
IOWin14 becttons descriptions or# given of thip become the critical dosign cunditionu foz most
apprOtach aiid the( 1knAlytical ttchniques used In lightly damped structural elemenctsl.
huit Implementation- The purpose here Is not to
report on the Itohniques th.einu'liveR. but tather St- tn-turdl dvaiir for such vibration loaldingi
On thevir usiAlk III a Alloa'cr-alt sitructural aaiiil- ectidutionn posen a dtiinrnim1 fur thu~ vtructul'at
Veto program. Analyses of the MOO space-craft designer and analyst The load diatributlon de'-
orip not yet fully cosmp~lete, but prelimainary rr- penhs nkiot only on the load Input anti the istruc-
flulls have betsri GLhivi"Od trigotiaei with, 801"t Auald otiflneso. hut kin the dvinamic rvalicnse
test rorrelation cltiratctPriettro- of the0 Ruppo'rIt ln and the Bull-

ported structure as wellk. let addition. 11w !vad
MA~t~gfl8T~tC~tIIAI.distribution differs (or each mode. Thprvloae.

anl Itpiraive aipproacha to at-ructural d~esign and]ANALYSIB APPRtOACH analysis is required, its the pasigua itsell affects
n'itly!a lutid p41his. but the- r~eppnsil rhar-

The M'8 stuctrald~ain citeia ~I. actevietics, and hence tit- inortial loading. at;
h"s two Waic rocit~romieta- Sruciviral ole- well.
koitfl.lopo I~~IM 11013umblii 01 witaintaftdiani dimaigit
litnit lends wlthuclt yielding *11d without Catan-ng Intinti subsystem designus kot dynaiftct
defttlseties In sicons Of opecified 1imitit. Thwy loading cundition.s are. of neepsstty. bagel oil
m'ust also o licpable of wi~thateiding deetgn estilmald equivatent static- Iunds. lh-nimitc.
iltimitte loads. delketid ve 25 percent greaot~r modal analyses of the subsystems show tie fun-
(lfit Wheeln ion-iff 1o54ds, NVIlboutI failure aili 'ian1--intai mofUdP 8luI)Pus 1111 4r qW00VtIL8 [fo
without cauifing do! lectionr thtit rovult In ulnin qualitntIvo considoration of potentital couiplting
taritioral coftict. !hostgn limit loads are the InterActiorie Thene sunilyisos tkrt tnpontfd tin
maximum expecetd I 11gmt loads anid eriviron- the design evolves, When the d'aitgn in relai-
ment~s Weined in projort environmental tively atable, a coinjImalte spaceci-tat analysis
secolealctions, indicatos modal cuuphingi directly. Forcud-

realxmse wlinlyaos. uskilg Ras~utino danipizag
IDosiggn limit 105(15 are conaidrreed for varl I :haracteristics clieck the preitminary assumed

ous conditions and coalfigu rat tons. but thia die- equ~xIealoit static loads. The number of UItea-
vueston *iUl be limtteti to the SPOCICtficalio that tions of this cycle depentis on design changes.
represent the Loads and Ytlbratt;Da eityironrnentA artalyttcisi Jifficaulties. achedule. and ecoiutorme
relfulting f romn launch and exit These Include tradroftt
tlhc uaeody accclerationu owtrig to thrust and
" tngo of mutck and the vibrations -aumed by the Early, stirple testv may be conducted to
dynaMIC resiPfnse 01 the 4pae venIlCtP to I.11 check doubtiol asutytical assumptions, but rep-
trwinletot etaeitstinna of liftoff. atniotiplwiric resonative etructw'ali models are uaiavaiL'tl---------.. a. nd~. tA *I~r" WISP",tImmI *

(it dafinititvo Infarrautton roeguiding those traw. frozen, Thenr, atatic atid nit~inl sui-irey tCetrl 01
slant responoes atx~ve the frequency rang;e of a ileveltipmental 'Nost Model (LYI` and i ts sub-
primatry 1.autich vchicle i-oodes has renuuted titt syoteni ptrov'ide correlittion 0i antilytical re-
the traditiunal repr eantutlon uf thveso i0- suito by chockitng at'-fl-'as and inertial char-ac.
sponses by enveloped, Ginupotd-ai, Input Pxci- icrittiIca, Modql act " VyA utilizte muittipi
tntions In project toot requivremients P~itetlrA ta inventiqatlC the eharacteriatcis of

1Particuler **aodes. Tlmc loationi. exc itattol
There to considerablo discussion If, the level atnd phasing ýO or 180 4egroes) of the lin-

structural dynmICL field repirding the ration- divtdmaal exciterse can be adjusted to nioat
nlitty of this traditional approach, but this is not cleanly" exeitv a dealred miode- Lissasous
the subject of this paver It calm ha' notedl, how- piote', waveforin. atid orthogonality cht-rka indi
eovr, that alternative approaches typically rely cate tedt jiccurkcy. Static and -nodal taurtey
on loads aritlyees of the eoniapetie spaco *,'elnclo totst reoultu proi2 de biasea kb rational analyti-

* requiring the eame, types of palictcraft nitruc- cat rniodil.vationa, but randoin changes are not
turnl dynamnic annlYCOP as thoste deki'.ilbild made aoltviy tc imrprove correlation hek-ailliw
herhin. LAARIN E~ P.n-mieton 'iN tin'ý Ma- iaueh cttnmgeot vivA nitaleadinae reaulla nalld air
severe colobinlations of specif ied itahl( and %,I- generally futtle- Indicatioins of mnodal damnping,
bratlion load ienvolopef; ,t design liMt load ;Pc im- )I inied Croin logu rtthnit' dec rements, re -
conditions. Additoionally. it has oepii required aponrn' levulbi, anti baridwimihi. Howe'ver, f'xpuri-
tiats quAlification vlibration tent leeS.t)Oiw 6ence ha s hown that atructitral tiarnping ia
cent greuter than ' slgmi levels, be- t sd. imprlhitvdi, depnth-mim~t amid that the lov.- ivele
no design lItiit Wlo conditions, without ComiVb~ixiiig exciitlamoni o. modil sury-eys glvt unraealueticamiy



low damping mldtrationas Forced vit ra-ItmIC Weil obtalin the forc~wd Iseponse of solar pandea sut)-
Ing flan tile niullit lpk ul poses oi .inaliYiclrl Col.- ported on vimeoul; apring <dampoi-s
relAtion preqpimalit-twir on, andt developileivlt it
qualificatioin test procedures The DTM thas tht The nitidxL crumbirnaton program anid pot--
basic structural characteristics cf a flight tiona of the newly developed SAMIS wero avail-
ap.3Coc riit. bmut inertialI nim-kulp e-a.prt-svit ,aW.,. for upie tin the MAPlINEP V progran.. Iow-
IIIillmy , .'Mamfoiommtl~ ARvFUXriae chat artr III( l m t of e *ec. bveaust, mlont fmeign. Chaniges ltivoivi'd
the flight spAcm'cyidut are oitraliated osily for Ire- reduced weight, and bicause tlie project was
qui nclies below 200 fit, Thr-refore', the pro uinder severe budget. tinanpower. and schedule.
tqoaliia~tutn function of 1wInc orm is littitedi, constraints, a comnposite nparecrafi struedurail
parlicularyini m the hgighr, -nunarAuctural" Ire- .anatyivqi was not undertakent and I ajy Helocted
61uwwIY ialge wailft out tIM7ed the, Increased capability

(coirrwttrit- constraints required the redesgign of
This anatysls approach, infogejited with i high galn anmiu.mou and ito support afrmJcture- and -

correlaiiin.! teal program,. pratudes earlior -amid LSAMIS allowed the antenna diah to be mo~elae8
etomnrler bavsrs for Arrurtui-at conS id-mice 11141 as a #-i -11 otructure using the firitte element ap-

dud demioniltration testing *itpllfQctl If pra~ A related conmstraint required a imbi(1-
p~robleins iiccrr dluring testing. correlated ana- tied support uystemi toi file- olar panels, and a
lytical results call be used to t-miluate finlures tip3-hitel, 41, pamiel-to-ulneil support SYStdaI was
and chaiiges with ,I .-oniderice not possiablie with ueed. The modal combination technique was
jittuition and1( testing altine AnauIyBsv also pro- used to obtain modal and response analyses of
vide the Wisps for pretost eevluat torl of propo-sed the four piuwies, eight springf-danivpra, comn-
rir-gfl modiiications and lof pi-tramelin'rc imyr- poatte systent.
tlgattonis imposuible to impla-mont in a Will
progralia. The MOO structural analysis program has

made full use ol SAMIS and the modal combinn-
(Ion prograni for subsystem and composite

ElACKGROUNID OF APPROACH spacecraft dana~lyet B~ecause of tile develop-
AN4D TIWIINIQUES mental nature of the techniques. an early test

niod(el of a partial -)actcr-Jt was rOnstructed
The baste structutal analysis alpproachI just from leftover MAaHfE'lt IV hardware and crude

described lias beci usud. to burni exteat, in all mockulpe Some analytical discrepancies were
MIARINFER Bp~arecra~t piugrnims. ;it eairlior noted, but suifficient conflidence in the approach
stages. the basic anialytical tool was the Stiff- was obtained to proceed willh mere complex itna-
Fig 151 COMputer program tnmtt iitsea the stiffness lytic.-] models Delays resulted from computer
mnatri~x apprum ri it) sive static And normal modle programntig deveopment problenms, hilt a pro-
problems with a ;bat~mm.f i30Jm dgrvee of ltniiniary analytical modal and response ana lyb le
freedom. earn point re'quirimng 3 or 6 degreces of of the conmposite spaceeraf! wis obtained prior
freedomn. A mftjor limitation of this prograni Is to asietibly of tile DTM. I- Asonably good cor-
hie requiremnimt thatt the enti.en structural model reotation with the DTM test ri-iNiliS- haebv
"n'it!- tqký i1 i. klt *Ih tem-moo lOi f 4Wicmd dt-d -SigImifi z;.uIt Oise reopitic icr: h-ave

Acoarac.A troas relirt-Nemmt0mtlom WaA n"- beon reconcited Details of the analyses anid
casary for thme conipoisite Rplietaedi inctiiidel. correlatuion are d-ocussed lii the following see---
whit.-I was uilno limited ii. 13(1 degrut-, of !ree- tiuiw All ImprEovedl analysis, now in prorina6,
doni. Simr ine hedate In citp.1Ility ivas jltihieved lincorpiortestt analytical Improvements based on
by oiiiihrinjg npainecraft! -,yintltry, 1put the nize DTIM lest. results, and includes recent Apace-
and type liimiat~otns weire still see-ot-. r:rail klestgn rhallgeti Nodification1 of tile annt-

lytl -' to-c hiqoos~t has also resuiiem InI simpler,
The modal cumbinat ion iechnique was under mom e elfficirvii procedi.res.

devetopntent during t~hi NIAIINU FIV prolsra mu,
and there wc-re lvittAtiv-l phiome br using it to
colflhiiie allbanqsemrbilet ill a cooqtl.sinie qp~ce- ANALYSIS Ti- CitNIQLJ
craft .inltiysis This wvuid have allowed the
var l-ou. subsyplenm nodels to) Ie of dlifferent A toauvpt tot aiialyping tliQ dynamic re-
Still-Eir structural typves .nd would have ltt'-e of)~ 3i complex structural system Is rte-
V mled the nt-evrp sir-ýe ions,! - nul The pi~ogia z; rtlky'id L-j hoatly tib;. A tfigna i conjouter Oro-
altm0 providee esp -tfr 'a on tcaiodiog grafi 131 duv-eloped by W- mforde at thle jet
[tie' CffeCtS of co0kiphimig through linear dappiniL, Vrfpiullcio Laboraifinry and bas~ed g( it, on
by solIut ion of the' comple.X eigenvaioui 1 roblemo. H-urty's Eulaoiný.'-'t 1mnC~lt sy~ihveti itt A, wats
The emaudab coniblnaL ton techaitpie wan noi avai! uscd hII the- ana,-aas of tfim M69O sllacec. 'In
able for full t1 ilitalnm f on MARINVI? tV, Itiw - tist I., hnlmtue. Itl'dnito4a ct-noiotiwAlwi. tile
mc r, poritions -o1 the prmgma mi wore- us e* to sttuct(tre IS 4P.Uled 1;1ý at" e. mfIdo sknd .1
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* representative structural model of each is con- an elemental stlffnes3 matrix. From these
structed using the finite element technique. matrices the assembly of the structural stiff- I

8ss3 AMd Inertia properties are lumped at ness matrix, [k), which relates loads and die-
structural gridpoints (element joints). SANiS placements at all notieo ca the structure, is a
Is used to assemble the component stillness relatively straighUorward procedure. Smatrix and compute the normal modes of vi-
bration and frequencies. The modal combina- In the present system, structure types are
ttine program formulates the Lagrange aqua- lihnted to those that can be represented as
tions 0f motion for the component in terms of assemblages of flat triangular faceta. joined
generalized coordinates. These -oordinates along their edges, nnd line elements, joined to
consist of selected displacement vectors in- the rest of the structure at their ends. All ele-
cluding rigid body moodeo, a truncated set of meats are cfapable of resisting stretching,
normal modes, ýmd modes caused by t-ill con- shearing, bending, and twisting stresses. It is

S stratnt displacements or concentrated loads at assumed that deflectionis are small and mate-

attachment Interfaces. The requirement for rials are monotropic with linear stress-9train
compatibility of displacement at connections relationships.
between componerits gives rise to a set of
equations of constraint. Combination of the From geometric and material properties,
componant equations oi motion and constraint system routines generate the elemental stiff-
leads to a set of composite system equations of ness matrices and assemble ne, For Jynani.cs
motion in terms of system generalized coordi- problems, involving the derivatiorn of nortna.

-ates--The program formulates and solves modes, masses are lumped at gridpoints, each
* these equations for system response to sinus- of which may nave as many as 6 dlegrees of free-

oldal force inputs either in the forra of base dom. Limitations on the elgenvalue routine re-
accelerations, analogous to the vibration test quire that the total number of lumped mass
condition, or in the f,;rm of force inputs at un- degrees of freedom in the structure not exceed
constrained points on the assembly. 130. The requirement Is mitigated by the ability

to assign mass only to those degrees of free-
At critical response frequencies, the comn- dom considered significant, a considerable re-

portent generalized coordinate accelerations are duction from the total number of possible
computed. Returning to BAMIS, the inertial lumped-mass displacements.
forces caused by these accelerations, together
with concentrated forces at the attachment The equation of dynamic equilibrium for
points of other components, are applied through the structure vibrating in Its ith undamped nor-
the component stiffness matrix to obtain joint mal mode is written
displacements. SAMiS is then used to calculate
the internal toad distribution in the finite ele- - l2 tkm )ul i i-}AW) - 0 (1)
ment model. The final step in the analysis is
the examination of the dynamic stress dittribu- whers .- i .he m.oda, frequency !. n rad/nor
tion in the component, a ste:) which thus far has and iml is the mass matrix. Multiplying across
not been automated. by [M}' and dividing by - .E, Eq. (1) becomes

Structural Analysis and Matrix , - . [\ , 0 (2)
Interpretive System (SAMIS)

where [1] is a unit niatriA. Because the mass
SAMIS is a system of digitall computer pro- matrix, 1m), is positive definite there exists a

grains, primerily oriented toward the solution lower triangular matrix ILI such that
of problems in structural analysis by the stiff-
ness method. It does however, possess a gen-
eral capability in manipulating matrices and fL} rLT • i[:

solving problems in linear algebra.
where superscript T denotes the transpose of

The stiffness method of analysit is wdely thvŽ matrx.
used and extensively documented. (For exam-
ple, -ee Ref. 171]) Its central concept is the Multiplying across Eq. (2) by tL1 and let-
division of the structure into finite elements by ting 1Lj lu' , leads to

a series of cuts. Intersections of cutting lines
are called grldpoints or nodes. For each cle-
ment considered individually, the loads and de- L T Jk -LI 1 40 f • (3)
flections at its nodal points are related through

14
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"Writing (1); ! l[k -Ll and ILI Eq. Attachment modes result from concentrated
(3) takes the form of the classical cigenvalue loads. They are used when another component
problem is attached at an unrestrained point, and it is

felt that the loads Imposed will significantly
) I a basic similarity between constraint and

attachment modes, use of the latter obviates
IDI, referred to as the dy tamic matrix, is the need for unnecessary constraints in the
positive definite, that is. all its roots are real. component analysis. From a practical stand-
Equation (4) is solved for and the natural point, this is especially important If the normal
frequencies of the structure are given by modes from analysis are to be cou'pared to test

results, in which case, extensive fixturing of
the test specimen is avoided.

The numnber of normal modes is equal to
the number of unrestrained mass degrees of
"freedom In the component. Because these may

normal mode vectors number up to 130, it is necessary to select a

truncated set of modes to keep the problem
, rLr14 ',v (6) size within reasonable bounds. Typically, a

frequency cutoff is used to limit the number of
r- selected modes. This upper frequency l•,it is

Solution of the above problem Is typical of primarily determined by the desired frequency
the capabilities of SAMIS. Routines are avail- range of applicability of the forced-response
able to perform all the matrix operations re- solution for the composite structure.
quired by the foregoing equations, which include
Inversion. decomposition, and eigenvalue solu- Composite System Analysis
lc- The user "programs" the problem

through "pseudo instructions" [1,21, that call The equation of motion (or dynamic equl-
storage andanprop ipulsteo rofdtains a th l lbumped oas tdegi os otior dymm ieqwit-
tho appropriate system routines and control librium) for the ittl component in terms of itsstorage and manipulation el data In the lumped mass degreed of freedom may be writ-

computer. ten in matrix form as

•mj !u, , , ' k (7)
Component Modes

where tc, hia matrix of undefined damping j
The modal combination program uses coefficients and ,If is a column matrix of

rigid body, constraint, attachment, and normal time-dependent forces in the lumped mass de-
modes in formulating the component equations green of freedom. One act of equations in Eq.of i~i-)t ion. yligiA body __A-• aL'4,sqc, € .... ,, th'

. . . __.II- ... . (7. i'1i may be written for each cotyor.z:.', each
displacement (translation or rotation) of the set ctaolining up to 130 equations. Because
unconstrained structure, without deformation, the solution of equations in this form presents
with respect to the component coordinate sys- uutmanageabie computational difficulties, a
tem. If the structure Is stable as a free body, series of coordinate transformations Is used,
there are six such moden that are computed with the object of uncoupling and reducing the
from component geometry. The remaining number of coordinates.
modal types are generated by SAMIS and con-
stitute part of the pmuched card input data to The component equaiions are first trans-
the modal combination program, formed to generalized coordinates, namely the

previously described rigid body. constraint,
For mudal analysis, the component may be attachment, and normal modes. We require

constrained in a statically Indeternilnant manner, that the displaceneni vector *,, * be a linear
In which case constraint modes are used. These combination of tile modes retained. If ,; is

arise from unit displacement of each redundant the matrix of modal vectors, this coordinate
conszraint in turn, with -ll other constraints transfo'niatlon ib of the form
fixed. The rigid body modes together with the
constraint modes are equal in number to the : ,'q, (8)
number of constraints- For small displace-
ments, linear combinations of these modes Applying this to Eq. (7) aad premultiplying
permit any arbitrary combination of constraint across by : :T. the component equations of
displacements- motion become
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[Ml 1 1 :I {KI 1{qli ,F.I (9) repeated for each component added and a linear
transformation, . 1, ie constructed which trans-

where [NI 1, C1 1, and I3(1 are the generalized forms the uncoupled component generalized
mass, generalized damping, and generalized coordinates into a set of independent composite
otl.Urlpos matrtces, respectively, and Ir'1 is system coordinates,
the vector of ieneralizwd forces in the modes.

In formulatint Eq. (t). the modal combination , ,' (11)
j program takes advantage of some well-known"

properties of normal modes. The submatrices Provision is made in the program for the ana-
assoeiated with mass and stiffness coupling lyst to specify which modes are to be retained

Sbetween normal modes are diagonal hI form. as independent. iiowrver, care inust be taken
Other submt t tices associated with stiffness to iniure that those chosen are in fact lnde-
coupling betvzen rigid body and elastic modes, pendent, because a dependency or "near" de-

between constraint and attachment modes, and pendency can lend to numerical difficulties in
between constraint and normal modes, are subsequent elgenvalue calculations. Also, the
lull [3,B]. six rigid body modes of the first component,

referred to as the base system, must be re-
* The gwieralirsd damping matrix [C) to tatied as independent, while all other rigid body
S asvunied to be the diagonal, [CIi jc -] modes in the composite must be designated as

Modal damping coefficients constitute part of dependent. The sinusoidal force Inputs to the
the prograi inpvt and may be obtained either composite structure take the form of rigid body
directly from moeal tests or based on past accelerations of the base system.
experience with 3tmilar structures. A basic,

S..... .and-a-yot-umrcsolved,-d i~ftulty exists in Bly substituting for (q) from Eq. (11) and
estImAting damping in the constraint and at- premultiplying across Eq. (10) by I)TI, the equa-
tachment modes. An attempt was made in the tions of motion for the structural assembly in
M69 analysis to account for this and is dis- terms of the Independent generalized coordi-
cussed in a later section of the paper. nates of the components take the form

For a composite structural system, con- [MI{ I + •(6) * iki ip) - {i (12)
sisting of j components, the equations of
motion for the unconnected components are where IfRI, iýJ , and WK) are the generalized
written as a single group of uncoupled sets of mass, damping, and stiffness matrices, re-
equations in terms of Feneralized coordinates, apectively, and (f) Is the vector of general-
{I ), of the form ized forces in the Independent modes. Because

the rigid body accelerations of the base system
4~q)3 Iare specified, these may be eliminated as un-

knowns and the number of Eqs. (12) Is reduced
(ql 1 by six. At present, program storagoe limitations

require that the total number of independent
comuponent generalized coordbniatis shall nol

1111 exceed 10ý.

Formulation of the damped compoo!te sye-
and the equations of motion become tern equations of motion in terms of fully un-

coupled coordinates requires the solution of the
in] t§) 4 [CI)) * [K])q) - IF, . (10) damped eigenvalue problem. However, because

the damped eigenvalue computer routine used
As the components are assembled, the re- is restricted to coefficient matrices of order

quirement for compatibility of displacements at 50 xSO or less, the number of coordinates in
points of attachment gives rise to equations of the equation of motion must be reduced to 50 or
constraint, one for each degree of freedom of less
attachment. For example, if the equations of
constraint of any two components are formu- This is accomplished by first solving the
hated in terms of m and n generalized coordi- undamped elgenvalue problem,
nates respectively, and onc coinpoi•-nt is at-
tached to the other in k degrees of freedom, [M. ,.: [,I - to. )
then k equations of constraint exist between the
n i m coordinates. Aniy k coordinates, desig- Transformation of Eq. (13) into the form of the
nated as dependent, can be solved for in terms classical eigenvalue problem follows the algo- 2
of the remaining in n - k The procedure In rithm previously outlined The resulting modes
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are the undamped normal anodes of the compos- I~o
its structure, which are normalized so that the LoJi ()

generalized mass in each is unity. A selected where
number (:5 50) of the lower frequency modal [[ [\•1
vectors, in llat-ix forin, I. are used to D , t -
transform the coordinates in a inaimuer similar
to the use of i i! , of Eq. (8). The transforma-

Itio is a complex diagont! I matrLx.

1P, .,,. n,, (14) The generalized forces in the damp-d

is applied to Eq. (12) which take the form modes are given by

tjt;II . IV. - [C ~IP - {Qut (15) 1~ D [.Jf~{4 (0

wlere the diagonal form of tile coefficient where ,bR' are the specified Input accelern-
matrices of . and 1P," follows from the tions of the base system and MH.ER is thie masS
properties of normal modes. u.],] is the coupling submatrix between the rigid body
diagonal matrix of undamped modal frequencies noi.es of the base system and the independent
of the composite structure in radians per second. elastic component modes.

i The damped etgenvalue problemTEquation (19) is solved for iPl) at discrete

* r'ii- Fyifrequencies In the range over which the dynamtiic
xl'N. I, * 1 C 4 [, 4 •ot (16) response of the structure is to be investigated.

Frequencies are increased in equal increments,
is solved for the complex eigenvectors, ;vl . specified in the program input data, from the

minimum to the maximum value. The uncoupled
Writing composite system coordinates, (Pl), are related

to the component lumped mass degrees of free-
'Pt ID}iP& dom by

tile complex '.quati.cnt for damped motion of the its' IT! (Poll (21)
composite systeni, in uncoupled form, are U

whererw
By applying the appropriate inverse trans-

[\ 2  ,L D vP V. Iormation. the frequency responses of selected
1 J 11 1 [l lumped mass degrees of freedom are obtained.

and The program generates dama required for auto-
{ ] i matic plotting of the6e responses. A typical

{Qr4 - [v 0 ,, • frequency respons., plot Is shown in Fig. 1. At
peak resonant irequencies, thie participation

S]is a diagonal matrix of complex imgenval- factors (complex) for the component normal
ues associated with the eigenvectors, !V. modes are computed. At those frequencies
Derivation of this final transformation to un- judged critical for a particular component from
Couple the coordinates is described in Ref- 181. the loads standpoint, attachment forces are

calculated.
With the equations of motion in uncoupled

form, solution for the response of the compos-
tie structure to steady state sinusoidal accel- t he het-
erations of the base system ls a straightforward tia forces hi the anodes at critic,., response
procedure. For steady state sinusoidal response frequencies, together with concentrated attach-
at frequency ment forces, are applied through the component

stiffness nmtrix to obtain joint displacements.
(18) The corresponding interiial load distribution in

tihe finite element model u the component is
Substituting for P,)* from Eq. (18) into Eq. (17), then computld.
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S 72 support for the other suboyeema (Fig.2.It

66 in ndaee joined a -eegtcresb

TE-6T

F, M[if PlOTED

A trues-type, structure Inside the bus sup-
____ ___ports thle planeitary scan platform, which Is

j latched to the lower octagon ring during launch.
Four solar panels, hinged at the tipper Octagon

TEST ~ L j~Jring, are coupled together' through spring/ e

30 1ER TZ 00 91D boyI~e trucure Fig.3). The parabolic eI flector of the high gain antomna is mounted on a
lFig. 1. Frequency response of infrared truss-typo superstructure which Is also at-

spectrometer' mountod on the PSP tachad to the upper ring of the bus The low
gain antennia, a 4-in, diameter mast about 7 It
long Is mounted on one of the spokes of the up-
per octagon ring and is supported in a vertical

MOO ANALYSIS position by two sprlngfdanmpor struts at at point
appi-oxidnateiy 24 In, above the spoke. Other

FThe structuxre anal~yzed consisted of the items of less structural importance Include the
M60 spacecraft mounted on two cylindrical attitude control gas bottles. various instruments
adapters that constitute the structural later- and sensors, and cabling support structures.

Pface between the spacecraft and launch vehi- The total spacecraft weight Is 830 ib, while the
Fcia. The primary structure or bus forms the combined weight o1 the two adapter assemblies

structural core of the spacecraft, providing Is 85 lb.

a ~LOW-N.ANHMTENNA
AXTITIM 4CONTROL

GAS a~TS

BIIIGII-MAF ANYENNA

SOL.AR PANELS-

WIDL ANGLE T ELEVIStOn /
IR RMfIOMETER~',

uV 3VECTROMETEfl IR S*KCTRONE1EA

SCAN ftAtrOAId 1HUM.AL UANKC1i Otucr L-WARaOW ANGCLE TE:LE(1noN

Fig. 4. MAI~:l'-t !.:,kRS 1909 saPFec rftt
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Fig 3. -ocdvbaints eu
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Component Analyses backing aheat (Fig. 5). This assemibly, referred

to as the substrate, to bonded to the spare which i:
Finite element analyses were perfornied on are hinged to the bus through fittings at their

Six structural components: bus/two adapter Inboard ends.

pualsion subsystemn (PR•OPS), solar patnel, hight A finite elenteut model of the panmel con- " '
gain antetuta and superstructure, and low gain istaing of an assemblage of beami (line) olo- i
antenna mast. nients was cOinniructed (Flg. 6). Tile locaýl~ojis

and atliffess as-signed to the elements were
Tie boundndm" conditions for the Isolated chosen so as to realistically represent the.

components approximated the actual support panel shtear, bending, and torsional stiffnesses. =
while minimizing (lie siumber of constraints. A Spar and intercostal elements were located at
(lnitte element model of each of the above str'uc- tie neutral axes of these members. Typically.
tures was built find tie component modes, re- each hae stiffness in ail 6 degrees of freedom, :
quired for modal combination analysis of the while cross-bracing elements were assigned
composite, were generated using SAMIS. A axi•al stiffness only. The panel was divided Into ~ o
brief outline of the solar pliziel analyis is togiven sections by a series of spanwise and chordwise =

i ~as a typical example of a component analysis. cuts. The effective shear, bending, and for..•:•t tonal stiffness of te 12-in. wide Strips of

Each panel (Fig. 4) has a rectangulair plat- substrate were assigned to chordwise elemnents :

Sform with an 84-in. span and a 35-in. chord. loc-ated Lit the neutral axis of th•e sutbatraie. •
i ~The panels are of lightweight construction with Spinwise and nonintersect; -.g criss-cross ele- • :.•
! ~~a structural weight of 0.0 lb per sq ft. The nients in (lie plane of the f ,ce sheet. with yt ?
! ~main load carrying structure consists of two stiffness only, were also u-4. The attifnesses. ,

hant-section spars, crose-braccd andi joined by were such as to appr-oximnate the effective con- •-
Sintercostals. The 0.005-in. face slhvet, which tribution of tile face sheet to tn-plante shear and

Ssupports solar ce~lls, is bonded to a corrugated atxial stiffness. Along the spars, spanwiae •
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Fig. t. Solar panel static test setup

the number of lumped mass degrees of freedom
(- 130) Imposod by the eizonvalue routine, a

- Ilfferen.' matis luniapimig p.-ittern was tined in
each of three mutually perperdlcuhuW directiOnis.
-A relatively refined distribution wvas used in the
ovit-of- p lane (irection of primatry panel motion.
while coarser distributions were used in the9in-plaie directions. In the boost configuration
each Solar panel it hinged at the bus and cou-
pled through the tip latch springidampers to

Fig. 5. Cross soction of the two adjacent panele with boundary condi-
solar paiiol substrate tionS somewhere between hinged-free and

hinged-pbuned. Either assumption could have
been used to generate modes, because the
modal combination analysis can combine either

displacement discoatinuities, betweee the sub- kind of attachment if proper allowance is made
stratf mid the spars, were introduced L f allow- for the spring/dampers. The hinged-free con-
Ing for the fflctive spring betweei the sub- dition was Chosen as this was closer to the
strate and the spars, thereby permitting lma-piaim comnposite conlition and as the single panel
motion of the subetrate relative to the spars. modal test was easier to imiplemenit with this

type of support. Sonic results of this analysis
The panel weight Was lumped at 56 node are listed in Table 1, and a typical mode shape

points. However, because of the restriction on is shown In Fig. 7
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FIg. 6. Finite element model of •olar panel

TABLE I coefficients corresponding to a single penk re- =
Solar Panel Modal Characteristics sponse frequency were estimated, A response

analysis was conducted over a relatively narrow
Mode Predicted Test , Type of Mod,' Shape frequency band for each resonance. Amplitudes

No. [ ,, l 1z lz were examined, adjusted coefficients were comrn""T 1I puted, and the response analysis wan then re-
I 18 23 First Torsion pentad until a satisfactory Match between Input? 27 2)9 f ir st lvi -a B un dillk I a nd en ic u i .ateo Co eff i ect tto %- ,In C ..b la ne.• ( , ' [1 115

S3 37 3,1 First In-Piut - procedure was used with reasonable success to
Beading predict amplitudes and frequenclos of low ire-

4 57 03 Second Torsion quency resonances of the solar ponulu and low
5 7 78 Secoud Spar gain antenna.S~Bondingl

L 96 04 Third Torsion Analog computer studies of the nonlinearL 04 Third.Tors response of the solar panol system hnvP Moos
been conducted and are being refined. A num-
bar of lower frequency undamped modes of the

System Analyses assembly were generated for use In these stud-
10s, which give real time variation of spring/

The solar panel and lowv gain antensn anal- daunpel coeffcicents with frequency mid ampli-
ycse were complicated by the presence in each tude, Differences between Individual spring/
of nonlinear spriig/dampes. whose stifiness dampers, as obtained from teats, are also ac-

* and damping coefficients are functions of fro- coumted for.
A uncly and amplitude, Spring;dam.iper clarne-
terfstics were based on extetiwve tests Tihe
modal combination program, however, in Its Composite Spacecrafl Analyses
present form, it limited to lincar damping ini -
puts. This problem was circumvented by the After assembly of the componenits, the
use of an iterative technique wherein the damper number of Independent component modes miust
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SFig. 7. First torsimial -111 de 501so ar Pi'zlle

•÷be leas lhark or aqual to 100. Tito uncoupled gon- The lowest 60 composite system modes, rang.

S... ,. ,•.,•. *,bt•n nrP q 1t71. the d amtlod Witf tln fv,.quency h'o m• I to 114 |li, w er e

M O d O O O f th e C O UIP O U J( Ce M rt| O Cl U r e , nl o h ni -U kkA" r e tl• 1 it c .dM
C<nb•t•'tjt•.G oeOf t tt.•~l~qted tint of undampqid
modes. These 11lay not exceed 50 In nonil'or. Structural damping infornin~ton in Input to :

Oni Uto NONGO project, it was Judged tlhm tor oili ho .,odnl Conbhl~a~tion p|-ograin t t~e- form of

major structutral cannjousntA, high gainanRtenna• LUble generalized damping cuo-flleetnts nasock-

reflector excepted, most critical resonances ated With vach compoilolt 111odt. For normha

Would occur in the low (irOquOtney rvige up to ivodes, theae were- eitheor estiniated fotzo 1"odal !

100 liz. This ostabltshod an upper freq~uency of Wto rpoultu or- itesumed to be one p~ertcent of

about 1-00 11% as olne trotication critericn, no critiettd dam~ping. The damping coefficient c,

Shigher frequency modes would nut significantly for the kUh miode Is given by

; •vifect the responoe below 100 11%,.

Tito nuubs," of &11odeg 2Ad the freqtuency C, - ,M .t2

range of nornia modes for" nijor components
of tho MOV comnposite spacecraft tiniflyals are whore M, IS tie generalized tuass In (the ith

; ~~listod in Tlab~le 2, the ton springidampore were Hv) t e~w ro h rprl•o nnr:tl

Sincluded 6~a soparate basic systems with simple m'odes that
S• •J~~~axl displacement msodeo. Tide bi oughtt the -E

S i total nuilnm'r ol independent modes to 06, four':,-. (23)

! loes than the inxiua. rnl allowed by the prograinl
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TrABLE 2
Lint of Component 1,-Mdei Included lit Cotijixmapo An 1yots

Number --- -1e __ Frequency No. ofSsem Coionn Rag IrfP4W it
NO.Ri I 'Cn I ttch m.i al (l1i0 mcdee 4

IHo. t Adaptera 11 0 Wn 7 -11 1 -5

2 Planetary Scan Plsatformj (PSP) j -5
Propulsioni StitJsystem 111(POPS) i0 I3 2

4 i~ohir Panel (ILnch Panrl) a 1 0 to J-14 t
5 jiligh Ckun Antentna 6 3 0 113-2330
6 ILow Oair, Afteniuua 15. 1? aOl

Therelore, s~urrehitlun. with aunalytic rpisulwe Threte typ"41i
of structural tot.'et have heeen coliducted: stat izc,

r (4 modal, and forced ira.poniw. Tim¶ firot sraetn of
tomi1 took ;)ltwe cayly ill tha protgrarp uning at
croide Strrtiviral Analycle Model (SAM) t4L liaweu-

Although nto roiationslip uiniminr to Eq. (24) tigute tile sitruettural nhracterlaticA of the pri-
exlats for eoiiatr;;$t And attkchment mnodes, an mar-y ntruclure. The nindel coniatelot of a
attompt wits maide to tra-ot thrnt tit n manner MARINER '04 Getagoo with aliaukited chsehts
mtmilnr to norrilin modus wIth ar, equivalent btose and inuoto, tugether with the Centaur
(latnipta ratio of 0.01 . Ju~tificatilln for this adapter, nno arly version of the ap-cocrnft
rattorialIzed appronech exiioto only where the adaptor and n crude uimolatlon ol the PPSI'
ge~neraized ahS usnl and 114uieas R1113111alriceis Testing has just bpen completed ojr tile Devel-
.&*oCrtall- Witl the eo'ustrauii and attachment opmental Test Model (DTM). At otruettiritlly
nmudei, are domina-ily diAtgonal. riii. treatment corpl~tep simiucecraft. This model was compmed
of att .ctrtura) ilanplog has~ heim drth ie~tut tzatin of MARlINER 'Go flight type ntructural imirdware.
factor-y asnoem j! the N169 ý-'awlyqin and is buing Noncritical ptucturen that hatd ros-inancea be?-
studiod further umirg modal survey and forced low 200 lIf couuld be simulated but correct v.bia
vibration test data. Iterathon of sudae pa~io and tic find mats diatributton worte r Nuired. Non-
low gain antinns Ocinped ~~tatrb Icin thlo ci-itici 8tructurett with prrniary roncinancips
Com1pusite epai~ecril~ nlvl Would havi- re- above 200 Ni we~re Vviier-ily on, I mass elimulited
quired a jprohilbtive amount 01 corniputer (W14,~
The problem was Pt-oided byv ahziiioj. repre - Stattr zests were conducted on asovral
aentative lInvaf ctlaracteristics to the saprIng eiructural assemnblies by recording loudtldeflec-
drimpers lin thir 25 to 101 liz raige, ;ti akpprozclm tio data to obtela, flexibility influence coeffi-
justiflable onl tile banto that annilituduls for frt,- rionin ailill itt k tNi

(1crlctc-S .r~i:Mer 11hAui 25 ilEs .;S- relativoty wa& vcond,;rtvd llth the paieil hong frowm Ito
f"Inaller and heare noiallinvils Ll*ctu art less otg-nutti-lgIant rhlowrm in Flgý 4
a ignilicant The ompiuni 'tt aparvecratt analystsd Ono daniper attac'n potot wla o.'cmrabltted while
wdsr hkit(Wefol cc ulotier aPPiwatIAP to ,tll 'rwretr.ntatl lloal.4 were Lpiit-4i't At the other_
Lompnioaitsa In the 25 to 100 Ila range. This test p1rovidedi dat-a (or- direct rompji~rl~oo

with the ainalytic eonstraInt mode othApe Flex-

blea ted txointS On thot sittrocture to variuosa 14t- ap!Acecralt adnpit'r and un the ilpacecrafl to-
orak and axal~ einkicudide acceNerationn, of 11 ethe u gikiervlij the Centitor mdapte-r (ar radial.,
bIavi sy.icnu wftb computed Of ripecutil kil.'rerst tangtatial, and axiol lo~tdiiig eunditlonri. Simtlor
Wfe tc~dt ' h aa ~tom oa awa tests were conduci ed with the spaeecrittalt siac
:tnd lo%~ ý,min antenna 3oia. of ti ta. inut e alIv title :4tot~*-id by 111troduv tg _,110eaLd torgonstl,
nflhfc;,At . ooiiW4 ijic (WReti-ti~qed ind co)rrelitvd aad a.s i~d losat; twparately Into dut, t(4p o! 11w. buta
with teps data t;In la itel ectionl. structiure An aNIhal load toat wNv, locodced

ovi the P8P support stmzcttmt'e

TLS;*1 PROGRlAMi Modal siitvf'ý tvati; were Ico muicted un the
higti g:;w mitennat dioli. on indliv duai avh- pjrn

The prinmary objcci~ve of the NMO t otr~uc eli, .)i Ol, PROPS (Fig 81) And on01 the PrlInvFy
it~~r ~ lW teatl Wr~- 01hnh O bleti,, dai~i Ibr sItructurte fflo~tiflld (li two ýIdaptvrs. bmth wiho
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and without the P5J) (Fig~. 9). The aoiar panels wnd their ampliitudes wore recordsd. fron vuLt-
and antennae were omitted becaue bettor ana - mneter mo~fturoemnts. One accel,"rnomter was
lytie corelation could be obtained without the fixed at it reference poinit that had relatively
tlamped soltir pnnel system and because the Ing! displacemient. The other, "rover" response
prlimary miodal frequencies of the high gaiin in- iacecicr-jinicter was niued to Caflite 71 prodvtes ,-

tenna wivre considerably greater thun those of ruined points on the structure iecorduig amipli-
Oth primary atructure. Ini addition, acces~kbility tude and phase relationship Vvith the '*rover"
through the otop of tho primary octagon atructure flixud ;it it high reisponse poutt, a decay trace
fih11taord droving and pi'obin-gt !hc PSPý wa:t Iu'i'wo wiwit me imkvinme Ckusron! with.

abrupily terminated. Th tract, mis smibse-
E~ach point in a lightly dnrnprd structure, quentiy analyrzed using a 1-.garithniuc dleerpeent

vibrating in o,-ie of its ncraiorni modes, niovea nxprceston to obtain ani vtiniate of the anvounmt
Gtnusotidally either in'- phase with or 180 de- uf equivalcoit viscous damping This estimiate
groefs out-of -pimaol with atl Other Pointe. In was c-ometirneuer~ififed by the half -power rAtInt
the m~odal Sur-Vey toteats eiectru-ninecholnied! toclu~iqlut to obtaWn respumise variation with
*hnkoi's wore qued to excite this Condition tUp shaker fi-vqueney for i conatant shaker lurcu
to eight smuall shaker&, with vartabie force out- input B3y repe-ating this provedure, a p~lot of
put directly proportional to the halvker current response vs frequency was coiIatrukcted. and tke
Applieid, were connected to the horizontal, 'haifIxpowor point ' frequencies wvere thon uised
ab.-cissa sweeo ul an uncilloscopr'. and the to cal(-ueIIat'i Value for (lhe or11 Ica daniphip
Inat~aftnnooua shaker current was connected to ratio present in Miat mode.
the verticaL, ordinate sweep. hlits produced an
elliptical ILiss-Ijous figtare oil the oacilloacope The experinientally determined mode

tha clne tn~a ~tlttatrlgml tnat '!I shapes Were investivat'd for I thopoimftltty by
flnOdai frequency if ahaiuer placetmTent iand ex - C£umPutilg ',!;p~~r f fornm of fhe syni-

Citation were exactly correct An acceir.ome'- metric, gcneraltred miass matrx. The amouant
ter reoponce survey was then conductf-d rThe by whiich the tiff-diattonal termn values differ

acclermetreoutputo Werp pr-ojected onl A.1 from pero is Indicative of the degree of orthog-
oscilloscope to entablish the phasep relatiorizhip ona6lity that exists, bet wre thie miodts andi
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Fi Mu~ tesit setup fur DIMt modalt coinfiiiratiýn

provides coidldence that i satisfactory muass assumptions we~re made about mnodal content,
mnatrix has beeni used. attachment effectiv?,ivau. and damping in the

modes. The test program provided a means of
A series of forced vibration teets wits con- -Assessing the validity of these assumiptions and

ducied otn the assembled tspacecraft and adapters assuring the dlevelopment of a representative
MOUMted ont an electromechanical shakter. For structural modlel of the composite spacecraft.
the structural development portion thopse
tests, logarithmic sine sweeps were conducted
fromt 10 to 200 1kz at three levels of input exci- Structural Analysis Model (SAM) ~

t-rrticai accelerometers, out of a total of De8t0h.eltv rdnss0 h ad
were reviewed prior to gutiti to the ntext Input Daespitle~ the rA elativ lrdeess of thpOemtB had
excitation lcevel. Input exc itation was applied wak sdfh SMtssldto.poeet
4long ltire4e lateral axes anid ini the thrust ditec - both fitt modeling techniques and in actual struc-
tion. After tho tost, the recorded outputs front tural hiardiware Stati, find moldal tests indicated
somie 10 etra it gages and 80 aceplerometers an overestimation of the lateral and axial stiff -
were iiarrui .!)Atnd filtered am~id plotted for cor- nesses of the adlapters- These diii rel ut)icies

reainwt lepeitdrslr.traced to incorrect assumptions made in m~od- 1
reltio wth hepreiced eslti.eling the skint and the upper ring, were laterN.1I

resolved

In constructing ilattie eletnent mo1dels of tile during torctl viiibratiott tests, were suppressed ii~

various compotnentts it wits necessary to make by the additioni o1 more support structure. The
'raIn simplifyinit aaeunipfions. wifth resiect fourcm'mf ibrdation t eas is as provitlod diata on v-01

to Weight [list r lbtrnImm andl gecmittm0-trY eouomply in-Matput,, ntrul tec h~ialiqos All of thie foregoing
w ith p)rogrim lunttationt; When the compo- Information was subsequently Incorp~orated lit
nents were assembled antalytically. further the design, ntu(elir ng..td testing of the DTM.
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Developmental Test Model (DTM) Orthogonality checks on the test modes in-
dicate that t e energy associated with the ro-

No atructural failures were encountered in tary inertias of Instruments on the PSP is sig-
the DTM test program conducted during the nificant. For Bimplicity, this effect had been
period of January through April of this year. neglected in the SAMIS analysis. The analysis
Comparison of test and analytic modid charac- is currently being revised to include the PSP
teristics for the solar panel, PROPS, and DTM rotary Lnertias and improved modeling of the
modal configuration are given in Tables 1, 3, electronic modules.
and 4, respectively. In general, component and
subsystem modal predictions show acceptable J3ecause inuch of the forced response test
Agreement with the test, the most notable cx- data had not been reduced at the time of writ-
ception being the higher modes of the DTM lag, no general observations on test/analysis
modal configuration (Fig. 9). For example the correlation can be made. However, Fig. 1 pre-
fourth predicted mode, the first torsional mode sents a fairly typical comparison of predicted
with a frequency of 70 Hz, was detected in test and test frequency responses of an instrument
as the sixth mode at 92 lIz. This was consid- on the PSP. While agreement on frequency is
erad ssu.prising in view of the good agreement good, the predicted amplitude becomes increas-
on static torsional stiffness. The discrepancy ingly conservative at higher resonances. It is
is attributed to the unanticipated stiffness con- anticipated thnt with the above noted analytical
tribution of the individi"al electronic component refinements and better estimates of modal
modules. Unavailable for the static tests, the damping, particularly in the higher modes,
modules weý z replaced by simple shear plates, closer agreement between test and analysis

S.resulting-in-a configirntion that happened to over the full frequency range (25 to 100 liz)
coincide with modeling assumptions, will result.

TABLE 3 TABLE 4
Propulsion Subsystem Modal Characteristics of
Modal Characteristics DTM Modal Configuration

e Predicted Test a, Mode Predicted Test e,
No. ,, Ha Hz Type of Mode Slhape No. H, Hz t Type of Mode Shape

rTi -- I F

1 110 117 Tank Moving 1 35 35 Adapter Lateral
Vertically Shear Bending

2 137 142 Tank Moving 2 37 37 Adapter Lateral

Sidewise Shear Bending
i 3 51 43 PSP Rocking

3 152 168 Nozzle Canted Left] 4 70 55 PSP Rotating
203 N"zzl Ctd 74 57 PSP Bending" Rh D. 771 A er TwAsting

Right ,7 85 104 PSP Rocking
222 220 Thrust Plate Oi 100 112 Octagon Bus

Canning Breathing
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DISCUSSION

F. Collopy (Itek Corp.): Was your mass Mr. Gaglh: The environment people epecify
matrix a consistent mass matrix ? the IfIght acceptance level and the type approval

(TA) levol. Then, it our structural require-
Mr. Gaugh: Just on the diagonals. meats specification, we specify just how high

we arec going to take our development test
Mrn Coltop : It was not necessarily a con- model. We tooK it up to design ultimate.slisent miass mnatrix as defined by Archer ?

Mr. Stewart: But what is that design ulti-
Mr. Gaugh: No. mnate based en? What kind of Load condition?

Mr. Collopy: Did you look Into what effects
It might have had? Mr. Gaugh: The flight acceptance is the

maximum expected load in flight. The TA is a

Mr. Gaugh: No. We did consider the num- 50 percent increase or 1.5 times the flight ac-

ber of modal points to carry. For example, a ceptance. The design ultimate is 1.25 times

propulsion motor has 43 mass points and we the TA loads. That was 1 g rms from 10 to 12

only monitor three. We were carrying some 50 1l7 to 150 Iz.
points on our modal tests I. 'hree directions, A
so there are 150 readings to deal with. It took Mr. Stewart: Is this associated with a
about a day for each mode. launch and ascent transient condition? Is there

a relationship between your specification and
P. Raney (NASA Langley Research Ctr.): design ultimate and a real launch condition, or

I amn s-ed in ca ayfi'g- structuraf-a•"' is it just an arbitrary sine test that someonenamics antalysis along with the development of has found develops a goo i spacecraft? !

spacecraft. I think that Is very laudable. To
what extent did the people who are responsible

workr nd ho muc usen woul youe steeen thmIrusfor specifying environmental tests use your the . ah n tnelope speed thework anid how much use would you see them the tru•e o-ne.- -t is an envelope specified by the

making of it in the future ? environments group- They leave it up to us as
to how far above this condition we wanit to go.
For instance, this summer the PTM will be
taken to TA levels; then the two spacecraft willMr ag: They are aware of what we are -•knt lgtnr pnn oyl " vt|!.y

doing. Themttggest use tney maue was thle use .. ..... . ......... ... ..r
of our model once we got it all together. really expect to encounter, not only during
arc aware of our problems and we help them launch but also during exit.
out too. As for using our program, yes, we
could give them numbers, but what does it W. Forlifer (NASA Goddard Space Flight
mean at the higher frequencies? F The situatioa ,d Goddard is that the en-

vironmental test specification is not a require-
meat for designing the strength of the structure.

D. Stewart (McDonnell Douglas Corp.,: Air. The structure is designed based on the [light
I correct that the only load condition that you load. When thL flight loads are exceeded by the
considered was a 2-g vibration test? Under vibration test, the test is notched down to the
what actual flight load conditions did you use expected flight loads so that it partially com-
your model? pensates for that particular problem.
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LINE SOLUTION TECHNOLOGY AS A GENERAL ENGINEERING 7

A~PPROACH10t THE STATIC, STABILITY, AND~ DYNAMIC

RESPONSE OF STRUCTURAL. MEMBERS ANDH
MECHANKAL ELEMENTS

Wnlter D_ P111key
lIT Re3earcii fJisitute

C 1 ic-kgo, Illinois

ani

Decpa rtment of Transportation
Washington, D.C.

A struct%%ral jtatsi £Saua1 is deac~ribed in this pnper that can be used Ir.
Isyatornatic fashion to find the static, stability, or dynainic respon.se of a wvide
Srange of classical structural memnbers and mechanical eleiients with arbil-
trary geomectry and loading. Trhe relatively unknown but efficacious tine solu-
tion method is used throughout the manual to provide analytical solutions that
are suitable fur compuitational implementation. Trhe co-niputer -oriented ver-
aton of line solution methodology which does not require the analytical solu-
tions presented in the manual is also discussed.

INTRODUCTION that Is, for a member exhibiting a naturally oc-
curring (beam) or artificially derived (Levy

Line solution atethodology provides a gen- rectangular plate) principal direction.
eral approach to the response of structural
members and mechanical elements. Through The purpose of this paper Is t') bring to
either analytical or computational means a attention a now manual [1) that uses the line
static, stability, 0or dynamic response call be solution methodology to provide analytical solu-IObt!'Ined for barA, 2ring massA systems. beams. tions for the response of structural knembers.thin-wa] led beamns. Strings, arches, membranes, The paper further proviucs an izitroductlen to
plates, gridworks, thick shells, thin shells, and this method.
simple frameworks. These members are rep-
resented by classical theories of linear elas- The manual and accompanying computer
ticity and strength of materials; the material code will be available this year to Government
may be elastic or simple viscoelastic; the geom- agencies. The Manual is arranged in chapters
etries are basically those of classical struc- according to the type of members, beginning0
turat members wvith arbitrary cross section; with simple extension and ending with thick andthe loadings may be thermal or mechanical. thin shells. The essential ingredients of the

inaliua are tables that can be used1 In a system-
Freqaently used synonyms for the line atic fashion to achieve response Information.

solution approach Include the "transfer matrix This iA not ;i stress anialysis handbook in which,
method" or the- "miethod of Initial parameters." fur .. p. escribed lo~ndin- and geometry, the
The approach differs Inherently from the struc- mnxlmurn response variables, for example,
tural analycis technologie~s of "for-ce" and "dia- stress or displacement, are tabulated; rather,
placement" methods. although the line solutions thitl manual contains the Iniorm-ation nacessary
can be coipted with other methods or trans- to develop a complete solution for almost any
formied Into them. Line solution methodology geometric configuration and loading of struc-
provides a highly efficient and general solution tural members andi mechanical elements. The
for the type of member for which it Is suitable, pertinent design variables of high stresses and
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(displaceCjoilts are readily Wfeortairkod from comprise the field matrix. thatt these tioluttons. Tito manual is Intended to are listed In tables for various

expedite the solutions of both simple and corn- beam typos (Euler-Bernoulli,
plex analysi• probiems and is suitable for use shear), geometries (constant or
by g•aduatoe of onctneoring curricula. varyii; c roSan section) or mate-

rial properties.
The Basic Euler-oernoulli beam is chosen

hex v " a vehicle for explatihig the mechanics
of line solutlon methodology and the format and
use of thi manual. The other beaam theories
(sheer, Rsayletgh, Timoshenko) as well as the

modelB for the previously mentioned structural -- -
members arc treated in tho manual in preclsely - -

the sarne fashion as the simple Euler-Dernoulli I -
beam.

Fig. I. Notation for beamn

o4'TATIC RIPS. E

The response of a beam to static loading Much of the manual is composed of thesetakes the form tables which appear in the format of Table 1.
The notation (x, %) Widicates that the component

w .(.) -. w 0Ls(xa.A) + ( MnL,(x.*a) Lj i.s a function of x and is valid for a beaL
section beginning at x -a,..

* • V/Lov(xa L•F(X. ) loading functions that are

"" Llisted in the form of Table 2

I(x w.LU.(X..) + 4 ML~tx. ) L V1  for particular thermal or
= mechanical loadings. The

+)sum on ti is taken over each
IAF('a~ Z. L'M, loading that appears on the

V(x) w.Lv.(X.n) + O.Lve ( X.'o) + MoLv(X.) beam.
L• • LjVF,

+ V Lvv(X-a0) t Lvp(x.f%,)

where w.,O,M.,v 0 . the Initial parameters or the
!nitt,_d ( - values of the

x . coordinate along the beam (Fig. state variubles. The initial
1), ~parameters are listed in

tables such as Table 3 ac-
ao a location of left end of beam, cording to the conditions on

the two ends of the beam.
= deflection, They are functions of the

field matrn components
I - slope, x, o( ) and the loading

functions L•F x. a).
M = moment,

v = shearing force, Equation (1) is the complete solution of the
fundamental equations of motion in line solution

w.0. M.V c the state variables or the physical or initial parameter form. These expressions
variables (deflection, s!oce, me- describe the deflection, slope, moment, and
ment, and shearing force) that shearing force for any value of the coordinates,
characterize the condition (state) anid are fully determined by the contents of
of the beam, tables regardless of the complexity of the beam.

The maximum values of the stresses and die-
Lk (a,.a)(k - wJ.M,V and j - ,.; .m.v) = solu- placements along the beam arc also determined

lion components, which as a whole from Eq. (1)
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Tables I and 2 ave listedi in the 5.lanunt for n beam, two of which will be known at each end.
b1ams of constant and variable cross section, U the four Integratl kiitlon iiubits are written as
lying on Wlnklor or second-order ioundatlons, functions of the four physical variables, dflsoc-
with or without axial load, and of rigid material. tlion , slope t, moment M, and shear v, at one
Although no solution derivations are required end of the beam then two of the constants will

for use of the niinual, it uinty lie of Interest to always be knlownu by inspectlion. The sinte vntri-
study the origin of this type of solution. abloo ai the left hand end of the beam are chosen

for this purpose. Because these are located at
A eolution of the form of Eq. (1) is simply what is usually referred to as the origin, they

the conventional solution in which t(le arbitrary are given the name Initial parameters and are
coneitants nre written tit terms of the initial pa- designlated by w,, .M ,v.
ramieters. Consider the derivatior, of this solu-
tion. The fundamentil equations of motion for It is clear from Eq. (3) that
an Eulor-BerioullL beam are

-lw "(0) 1 C,
_=E I d ~w q'! w* * o c

d d 4 - 3•

SVM M(O) C2V(X) 2-El

(2) V. V(O) Ct.

M(x) ý -Ei d'- Then, Eq. (3) becomes

5 ~0( ) LW d w(x) w. - PeX - M . - V
._idx E1' !El . . I

where q.R, I are the loading intensity, Young'sm i eclodullus, and moment of inertia, respectively.ine rto 1t o ,x f q(Ol dui

Direct ItgaingvsOx 1 .E .2IE 4

V( 1 ) C, - q u) d. M(X) V0  x - q ti)dt

Id(.I) C, •IxC ~ )ct (X(1(1
fi(3)

) C C jI X, q(u)ch In ternis of solution, Eq. (1) or Tables 1 and 2

C2X• 2E "'3q1)A

2E1 3!I ./l El C~•O 31 3El

weeC, , Ca I C 31 and C, are arbitrary con-
staits of itogrntloa that, when evalhiated, L (t q() d,
provide the doeirod solutioii as the state varia- - El
blon w.O.?. V are then fully determined funcC-
tions of the known loading q.El and the coordi-
natrs x. These Integration constants are se- t•.Ol - 0. Lý(x.O) i. l..,M(x.0) " Ej.
lected so that conditions on the ends of the beam
are satisfied. X2

L1 ,(x,0) • '2E1
Although the integration constants are read-

Ily found for pre.cribed end (boundary) condi-
tions, the task is eased. especially for complex i(.0) - j ,,
members, if the integration constants C,. C2, El
c., and C4 are rewritten In terms of physically
signtficant variables at some point along the (5)
beam. There aire four boundary conditions for (Cont.)

160



131

o I I
9. - v o0 !t 1~ 0. v.1

Lvy( 0 n Lvvi 0 1 I or -

L0Y !L. 0 oF

Tables I and 2 are developed in a similar -F

fnihloun for liellibero with '"fal londs, Jyiug Oil I'q~uliiu
Sfoundltlloi, with variable 1 ro06 6Pelion. With -V , (upr

various specific ioadings q (for example, con- '. 1
centrated force or moment), etc. The loading 1 ! -d:(0-functions for a unlformlV distributed loading % I.. .. I Id•U I i ~ L
spreaali 3'Eg a uniform Euler- Beroulli .. ~i. .I - l (0

are given by (the r. colunil of Table 2) 4

The solution is 2omplote. Those Ramo results
LF ,lo) - 'I~ - • - for the iMiiIM paramet.,is Are found by using
L.( X.o) - LUF(x. .... Table 3, which is simply a tabulation of a more -•

- - general verlIoa of Cqa. (8) afnd (10); Thus, re-
S(6) ferring to Table 3 fur a pinned-pinned bar,

q
- l'rl Lvyl"17 qr i -x -

These expresSion8 are derived by eetting I I,(.0) L.o t.) - L. ( , .0) 1,m0 1.D)v o ]
I()x qI , in the integrals of Eq, (4). o ( (11)

The initial parameters (that Is, constants V,, . fi.,y .0 L 0 L..(f .0) Lip( /.0) _

of integration) of Eq. (4) remain to be deter-
mined to complete the solution. ConaIder the 0. ) 'l.ivi .0)- L(0) l( .0) .

simply supported beam of Fig. 2. The end con-
ditions are Insertion of the compunenta of Eq. (5) in rela-

.(o) -0. ' 0. oM ,i (7) Lions of Eq. (11) gives

€.u) / (,

r--( ~ I ' +" .ir/+

'1 0-
it 18 noted by hnmpection that . -/.

k.l Ul AO0( K ~

" " ° - " ... i •* - k" i.I( d, i --ti,!

The remaining two initial parameters are eval- I
(ig. to Eq.r-k (4).ihu

Uieod by applyinsetinal two at nditions if Eq. f IM (12)
fQi ti-k,+ ~~(7)t to Eq. (4). Thus, _, ;12

I
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forniiy ciiagiaibuttnd toaid . are KVOnA by Eq. (11) t. l L Lv

in whiclh loading funetioni ofi Eq. (8) replaceI. IW -uLv v

thoso of Eq. (5). in thi 1o 0  o o

(13.)

or

-o ( 7
()/4)0~

As Tables 1, 2, a~nd 3 aro fprovidod in tho 15

ton-datons-1 of~ tnterot-, rn any- -1 Utie abo~ve umaij-

pulatiofll need net be fPonducetd. Tho nolintion
to YA given problotie io lotiRad byI

1. olcibg ho o~olint Ll(1 0.L . L., .~v L.

M. V And• k - . 04 . V.) tor the appirapflate bearri Lpa,~0 Lem Lev Ler
from Table 1. 1LR u w u v

2. Minbg L (I ON .Mv) from Table a

for the gim ea 9. L~. I've LvMj L-'1 I1vF

t. Uaing Table 3 to catICilitteW M .MV. (I0 0

4. lnaerting' them~e reaulte in Eq. (1) to
give the full solution. of the fiold matrix appropriette for a particular

section of a boani, io designated by a auper-
f--it LwhaIaa t" folte'l orI

Vxthey cau, be conahldored ais U n hg8 i ctow wreaupo i.3
ItI~OO~CC au pioti~fli "' aI~; the forin

Often field mitric-e for attawtleral teem- ~~I

buruuat WM pod a4ibrujpt lix-ApW1Ca ipU iie nA0 *-

(ior toxasnple, ( aitinuous bewon~) are not ex-

COMPonurate l-,~ (k. j 1 w. 0). M. A) that tnkkof Lhogt~
antorrnodinto Ni~kges Into accouiit wnumt bo de-
velop,4 for th.e whole npzrn. Fortunntely. Iala -

rcquilres only a porfanctory eflort. Changeet t .. ~- . (A 3 a

accounittd for by plecing together, wil, the aiM6 ~(fl, fla)LOfla,% .)10

of natrix It)t~c~tio'tIU DlOWaui
1),hnidL i ol Ube 411 ange,. No asew un-l it all a,4

ýrwowt~~~a ar wArdie byLdpI

to convenienit to vwritt the Rat,~ solitikn of Eq.

(1) h tho wdendod nnafriix fe-rm aA iL( 
3 1

% 4

(17)
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pi --- =juil bea-

M.V)fo c sctaio frm th on 6tal

members~~~~~~ Cu uiip iual (st ep4 oevlttethtii aa e

T~d .aa fllydetrmied o~utoi beaus Ui mters eetd for omerY orbl 3ufor the npook u the
only~ ~ ~ ~~~~~(0 endratunnwsI E.(i retett cmondiints.frec~Bcino h eb

whe pre te orinis notwtar xtl Bvaunt, byo q nary fbasta tu essea
tiec),nalt. ofl solbed usi then manua Is shownIOIIri

01~~~ The *3.Find rat..es vsnig omoiontR for~.(
s., L' il,.se,.O. 20 t ver focrrench shtown areo give Inp tile mtnual

*hiei coresponds t bhehsedond e17)tis ort onf (al )
Eq Id ?)-I. The femirst equation s t ot Eq. (7 h rtcl(ukig iuaal)la o

folwheeteoi~ sfo IutI sroit Eq. Anearray ifbas deiinbyt colowngb ythe firt
fou ste s of Sthet 801naitll ;)D thewn In FIL!-

can b briely smniarzed o felowe:Table3 is ter riciŽ vTalue in ii cr~iticai oRd
~~~~~o 1'. i'ni T ~ )l ilon e. lhogic ore thise Iani athe onu

Mitc.eo roughl the rspIi ons varocedur

2. Find (rie appropto athe scond onenutso inraeiodntl.ThssaeI ieidI

f."ollow MV ortl mme at hund tl aembsi denominatod offllw the repos, q (1. tp

fron bhe brcfild ikiatr, abilev s (felor eam le pTobtes IS ?k thit is.~ -- i tsfun i theInticalloi

L ~ ~~ al 1). U~n ther are ln'I~rlat coinpoens in preame iodtery Thien o s sTatle In3)c.dI
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F+

* ii4 "~ " 'L.,(x.%) 4 0  ( VOLV('.n. )

=-LW 4- ,-.N LMV,( i.n.,

-(23) x a.)

and M~i . ~ 1
V ~

ltime, whiclh are Solutuons of the free motion relations

mass per unit length. V ,t

IIq .t ) l oading• in~tensity.+• ,t

i Tetll frequencies, \ -"xI El

',it'x). -:(XL mode shapes,

M , ) -El d-*

- damping factor (.0 for no Ax
damping),

The components Lk, ,k. , .,mi. vi aye listed
-, ,( , i, and in the form of Table 1. Loadings are accounted

for kit Eq, (22) and are not considered in Eq.
* a function that takes into accouit (24) The overall field matrix that embraces

prescribed time dependent In- in-span changes is developed for Eq. (24) in th,.,
span or end conditions (for ex- same manner as for the static response of Lq.
amiple. dtsplacements) at • , (1)ý The initial parameters. *, ;.. M,,. v.. of

Eq. (24) are taken from tables that p!ppear as
For the Fuler-lDernoull hleam the equations In Table 4. The components L. (k I - u- - M, %)

Eq. (22) are the solutions of the equations of contain a frequency parameter .. The wtural
moteon frequencies -- , (i - 1, 2, 3, 4, ... ) are those

values of for which *f' TflWie l4 v,_•n[i.ie•
- z., The aer e Bbtktul in- solutilOuiC '( x)

El . . H, v1 *', q(',:. \"j, to give the mode shapes
) ,x-, 'I,; . MM'x), Vx~) in eq. (22), Thnt I a

M 1x -El-. -:i •.";NI
The mode shapes are constructed from the v V , '*; .

an' 'l*. L - a,"Thts comp3letes the dynamir . I. t;
t:ea-, tlaiiy :' laeital: unor,,v:•. i ode thiti y t.

SVL.ol,, .n,•. ',-+ .... * ) -td-i h ý ll la'lrt zed Iltm Sofutuon technology is
,C',J.t.) OeIId i.- develCo ljh t oh e 5itshpo8. Thie .lay Of
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S• TABLE 4
SI11ttt | Paramteters for M~od- Sh~apes

SPinned Fixed

: /2J ' A il L , ý Lk i -, o

_ .. -*.,o°- 0 0

wo =0 W. 0 Pne

mo 0 M. M. "

Svo ý - unL -Mv v o mO v

.. . .. -- L-Lý L Lt•w V - L.-lL~v - LMM Lwv ,*( 1) M*( r) 0

wo;0 %V.= 0 Fixed

II
M. 0

n o __0___ M

V6 = -0, Lee V. = -M. LoulSLev Lev

SL%3 L-tL)v - Lo & Lv V LL - 0 LPL:,qUdv 0

thermial or mechanical loadings can be solved •w{I

time varyfikg displacements (Fig. 5). Beanm
theories In the manual include Euler-liernoullt
(.bending only), shear, JlayeitCh (,bending and w w(a,, 't)
rotary 'Insrtta), Timoshenko (bendhig, shear, ,x ,•
and rotary inertia). and gyroscopic effects for Elastic -o- fdatlo
rotating shafts. In addition, acceleration

method (Mtrndlin-G-oodman, Williams) ashlvions Fig. 5. Be•ams with pre-
are contained in the manual because of their scribed dOsplace0medtt

more rapid convergence characteristics.

ABDUCTION OF MULTIPLE approach such as separatMon of variables - 3-,

DIMENSIXON PROBLEMS TO operational methods [41, finite differences [5],
LINE SOLUTION FC, AM and btiffness or flexibility matrices [6,7].

The line so!urn.on method deals fu4e ndamen-
tally with structures posseasing ts chain-1b e SOLUTIOd TO MULTIL!NE

geomet~y. Members not naturally exhibiting PROBLEMSsuch a property must be appropriately trans_- 4
formed beoret line inolution technology can be Cerl classes of problems of which grid-t

apprined. This is accomplished 12)by applying, works or r ,tages are prime examples consist
In all but one direction, a different analysis of multildne topology with cross coupling between
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lines. Cross coupling factors are obtained de- groat on the other end, numerical difficulties
pending upon the particular problem 2t hand during computations can occur. Moreover, the
as in the reduction of multiple dimensinn pcob- search for frequenc Los in V z 0 often entails the
loms discussed previously [7]. The solutions differenceo of almost equal large quantities and
to tlhese multiline problems are analoLgous to again leads to an unfavorable computational
single line solutions The field matrix ele- situation. The determination of higher order
ments in Table 1 are ncw equare matrices of frequencies for members with stiff in-span
order equal to the number of lines. The load- spring conditions or flexible in-span Joints is
Ing function elements as given in Table 2 are particularly troublesome. A variety of schemes
tev column matrices. Equation (15) mhon has been developed for overcoming these dlfii-
becomes culties [8,9], the most effective being one that

segments the member into computationally
1, tractable sections.

Fi
COMPUTATIONAL VERSION OF

S- M1 (26) TIHE LINE SOLUTION METHOD

vl Tables 1 and 2, the most essential ingre-
dients of line solutions and hence of the manual,

I, can be developed aumerically [3,10-121 Not
only can all analytical solutions be duplicated
numerically, but many problems for which an%-

where i (=1,.. ., N) dresignates a line, ' lytical solutions are not available (for example,
I IoV, are .olumn matrices, and n i Is the init certain thin sheUl theories) can be solved by

column matrix. Equation (16) is changed In the computational line solution methodology. The
same manner. Thus field matrices (Table 1) are usually constructed

L ,L Lw M Lo No L, 11 numerically by the integration of the first-order
I , . form of the differential equations of motion. In

L, v the case of the Buler-Bernoulli beam the equiv-
alent first-order form of Eq. (2) Is

L-(x.n) wL' Lm5  LM, M Lmiv L.Mu Fw

Lvy. Lv 4 LV. " Lv V LVF (27) dx

10 ! 101 :01 W0• CI ,

(X.0o) (28)

dM- -

where [11 and fol are the Identity and null
matrices, respectively, of order N. The solu- (IV
tion proceeds now in all respects as before. -X

Apart from the computational derivation of the
COMPUTER CODE basic field matrices, the analytical and numeri-

cal forms of line solutions are identical. That
A FORTR1AN IV computer code has been is, the manipulations essential to account for

written to execute the solutions of the manual, in-span and boundary conditions remain un-
The code Is designed for use in conjunction with altered.
the manual in thai it contains no reference to
particular members or loadings although It au-
tomatically performs the manipulations essen- CONCLUSIONS
t!a! t-) -onstru'.t overall field matrices, to find
critical loado. and to develop st,,ir and dy- Line .olution methodofogy bas its origin
namic responses. [2j in the Gernimn elasticity school of more

than a hundred years ago [131, Its center of
development moved to Russia [14J and then back

NUMERICAL DIFFICULTIES to Germany [15]. Several thousand technical
documents that employ this methodology have

Because the effect of loading on one end of been written- Proponents of this approach te
a very long structural member is frequently not structural analysis laud the simpitlcity and
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generality acquired while retaining H desirable ACKNOWLEDGMENTS
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UPPER AND LOWER BOUNDS TO BENDING FREQUENCIES OF

NONUNIFORM SHAFTS, AND APPLICATIONS TO MISSILES

Nathain Rubinatemt, Vu-iucnt G. Sigilto. and James T Stadter
Applied Physics Laboratory, Tihe Johns Hopkins University

Silver Spring, Maryland

hI this paper we cOinpute upper and Iow-er bounds to bending frequencies
f , inunforin shafts. The rn,.s• and bending tigidity distribuLions are

,1pproxia•ated by piecewise Constant functions. NosUniuformil frae shafts
V often serve as good models for the study of missile bending vibrations.

The upper bounds are obtained from the Rayleigh-Rit. method, the
lower bounds result from an application of recently developed tech-
niques of Bazley and Fox. A brief theoretical description o" the lower-
bound methods is included along with several illustrative exnvsoples.

INTRODUCTION presented here, however, give upper and lower
bounds that bracket the true frequencies of the

In missile (levelopment it is important to missile model, are computitionally fast and ac-
know precisely the frequencies of free vibra- curate, can handle a large number of nonutl-
lion of elastic structures and structural ele- fortuities, and can be extended easily to handle
inents. Foi a missile as a whole the fyequen- shafts with more complicated variations of
cies and mode shapes in bending and torsion stiffness aiW mass.
have a strong influence on performance of the
control system. The frequencies and mode The well-known Rayleigh-Ritz procedure
shapes of such other structural components as is used to obtain the ui er bounds. The prob-
wings, fins, and panels are crucial in their lem of obtaining lower bounds is much more I
aeroelastic (flutter) behavior in flight, difficult, but recent work of Bazley and Fox has

provided useful lower-bound procedures thmt
The nonuniform freo shaft often serves ar are a!pii'saoe to a wide variety of vibration

a good tmodel for the study of missile bending prebleIms [1,21. More recently the authors were
vibrations; in this paper we assutne the shalt to able to apply these theoretical results to obtain
have piecewise constant stiffness and misqs, lower bounds to frequencies of variouB beams
bot4 of which are distributed rather than lunmipd, and sha.fto 13-61.

Although In principle thir problem can be
solved exactly, it Is generally impractical to do THEORETICAL BACKGROUND
so. To obtain the exact frequencies of a shaft
with only a few nonunlfurmities it is necessary The differential equation of the free bend-
to find the roots of a large-order determinant ing vibratiots of a free shaft is given by
wth nonlinear entries. Methods are available
ior finding these roots; however, their use leads dr d2z, -

to many computational problems, as they are [ d1 • 0 < x L
quite sensitive to roundoff error and usuallyrequire much computation time. Other existing

methods, such as those that conceutarate the ,,•Oý i .,, n
mass ;utd stiffness at points or apply difference where
techniques, give approximaations of the frequen-
cies but do not provide error estimates. Con- E1 x) is the bending rigidity,
sequently, one cannot be certain of how accu-
rate these approximations are. The methods x ) is Wte mass per unit length,
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L is tho longth of the shatt, and Lower Bounds

F is the circular frequency of bendiatn The lower bounds arx obtained using the

Svibration, method of Intermediate problems [7-91 with
special choice developed by Bazley and Fox [1).

We assume Kl(x) and .(x) are piecewise con-
stant. Physical con iderations dictate that the The quadratic forms associated with the
solution u be continuous, and E•l(x) .' contlnu- elastic (or strain) onorgy and the kinetic energy
oualy difierentlable over the length of the shaft. arc given by

Because the theoretical methods are natu-
rally exproosed in torms of operators in Hlubart JA(i) -lt'(x)] dx
space, we treat the nduaile as a free almit of. h,

S unit lengtht whie bending vibr•tlone can then
: oe described in the real Hilbert space JY(-V2LIt

* with inner product J()u) J x (x)} dx

(u,v) iv dx. respectively.

As required by the method, jA can be de-
Let composed as

h~i) = £1(x JA(Cu) z JAo(U) # (tu, T~ti)
andI .2ad) m (X) 

h hOLu'(x)3dx f ih(x)-hOj lu(x)]'dx.

Then the above eigenvalue problem becomes (2)

dL [ I o Therefore the operator T, is given by
-- hxI •-X2 (1) Tux)- 1 h(x) -Ito I I u'(x)

d'(-td2)(1)'(1/u) = i(-lx))- h'(1 2)u• O

u-)'2(1 2) 0, and its adjoint T- is given by

where the elgenvalue A is related to the ire-
quency by Tv(x) (x) - h

k - 4"' f2. -il

with domain of definition f'T. given by
The atiffness and mans functions are chosen to
be piocewlie constant and to satisfy )- ° vE•r'(- 2 12)

0 , i1° < h(x) < It
v(-l-2) z v(I-2)

0 < M D(O 0 M.
;v'(- 1 2) : 'l2) 0 O

where h), 1, mi, and ?A are constants. (h(x) -I° , (x).i - 0. - 2.3. .k

We now describe the methods used to com-
pute uppor and lower bounds to the eigenvalucs Here I[, denotes the ;ump in the function at
of Eq. (1). the point .

Also au rvquived by the method, the quad-
ratic for-m Jn can be decomposed as

*We denote by 22(-P 2. 1 2) the space of ,Ill fl" . - tT~u. T.,)

square integrable functions on the interval
(-1 2.1 2). -*f2

tThe frequency for a bearn of length L can be - J PA Lu(i• M'- iM..I' •( ,
obtained froti the equat(on 4- fL3)
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It therefore follows that the operator T2 to where 6' - (-. 2) end t. lthe (.-2)th-
given by positive root of the transcedoental equation

T2t,(x) iM.i(o)!! 2 1- cos I rnsh . 0 (4)

and its adjoilt T* or, equivalently, the `' with odd subscript can
be obtained is the roots of the equation

T;v(xi :M- O(x)' ' * •oi,.)
tali" w, l t h -2 0

with domain of definition

V T - 1 2. 1 2- and the -'s with even subscript can tK obtained
as the roots of the equation

The variational problem
tall' - twd•i 0

SIJ•, 0 The eigenvalues ' satisfy

for variations taken in 'jA0 gives rise to the 0 - £

elgenvalue problem Because the quadratic form JOo is obtained

from JA by dropping the positive term (Cu, Tu),
At Doti - 0 and the quHi rdtp c form• ."- to obtained from J.

by subtracting the positive term (T,,. Tu), the
which in our case is gives~ bu eigenvalues • give crude lower bounds to the

oigenvalues of Eq. (1); that is, the eigenvaluesIj"•x)- A k (x) 0 . satisfy

' -it 2 , ( ) • ,• - 2) '• 2) 0 ,

The lower bound procedure which is de-
This etgenvalue problem, referred to as a base scribed in detail in Ref. [1), pp. 8-12, uses the
problem, is resolvable as it corresponds to tl., first k, elements of a given sequence (pl. Pk.
problem of bending vibrations of a uniform beam of linearly independent vectors belonging to' I ,
with constant stiffness 1,0 and constant maas M. - 1, 2, to eonstruct intermediate quadratic T,
Its eigenvalues ', and corresponding normal- forms that satisfy
ized eigenvectors uO , are given by

0. 1 A i J 1-o b iA- 1,.•a -JA

0 2J0 i Jn I.

. 4.Consequently, the operator eigenvalue
problem

r3 All 0 (7)
obtained from tCie variational equation

Ak F' •0 2 x •Jxla
, - {os. .,co, 2

h.:

. - 2, , has ordered eigenvalues t',, that satilyi

M( % ' k,.1,
, - ',... .1... (8)

sin S [lla 2,× . 4 6 .- "
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The operator elgenvalue equmtion (1iq. (7)) is Al--2 _ !
given explicitly by ____ , ; t C , CO%

l " , :x c t'o 0 31| 2:, x 1.

SI| I AS 7

A. l, t t, j
- 7

PI

w here the constants 1,h and bt -re olemo n ts ,, l, 2(' , S -ll .i n l, i: 
i0j

A-the -At-ix -i6C-rse to that. wit eleeionts -. 6,A.

(Dpl) and (p.p) rospectivoey.

Tie niethod of special ehoico requiros us Upper Boundisit), find veoLors pit Dr tad it' c IP; st~y
2 The upper bounds are obtained using the

well-known Rayloigh-Ritz procedure In which

Swe diagontalize a. symmetric maitrix with ole-
& . . . i1 . mente Rp, 4 JiA(T.,) relative to the miatrix

nd(0W j 5 ,. Where the trial voators , areand (1) i J nOtey(rn ,, - ,

2o 1: p , ... Here we chose modified eigenvectors of theI T~p" base problem, u0 's, as the trial vectors .', .

These are given by

Stch a set of vectors satisfying Eq. (10) is 2 3 .x.
fi1ven by

I .1. t-2,

O,. i-2. ___

4-O-O. 4oOC•00), (Cosh Cos 2 xK *cos cý coMh 20,.
- 3, 5,7.

(cos el cosh 2(! 1x - cosh co 2
0

1 x1. '"
PI. '3 S 7. I

/ Ik

k o )' i](sili'o" sin i?') i \ sinh t-,, S M 2t.x + s, ,,, sh 2f x ..

•[sin: suiih 24!( - siob 0, sin 20,x) .
-si •. 2t 4.6.8 .....

wheore z, - c. 2) ind i-. is the (; -2)lth
positive root of Eq. (4), above.

i ,This leads to a symmetric matrix eigen-
-tic) value. problem of order i given by

M - 2. , P. "1 0. 1.2. . .-

(Cont.) (13)

1--2



We choose k of tile vectors p: old k of the. and 1110 otgeinVlunC 2',. that provide lower
Is bond aan, for niff,.y Written an ",WvOCt0ior p), where :-, -'tr), 1) 111(1I..., y, asat only. Wt e

the - i-th positilve root of Eq. (4) abovo. lists obsorvo that only Heo elgenvrluos 1oss ta .
S. . and k,. 2 k,. (the P.E.) give improved lowvor bounds. Tho

Tio integer n'will correspond to the order of elgenwt'auos of Eq. (13) satisfy
the matrix probleni. Increasing the Integer N
increases tile quadratic form JAL I toward )A -1.2.. .n,
and Increaning the Integer k, decreases the
quadratic form Jut I toward In (sos Eq. (0)),
thus Improving the lower bounds. IquatiOn (0) that Is, they ire uppr bounde.
now, becomes a linacar algobraic eigenprobler,

ILLUSTRATIVE EXAMPLES AHD•, RES UL1TS-

V' "Digital programs that solve Eq. (12) for

lower bound8 wid Eq. (13) for upper bounds
ha~vo been written. The progra.na require only

., -" , ) b ) ,1} - stiffness and nmass data in atundard ongineoring0. unite. All nocessary •oInvereiOns. matrix con-

structions, arithmetic operations and inversions
(,1) are done automatically by the programs. A do-

tailed description of the prograns and their use
or equivalently In matrix notation Is given in our report

tO + 3 B' , - l - 61 0o (12) We now give the results of two samplo
problems. In both examples we have used, as

where we have written ," for the transpose of a model for the missile, a shaft with piecewlse
The egenvalues ,together constant bending rigidity and mass per unit

with those determined from Eq. (12) are, when length.
ordered according to maganitudo, the eigenval-

k01. k j that provide lower bounds according Thle first example treats a simple case
to Eq. (8). that illustrates the type of results obtainable

from the procedure. Figures 1 and 2 give the
The eigenvalue \0 is the lowest per- bending rigidity and mans per unit length. Tile

sistent oigenvalue (PE.' of the base problem, bounds to eigenvaluos obtained from 15th-order

I f I

4 %

4TIFFNES (if bAft FROILUC

020 100 zOO '$0 400

6COY SIAT!ON (MC•CIC)

F i .! Bending rigidt , f ,. m isctle
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Fig. Z. Mass per unit length

calculations are given in the last two columns TABLE 2
of Table 1; the corresponding bounds to the Bending Vibrations of a Missile with Piecowise
first 10 frequencies are given in Table 3. Both Constant Stiffness and Mass
coaulations required 0.03 hr running timo on (Bounds to Frequencies (Hlz))
the 7004 digital computer at the Applied Physics
Laboratory. 16th Order Ul.th Order

-iLower Bounds Uppoe BoundsTABLEIg 1I •sI ts
Bending Vibrations of a Missile with Pieewise - . t, _ _ _' ,,=

Constant StiffnOss and Mass
nound_ t~o ýtEvigonvam) 1 0 0

T - I 0 0

S15th Order 15th Order 3 0.28361480 0.28574357
Ilowor Bounds Upper Bountds 4 0.74422033 0.75034720

SS 5 1.4070608 1.4163526
- . . 0 2.3983000 2.4049617

I 0 0 1 3.5472927 3.5783595
2 0 0 0 4.9511909 4.9875345
3 533.36904 541.40554 9 6.5410705 6.6071054
4 3072.6719 3733.3126 10 8.4954400 8.53302966 131271.000 13301.066

0 38142.218 38351.8327 131417.21 48051.027 Our second example treats a more realis-
7 162550.79 164045.92 tic missile structure. We have used a model

0 283705.27 289462,44 with 16 diecontinuittos In beading rigidity and
10 478505.63 482810.00 45 in mass per unit length (see Figs. 3 and 4).
11 7428b5.8& 761370.07 The bounds to frequennici, resulting from 10th-
12 1006716.2 1130130.1 and 15th-order calcunltions are glvea in Table

13 1572879.4 1611112.0 3. (Notice that the higher-order problems give

14 2205110.9 2304083.2 improved bounds.) The combined running time

15 2450319.5 3276015.0 bor the two cases for both upper and lower
bounds was 0.17 hr.
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TA13LE 3
1loning Vibrations of a Missile with PlecOwiau Cunatant Stiweas and Mase

S (Bounds to Frequenieso (lIt))

10th Order 10th OrJer 15t1h Ordor 18th ,Jidor
Lower Bounde Up)psr Bounds Lower Dounds Upper Bound@

- j i,° f" St

S1 0 0 0 0
2 0 0 0 0
3 3.443006 30.340530 1,5.563020 38.009800
4 a2.0018$ 02.241065 83.072340 90.358313 I
6 - 109.25000 W.73000
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The objective of this paper kb lz2 develop a miettiod to predict drniage to an alumitnum

uperi-iram~e strocture subject t,, ,q~uid p~ropellant explosions..

uiucted under Project PYILO. which is jointly sponsored by NASA and USAF. This project
F includes an extensive serien of cxplos~oii leatu using different luodsii of cryogenic anid

I ypergolic rocket propeillants. The test ntructures were located along lines passing
through ground xero and oriented lIZO d&,rees with respect to each other aind at distances
of Z3. 38. b7, and 117 feet. respectively. U.'or the center of explosion. After each test.
damaged structures were phutogixiphod, -i,0 -truin reipoifise" were recorded by "lagnetic
tape. Laboratory testing was also coniduct. ' determine dynarnic characteristics of the
open frame 'tructurc.

Basaed on theset data. analytical models fir the tebt iltructures were lormuqlited. Dynamic
reipunsrsisturcsseaj And displacements) of struc~tural memrbers subject to equivalent tri-
angiiar w-.pilsivvloadings~ werl evaiahaid. Tilt, c1 .riterioni for easch individual

Ilecmrison between the analyticall and the experimental cerults is considered to be

1atie-fctr -0 -Tt P___________ -i IN

INTRODUC111ON of Engineers. Ohio River tDiviston Laboratories,
and tested at the Air Force Rocket Propulsion

The sudden release of liquid Propttllasit Lalwratory, Edwards, Calif., tunder Project
energy could creat.z impulsive force sufficient PYRO, which is jointly sponsored by NASA and
to cause isubstantial damage (or destruction) to USAF.
surrounding Structures. Consequlently, pro.
catut ions must be takcon to iminimiize such de- 'rest structures were placed in the test
structive effects on structures by p~roviding area along the three gage lines passing throu.-h
adequate loading criterip for propellant ex- ground zero and oriented 120 degrees with each
pilosions and practical design techiniqules for other, and were Spaced at diatances of 23, 38,

*selecting structural niineiibrs. nie purpose of 67, andI 117 ft, respectively, as shown rin Fig. 2.
tllis paper is to report the developirent of a After cacti explosive test. visual exarnlnation
melithiod to predict dnlatle to open f rame st rue - wis 11iNIP of (daii;%ge Occurring tu structural
lure&s ulbject to liquid propellant lo~plosions. inenibers, and phiotographts of test structures

were taken. Examiit~atlon of dauuagcd structures
LThe typical structure to be investigated cif has revealed that the structural damange Seven-

L this report consisIts of an open-frameC, Alkinit- ti ci are directly related to tihe propellant y~eld~q
nun tbuarstucture, as Shawn in Fig. 1. ndteitances from grounid zero. The re-

designed and fabricated by the US. Army Corpe bulls of current exploSti'i tests werq compiled
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Fig. 1. Aluminum open-frame structure
S... . •_used during P roject PY RO tests

0 " TEST STIkJCTLM[ .

/ I"Lo

- - /.. 'X ".\

\"-/ •. . -+

- / C C I..•- ,•-;
"(GOAGt LIMt AQ

Fig. L). L.,a ost of test strtuc:ture !Oc'.:tIOflS

,and loted in Table 1. The structural da+mage 3. Deformation of dtagoneais IFW.. 5). •severities call a19.o be classified, according te'thle deformatlona of indi,,ldu'l structural mflere- ,I Deforma.tion of coiumns (Fig. 6).
bers, into the following four biasic categorfea: 

-Analytical pr'oceduries to predict critic.al load- u

1. No damage (Fig. 3), i'ig• foi" which structural miemblersl will fail, are2. Defor~nation of bracings (Fig. 4t. therefore, of practical intcreit to desgn engineers.I
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TABLE I -
Listing of Teats will) Available Photographic Evidence of

Structure Damage and Measured Equivalent TNT Yield

___-Measured j TNT~ SY~l
Test Charge Propellant Distance Equivalent Equivalent Used in
No. (IL Type 0it) TNT Yied I Charge Fig. 12

__ (%) Il] J (lb)

192-A 1000 LO,/RP-I 23 10 100 L 1
192-B 1000 L0 2 /RP-l 38 6 60 A 2
192-C 1000 LO 2 /RP-! 67 9 90 g 3
193-A 1000 L0 2 /RP-I 23 15 150 ,1
193-B 1000 LO 2 /RP-I 38 15 150 01 5
193-C 1000 L0 2/RP-I 67 12 120 * 6
195-A 200 L0 2 /LH 2  23 60 120 0 7
195-C 200 LO/LH, 67 40 80 * 8
209 1000 LOyfRP-I 23 10 100 - 9
209-A 1000 LO 2 /ftP-I 38 7 70 A 10
209-B 1000 L0 2 /RP-I 67 10 100 Oil
209-C 1000 L0 2 /RP-I 117 11 110 *12
211-A 1000 L0 2/L11 2  23 7 70 -13
211-B 1000 LO2 /LH 2  38 4 40 0(14
211-C !000 L0 2 /L11 2  67 6 60 *15
213-A 1000 LO2 /L11 2  23 15 150 J18
P13-B 1000 L0 2 /LII, 38 15 150 17
.13-C 1000 LOZiLH2  67 1 150 *18
262-A 1000 LO, /LH, 38 28 280 F 19
262-D 1000 L0 2 /LH, 67 30 300 *20
266-A 1000 LO,.'LH2  23 7 70 :721
266-B 1000 LO 2 /LI1 2  38 8 80 22
275-A 25,000 L0 2 /RP-I 67 1 250 J23
275-B J 25,000 LO 2 /RP-I 117 1 1 250 *24

In the following ar.alysis, the determinat' Unless the open-frame structure fails as a
of impulsive loads generated by liquid propel whole or in part without plastic deformation, it
lant explosions will be investigated. The w.ý- is reasonably accurate to consider the struc-
lytical models will be formulated to prcd-ct ture as being subjected only to drag, neglecting

yn. .ami,,- thie impulsive londing ca•used by the averpres-
explosions, sure. To simplify the loading funf-tion, its shape

will be aseumed to be triangular, as shown in
Fig. 7, with the same positive impulse as Utat

DETERMINATION OF LOADS ACTING of the original. For ihis reason, the duration
ON OPEN-FRAME STRUCTURES will be called equivalent duration, 'qr, aud the
CAUSED BY PROPELLANT negative phase will not be considered. Another
EXPLOSIONS important subject concerns the TNT yield of

propellants that provides a way of relatieg the
Once a propellant explosion occurs, a propellant explosions to TNT explosions, as far

shock wave is generated. It moves outward at as the pressure-time hint ory is concerned.
supers-.tc spec! umiL is ' .owed by a high
v/i a;city hut wi id on tile suck feont the preq- The TNT yield is defined [ 1 as the amount

f the at, :ses ahnmst instantaneousl to )f TNT that, if put at the position of the propel-
, value, p,,, to decay rapidly afterward. i."t explosion, would produce the same value of

dparti-c,,ar shock wave parameter at the smiie
For onen structurý s corn'sc- .only of distance as thiat of the propellant explosion.

beams, columns, trusses, or other membec.t Now, if it were possibie to determine the TNT
with only small area, oppositig the blast, ea.th equiva en: yield for each type of propellant, 'lie
member receives an impulsive loading caused loading tunction c-tused by a propelLlat explo-
by the overpressure, and then is exposed to sion could be predicted. Unfortunately, this
drag frunt the witi 4ccompaitying the ist ! cooul only be done in the far-field region, that
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Fig. 6. Test structure with damage tu columno

• N•..series of tests. The air shock parameters

caused by liquid propellant explosions have
.•%,been invest igated in Ref s. [ 2] and [ 31, and a

"71AGLA SA design chart was developed in terms of liquidS/.-- •'A, OOL• •,•tpropellant explosions pa~ram eters, nam ely, the
S•*c •apeak dynamic pressure, q.., the equivalent
Sphase duration, t.• tile distance front ground
•- ~zero, R, and tihe equivalent TNT yield, WTr. This

chart. shown ia Fig. 8, provides3 -a, ,ery convert: -
•- • • -tent loading criterion fo~r evaluating dynamnic •
•: ..... respoases of open-frame structural members. -

1-11. 7. 5implhfication of the ANALYTICAL MODELS

•. •sto-.-It) the current analysis, attempts have been
S~made to formulate analyticMd mo-lels for indi-
i ~vidual structural members, rathecr thanm treat- •

•-i. al large distances froma the point of explosion nthop-faesruueasactios
.,-here thv air bltpar-ameters are functions system, and also the dynamic instability prob-
ýt ly -oi !lie iot . 35r ..ry released. In theo close- lenis were not considered in tihe ,analysis, T ile
.;eld re'gion, the i-.r blast parameters dependi on assumptions made, on the structural systenms
many other factors, such as explosive -mass- ae -

-• ~to-energy ratio, rate of ener-gy release, initial 1. The inerwbers ALI. DC, DB, and AC are !•

S- o_.

!-air shock vetoeity, chemical proptrttes of ton not subJected to wind. 'oDad.explosive, and others, a additon to the totalF i t e s h 2. Am l the other members re loaded by

L ~~~~~~TNT equivixantt yield rannot be found for the uuonl itiue yai odSclose field, and the only approa a is to find its eri The structure is symmetrical with re-
iprobability dtstrihtlon 1y means of i4 hog -3pect to tdg e center For this reason the analysisu

prplln eposos aamtrs1aml,1h
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Fig. 8. Estimated peak dynamnic pressure (q,,) and equivalent
duraion ip~) for propellant explosions relatdt , snc Rand equivlenin TNT . .,

can be concerned With half structures, and only itwo-dimensional problems will be involved.• -, • + ,,I•-

4I. The struts, A13, DC, and the upper ,++. tl.,ii...
cross-bracings, AC, DB, are assumned to be "" "" " °----•
infinitely i igirl. L t'

""I

N N+

The matlhematical model for- diagonals is ._
shown In Fig. 9, which is essentially a simply
supported uniform beam subject to end loads, Fig 9 Aiialvtka.l niodl..
R..( t). The m athem atiteal m odel for struts and fur d iag oua1..1•--

braeings; is shown in Fig. 10, which represents-+
a ipyupotdmfombar.Clm stirfinesses of these beam: members aeequiv- •

KN

members of the open-frame structure are pre- a~lent to tho~e of the structural members. ••scnted by a uniform cantilever betun model, as :._
shown in Fig. 11, subject to a concentrated nor- The forcing functions for the aforementioned

real !.oad W( t ) and to an axial load R 1( t)I. The structural members are defined as follows:
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Equations (1), (2)a (3) are valid only if

JfflTTTTiil Fig. 10. Analytical 0 t (4)
tmodel for Biruts and

bracings and all the forcing functionS will vantsh when

DAMAGE PREDICTION

The fallure criterion for each indilvidual
S"! wrn mrn structural member is defined by the loading

pItIIiil41 iii i l M N condition for which the maximum dynatmic
* stress exceeds the yield stress of the struc-

tural material. To determine dynamic stress
_______ _____ of the open frame structure subject to liquid
______ I propellant explosions, the following equations

of motion are used to evaluate responses.
Fig. 11. Analytical
model for colunmns The equation of motion of the diagonal

member is given as

'•4yd Yd2
2
Yd

Diagonals: E Y -yd -Yd
-l r) n Df- R (t)-- )(

q- 1,,. (la)
where

Rax(t) 190q • (lb) E = Young's modulus,

Brac ugs and Struts: 1, = moment of inertia of the diagonal, and

Ii = mass per unit leng.h.
q 2 (t) D~q,, (1- t .(2)

Similarly, the equation of motion for brac-
ings and struts is given by

Columns:

tl(t Dqoi I1- t3a) EI2 - (7)

I ) (3b) where

ioment of inertia of bracings and
a(t) - • 3qo (i ,- (3c) struts, and -

m2 = mass per unit length.
where

The equation of motion for columns cran be
D, = width of the diagonal and the found by using the normal mode method and is

column, given oy

D= width of the bracing wid the t. t t (8)
strut,

i where

q loading pressure given by the
dynamic pressure times the shape of the first noruial ,node =
proper drag coefficient, and os Kx- cish K%- 0 734 (sin Kx

constants determined by static I 11h Kx

analysis. K- 1.875 (9)L
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P(t) - normalized coordlaate which is 2. In Eq. (11), the reaction, RP ti, has
IF obtained from been neglected to increase compressive stress

caused by bending.

I+
- IA The damage criterion for the test structure

S(10) is defined as the maximum dynamic stress that
exceeds the yield stress of the structural ma-

. terial; the yield st'-ess for the test structure is
assumed to be 13,k )0 psi.

Rer f The minimum impulse loading with peak
Q n fodynamic pressure, %., and its equivwleat

4 duration, ,I, which causes dynamic stress

I- ( y,(x) dx .W(t) y,( (I1) startIng to exceed 13,000 psi is defined as the
critical loading. For the case of the diagonal
which Is compressed by an axial force, 11-( 1
the critical loading is also given by the critical

U - C na l i ed mass pressure causing the diagonal to buckle. This
critical pressure, q,,, can be found by means

IL =Y of Euler's instability formula and is given by

Iy(x) mdx , y2(L) hi
12) (16)

where , 1 ,

= mass per unit length, To check the validity of the analytical mod-
els developed in this paper, the critical load-

U, f concentrated mass at the free end, ings for columns, struts, diagonals, and brac-
and ings have been computed and plotted in Fig. 12,

and ae designated by curves C, S, D, and B,
= moment of inertia of the column, respectively. These curves also could be used

as damage prediction curves fvi individual
TThe maximum stresses for the diagonal, members. A group of selected test results, as

bracing (or strut), and column could be oh- listed in Table 1, has been plotted as test points
tained by Eqs. (13), (14), and (15), respectively, in Fig. 12. These test points are designated by

four types of symbols and are evaluated accord-
l, ! ing to actual equivalent TNT yielu and corre-

* 'x A(d x) (13) spending test ranges. The comparison between
t Add the analytical and experimental results appears

S.... (14 CONCLUSIONS

The following conclusions can be drawn
IEl, *'yI Rii, from the present analysis:

1. The analytical models for structural

members developed in this paper are consid-
where ., s, and A represent, respectively, the ered to be satisfactory to predict structural
61j.s, section modulus, and cross-stctional damage of th- aluminum test structure.
area of structural members.

2. The extension of the present method to
The procedures for obtaining solutions for predict stiuctural damnage for general open-

Eqs. (6), (7), and (8) are quite straightforward frame structures is very promising.
and have been documentedl i- Ref. f31. Tite as-
sumptions made In the derivation are:

ACKNOWLEDGMENT
1. In Eq. (6), the axial load, R, , (, acting

at the diagonal is treated as constant and equal "I1"-" paper presents the partial result of
to one-half the initial peak dynamic pressure. the work on sZructural damage prediction
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DIEVUSSION

P. fthrnt Atpp1. Phyr, Lab.)- ODd yon related to these little structures. I had nothing
.have W p I--i=to d zw it t0 do with setting up the test explosion program.

thinge were burning. i Just used their data. I know what the fuels
were, If you are interested. 'they used hyper-

Mr. Rosenfield: The things which you taw golics which were N204, 50-50, and cryogenics
b~rnin, were bit o urethane Innulatlo, tront htich were LOX RP-1 and LOX hydrogen. They
around trio cryogenic portion of the lank. There had a glass diaphragm within the tank cparat-
were no thermal probletus whatsoever in the lag the two portions. A plunger was driven into
field, even though occaionally the atractures the diaphragm by means of a small charge of
were ongalled by ithe fireball. The duration of composition C which was exploded on top of it.
the tempierature wab so allort - A matter oi it shattered the tempered glass causing the
milliseconds - that the temperature (id not af - oxygen in the upper tank to fall into the hydrogen
feet ihes0 at all. or kerosene in the lower tank. There was mix-

ing and, with lhck, an explosion. Sometimes it
G. Dyer (Waval W _ancis Station): What froze.

type of provlkIontI u Lake to as.ure mixi•g
the propellant to give a high-order detonution
before ignition? Mr. Dyer: Approximately what quantities

oi propellant did you operate with?
,Mr. Ro,.nfleld: This program was not

ni-ne. Tin s -projlect jointly sponsored by Mr. Rosenfield: The smallest size charge
.1 tASA Kennedy Space Center, Marshall Space wao 200 lb; the next was 1000 and they went to

Flight Center, and the USAF. It was called 25,000 lb. They exploded one Saturn S IV with
Project PYRO. The part of it I had was strictly 92,000 lb and two Titan I's with 113,0(69 lb.
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SIMPLIFIED DYNAMICS OF HARDENED BURIED BUILDINGS

Be I e e poneLaboraiturie it, 1gw.
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Baleiic hea modlusof eastcityN,. A constant reprcesenting the ratio of

(o r soile s e i o u u f P a t c t b a se ala %b d ef lect io nl at rnid sp an , r ,
tor oilto the average el~b deflection, r.,,~

Ii Height of a IVInt on a coluln". mleas-

ure trin ixe bae0 Fractioft of ctittical damiping

I I UIlght of columin R adiu a

I Mornten of inertitt Ri Reactlion

SSilring or sliflfnoits coafliCItrnt R~E Reaction. equivalent eysten,

iA Stiffneoss coefficie'nt, actual systemw R R, R ieactions aisouciated with locatikOns
1. .).,

kE Stiffness cootficiellt, eqUivalent I(rsa hcnsd~ld1
sy~~~t~~~h~~i ~Tinic,orlaticnsipndg

I It U , tiftnesfl coefficitents associatedRIstMefrFad epe-

with locatians 1., 2,,. ,t, Risetlfleov n Frfp

kj Fouindation ivi&~.1i'9 !Psl/'0i U IatwvevLCt

I(.Load- or spring-tirailsf0rniatioil V Velocity
factor

IKM tass-transflormition factor VA Velocity, actual systeml

KU Dynamic muasa-tranolBorniationh factor V11  Velocity, equiva-101t systein

%Cl D~nVL~iC nifaas-traMsformaltlifl factor '~,. Seisfliic velocity in 9011

for colUmnl VA, t V Volocities at locaLtions . and 1,

*, Dynia-Mc rnaas-tranSforiinatin factor respectively

for slab Total strain energy, actual 5ystemI

1KE1  Kitietic energy, actual Byetem" V, Total strain energy, equivalent

KE, Kinotic carg.e(lv aIr-nt fYt" VS "

Masper unit le-ngth Ibeanm), per I horizolntal cc -Ainate of orthogonal

unit height Icolunin), or tier unit evs~n 
An

area (slab) na
v liorizontalt coordinate ot orflthogon

%I Total Ini5ws ~' Vt

M, Total iastit, ~ct~jill systemi Vertical coordniiatt of orthogonal
8ystent also, vertvida detltc -

ME Total inass,, equivair-flt syftel~l tl

Total equIvalent niasses .' COPIiPQ- IV '.el tal detlectbull. Actual %5)te"I

nenita aSSociajjte with iucations 1,
2 . .

Ver~t icall detle-CWItn, equiA.lent

,,Numoor
r, VeftO2ei declC.tio~n at hase ofLt C sll

N, A constant ejit JtcinaUlo0AY1

NI A constaint representing the rativof A.-.t  a

bjase alitb dePection at it columnil. rta-idlc , fas aht

tothie 3"CrAge slab defleci.f .. tition



SVertical dceiection of base slab at mid- Maity haralened buildings follow this gneral
span descriplion, and one of this type his been chosen

to illustrate Mhe application of lthe anedzod pre-4
SAverage vertical deflection of bitse s1ab sented here

Vertical deflectioni of grourid caused by
ground shock REPRESEN'TATIVE MODULE-----

Vertical velocity of ground caused by With the exception of a sinall portion along
ground shock the peripheral W.1118, the building described

herv can be thought. of as being composed of

it Vertical acceleration of ground cau~sed identitcal modulea - vertical cores, extending

Poetions of slab supported by a single columni
7 '3 Vertical deflections assuciated with loca- at lthe center of lthe core The soil below the

r, tions 1, 2, ,biisv-slab citnponent it; included vs part of the
module. Figure I 4s a c-itaway view of the type

i 2 Vertical velocities associated witi, loca- of building ben onsidered, with a representa-
io(011 1, 2.. tive module shown xemtived fromi its position

in the building.
it~ij. Vertical acce~erations -Associated with

ilocations 1. 2.. Because the sectaifis; of roof and- flutor slab
included In a representative module are only

a,2,where m is an index those portions supported by a single column,
a, were is inex tanutd if ac ad tie edgject toltesa i a uio moydile

where m is anindd tiftedc bloab, ihe egsuboeth to bsl a uiomoydul-
are Iines of zero shear. Consequently, the re-

A constant whose value depends upon sponbe of a niodulc Lu ast applied unifurni ovor-
indices mn and ipressure may not appreciably affect the re-

sponse of adjacent modules, and every module
Vertical deflections, relative to ground, should respond dynamically much like every

aassocitated with locat i ns 1, 2, .. ,. other module. (See Fig. 2.) If one allows the
valtidat oif this siniplification, then only one

Vertic.al velocities, relative to ground, module need tie anralyzed to find results that
ansociated with ka-ations 1,, 2 . applyIi La mst of the typical building. k

Vertical acceleratitine, r-alative toJ
ground, associated with% locations 1, 2. ANALYSIS OF TIlE MODUITIS

A twk,-st.arv Wuildinig wilit be used as an
Po)sskria's ratio examplte The cannponetits tif it nodule (or thisQ.i

bauilnang include ýa) a roof slab, (I,) an inter

NYLiss dvilsity of slab inecd~ate slab, (c) a base slab. alllaJ (d) asid (e)
th~e two coiumn camonlAnents - that between Ltie

Masrý densilt, ,( soil i-oaf andi int,-rnieadlalc slab and that between Inc
un~n~to~~a ei-iatt and bEeo.

Annulr freuencyThe%;e five co~nilioigtnts will be corstderedf

individli.id1y A clvn~uiui misdel will le dei4pt -

TV PICA 1 131:11 .1)IN6, '0111d fIi e~ach I a1a mpneamt and the five cullipo
tent !i',del9 xvit then be synthcý;3zed into a

A c on-tin typ~e atf hardened Liried Uimiloiiit iiitxdaýl fmi thae entires module. The r-esponuse of
i s a n-uoltifhcaor reiniorced -concrete structure V tis iathemei,~:. al nodel to in Iutits analogous ta

S~.,..i;F~i~il~a~t jjg .. zui--i:ast aiim. awtrudha Ahazt- i wil repre~ient thc

spaced i.vpnl; sitt the two dtitecti'nis p-Iralile to wi~llhI-repi'v~vit~tive A~ th aaton thei

-it,' liaailding walls andl exteiij thrcugh la-wihalu .uilding-
ilatŽ!; from thea r ,~f down ~a .n-- sltal th.;
acts w;i a ain-t toundlati-mr. Thet ent ' c staoi Att rl~~tsi hul-ald'fig responaise has Licci as -
i~s 111awiattllac -- it I o-lamtiii '-'1Ut fluzam- cs~gi .iuui-.1 ai 1. litn thVs oifal"SX Elanstl. autill
c-fllc~t ions taii wee-i; ii r ý-i.tt u~-~ c..lurmns loo rpsq1--uisc Lit a--'s ti,. hre ;niphaa 1 ;ArfC- .l
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S~Fig. I. Typical b, Iried building with module removed

4W

S• | building component. Here, we will create such

S~~then couple them together to form a synthesized .o
S~mass-spring model, and determine the response
i of this combination.

The aim will. thus b~e to represent each

S:•::•'-rl•component of a module by a lumped mass and •
I ~linear spring anld to develop the transformation -

factors t~hat must Lie applied to the actual loads,

SFig. Z. Dynamic response of mono- stiffnesses, and mnasse.3 to make the responses
lithic slabs and columns subjecte of the simple mnass-spring models equal to the

S:to ovcrprucourv. Th~e reapcn~e . responses CI t ~its .1 ctui vpolet-,ts-. In 'the
any location in a rnodulc shotald equ-,! -analysis to follow, the module and each of Its

[- ithe response at the corresponding components will be referred to as the actual
S__-locat~on in any othe r m~odule (z x •a system, witl the ideatlizeu ,models will 1),o re-

S~Z4 z). fer'red to as the equivalent system,

S~The loftd-trartsformnation factor, K.
•= permanent act, no development of plastic relates the loadi applied to ti~e equivalent sys-
.: hinges, nor any other plastic failure in the tern, Fr, to that applied to the actual system,

structure. This assumption will apply through- PA. Its determination, and hence the determi-
ouJt the discussion. nation of the load applied to file equivalent sys-

tem, is based on (lie crilc~ion that, in addition
to the deflections of the two systems being

Equivalent System equal (za- - z), the strain energies of the two
systems are also to be eQual (WA - WV). Strain

= ~Norris et al__. [ Ij show that a simple niass- energy in a function of both tier applied load wid
: • spring model Fcan i4 used to represent the re- deflection of a systemi; hence W'(FA, z4, - W'(FE. ,•,

Ssponse of a real building component. With the and as the deflections of the two systems are
i - use of appropriate load-transformatton and equal, W(F^) =W(F.). From this it follows that

mass-transformation factors, the response of the ratio of FE to FA is a const~ant, which is i
the inast-.spring model can be made Identical defined here to be the load -t r~isformatton
to the actual response of some point on a factor, XL :
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SBIliggo !21 and are tneseated in tahular form in
1 ,, Fit; 3. On the repreeentalive module, the

transformation factors apply to the area of the

It should be meontiond thiat, because the roof-slab component outside the column capital,
riifnseis, k, of a system it equal to the Inad as the column capital ta considered t- be In-

:1tvldcd hv the deflectin, the load-trantsforma- fleu.itle TIlhe w erpresoure load on the roof

tion factor here .S equal also to the rati., of kE Over Whe capital io carried directly by the

to ^kA. Therefore, KL will also serve to evalu- column.
ate the stiffness of the equivalent system. rlhf trannsformation factors are•' general and

"The mas•-tirnsformation factor. k.. apply to any uniformly loaded concrete slab

relates the masB of the eq•iivalent system, M., supported by an axray of columns. They need
to that of the actual system. M^. Its determina- not be derived, therefore, every time such a
lioot is based on the criterion that. in addition slab Is analyzed. This is fortunate, because the

to the velocities of the two systems being equal derivation is 'ong and complex. Biggs' deriva-

(\'• v ), the kinetic energies of ,he two systems lion of r involvtd integrating the expressiun

are also to be equal (KE& - KE.). Because kinetic for kinetic eaergy across the slab in two direc-
energy is a function of the mane and velocity of lions and equating the result to the expression

a system, KE, ttAiV•i . KE(ME, V). and bc•aeso for kinetic energy of the equivalent system,

the velocities are equal, KF.4M. - KF(tME), Thus ( 2) • v 1v. Biggs' derivation of KL tnwoived a

the ratio of Mr to MA is a constant, which is de- similar Integrating o' the expression for strain
fined here to be the masstransformation fa.- energy across the slab and setting the result

Stor, xK: equal to Wte expression for strain energy of the
equivalent system, it 2)FL'z.

My
KU From the table of Fig. 3, the equivalent

stiffness of the roof slab can be determined ot-
rectly for various values of d. a -- the ratio of

If the mass-spring models defined by these the width of the column capatal to the center-
transformation factors are to be reasonably to-center distance between adjacent columns.
accurate representations of the actual compo- In general, the actual stitlness of the roof slab
nents, some modification must be introduced to approximates the relation
account for the dissipative nature of building
materials. It is often "sumned that viscoelas- -E [1 4 (d
tic damping adequately describes this dissipa- A

tion. The equations of motion are then modified
by introducing a daJrping coefficient, C, that Because kE KL k, and, from Fig. 3, KL 8/15,
repreaents some portion of critical damping.
This procedure will be followed here, and will 8 El [ (dy]
be explained more fully in the following sections, -v [185, 465

The derived factors of Fig. 3 make it poe-
Module Components sible to represent the roof slat) inatbhematicaily

as a simple maas-sprinal system. To complete
Roof Slab - Imagine the roof slat) to be in- this model, it is necessary to include the effect

finit1 inare.- It is supported by an array of of a viscoelastic damper - a "danhpot"- that will
equidistant columns, as described earlier. The account for energy dissipation in the actual sys-

dynamic response of such a slab to a sudden tern. A damping coef(lctnt that defines the
increase in overpressure should be primarily dashpot Is usually expressed as some fraction
in the first mode. In that case, the most severe o1 critical damping, where the coefficient of
vibratory motion would occur on the slab at the critical damping is given by

61 midspan locations - the centers of the unsup-
ported areas within each [our-column array. (: 2 % kM
On the representative module, these points
would be at the corners of the roof-slab com- Because the roof-slab component ha been rep-
Sponeui. The, ftr_,5_5•-_sprti~g Pa.!! to; ,e dened resented in the mass-spring model by "m equ-v-
for the rovf iilab component should represent alent stiffness coefficient, k., and awn equIvalent
the motion at sut1 a location. mass, M., it is possible to express the equivalent

value for the critical damping coefficient as
The stitfnesses and load- and mass-

transformation factors that apply to a slab
supported by columns have been derived by -C 2 kF M1
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dI

a 9

ca nt - tn.--t- di t -c b" - ad, ac-, -I a: I
in agfitde te ivi tth of iwdi,t CI , I

0t , width of -cl.. -pit. 1 (I i I I

R Yownsge ,.wduli,. "f elasticity for *141 (psi)
I*aversor of gros md, s trt tst. tloewe fftwent.e~ atf rinrtiu tier

unit width. cwartl in both direction. ( in i

IF total uniter, load no~ slab poa..l nt an*t aaidu~. *CIedLsln@
P • umn caolit di - -tb)

, tot-l reaction of on atslab panel, etilutlnig capital )lb)
Ill +I eter. kaJl In abOt , d aetl l io1 4 n

a R-ff . "- !I- ..
Strain C ClefL.- ! TrAnafor+ Tranafor.

r Rons ant. in t, a.ons i arc t , tons of m

(ii.'), cay be aptiro'irtaated by the ettptetaiOtl !ISS I ,485(gd ay!

Fag. 3. Load- and maas-tranisformattonfactors for uniforrny loaded flat slabo
.supported by a square column array

X Cfrom a table by liggs)

S If the fraction of critical damping to be assigned This is the expression ncned in Fig. 3. (Norris

+ Is represented by Q, ahe dashpot is defined by__t .I.nd liggs present bthe development of dy-
.!)e coffmcaybt eptrnes IoiuRSn I4a6$d ia ota.-

Ir. = 2I��factr Intermediate Sf!o uf Belaty• ld tflo-tsra
I builsfihg ixpbeing nolyzed here, only oneoit

bul~ is bigaayeheeonyneinter-

and Is inserted parallel to the linear spring in mediate slab exists. A three-story building

the equivalret model. Values for Q from 0.01 would have two, with three coluni componrnts,
to 0.03 are reconmended (car deflections of con- and so on
crete slabs within the elastic limit.

Unlike the roof slab, the intermediate slab
The dynamic reaction of the roof-slab coin- has no external load applied to it. The dynamic

ponent of the module Is, In turn, a load carried load on the columns is therefore equal to the
by the supporting column. The total dynamic slab reaction, R. where R In this case is the
column load would be expected to equal this reaction of the intermediate slab. The slab
reaction of the slab on the column plus the thus can be represented by a anass-opring oacil-
overpreesure load applied directly to the col- lator with a base excitation equal to the motion
tinn through the column capital. ... .rhqas thanu -O-ld occur at the ,lnb/eolumn Junctions
found, however, that the dyn i-ic colmun load in tWe actual st-ructure. A-- wifth the rvof slab,
equals the gum of three load components - the a dashpot must be incorporated in the mcdel to
overpressure load applied directly to the col- account for structural damping.
umn, 84 percent of the dynamic slab reaction
on the column, plus 16 percent of the overpres- The weight .f the equipment carried by the
sure load applied directly to the roof slab. intermediate slab is here assumed to act as a
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,iniformiv d~istribute arJ!e~h attache-cl I! the Alai'. tiecause. as d~uc osged td~dyT i.quvai1cnt Syswhich nmakes it poaibde to use the icoad- and torn, the l~Ind-transformatijin Iact~-t is also
inits-transformation factor's mid atrtlnesses of equ.li to the ,afio between the stifneusses of the
Fig. 3. It must be acsuaied that Ouch equipmenE two systems, *-'e equivalent stiffness (or the
is uniforinly distributed acroaR the stab and column 'ompp~nenl i& given by

mounted rather than rigidly attatched, it is rec-
ommrenided that a portion of tile maae of thant and, becnvoc XL - 1
equi pmenv - approximiately 2/13 - be used to
ropresent that equipment. This would compen- AF
sate somewhat for thle added flexibility caused ' If

b, te sping ijouts.To determnine thet maqs-transformatlon
Uipper and Lower Columns - The upper factor, K., consider the kinetic energy uf tWe

coluniiihmnialzTnin APsame manner as the system. It is Lassumed that the ume oi tleI coi-
lower column; hence. coinahder the column on umna is fixed and that thle velocity at any point
either level. Tile load- and znian,.ýtransformua- on tlie columin is proportional to its distance
tion factuor for a column component are devel- fromn the base:
aped by the procedure outlined under Equivalent
System. VAIIffacor tI, onsder t hrneir s dtrain enrg uifith wherevAi the velocity at tile columin top, ii is
system. An elsi ouni opeso a iedsac rmteclnnsfxdbsand

sprig. onsquenlythetota stainenery piesharmonic motion. The kinetic energy of
stnrd simply obtained by it strain integra- the actual system is therefore

FAEA V 0
2 -F

This is to be set equal to thie strain energy of where n'is the mass per unit height of the cot-
the mans-spring model of thme equivalent system, unin. As the two systems are to undergo iden-

tical motions, their kinetic energies may be
FEtE equated at any time. When the velocity Is a

Wit maximum, ~in .. t equals unity, and tile above

-1R %%A equal,~ to li, andC ?A equal lo 2tv

VE TA A Iiv
FA

Next, consider the determinatioan of the I A2
equiv.alent atiffness, t ieemue.Tld-
flection of the f-otumn at its top, with thle base
fixed, is given) by the familiar formula for a
column in compression, It M

ZA ~Where MA is the total mass of the coletmn, Thir)
AE expression is now set equal to that for thle max-

is the column hoight. A ie the evnss-eecti~nad
area of the colunin, and F is Young's modulus VAfrthe column miaterial, Thle stiffness is Alm- ME F IM
ply the load divided by the deflection: 2

IA AF
1A l and, with %A eqoa-1 to tF
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ME represented in the equivalent system by the
ii 3lnerdnugo Va ou diAehp't

To Complete the mnias-epring nmodels for The stiffness of Welsomannst model to de-
the columns, a daahput must be Included with scribed by Ri foundation Modulus, kie, expressed
racli to account for struct ural dan~ping, a*' with in psi per inch of rieflectlonJt This modulus
the m~odels for the roof and intermediate slabs) can ue %:onverted 1to %- equival'ni stillnjess, 4',

lil ts value io multiplied by the area of the [,)un-
As before, the equivaient damping coeffl- dation being analyzed. Blecause a representa-

ciontis gien ~tive module is being studied. the product Of kc
midtheuoaof the base -slab cumponent of the

module will be the equivalent stiffness that ap-
2E- Qvk-,Mv plies to that component.

wv~ol O.OlhO~arocomWeiesnmajine model is developed as f ollows~.
mendd fo coumnsIn te easti raneDy solving the theoretical problem of a rigid

The dynialic reaction, R, of the Column, round foundation as an elastic half space, the
which is the loadJ applied to the supporting coitl foundotion modulus Is founid to be
pDkonent, in equal to kA(i1' -I,) Whiere R% and Ail
are the deflections at thle top and the base of k

the eluin, nd cA i th stifnes ofthewhere 0 Is the sheax modulus of the soil, -is

Dian Slab�- The re~maining modtule, comn- PoteaQW8' ratio for the soil, and F Is the radius
pnilT-~aie stebal lb hc of the foundation area. This modulus can be

rest 0T thesoi subase Indeveopig acolivoried for ulle Mill a square or r~ectangular
b ese in ur p rt o the sol S bb s . Ir ee lopnga ia
inae-s-puing model for the base slab, It Is Lm- mat foundation by moans of (lhe relationship
portant to recognize that the soil subbase is toA

beicueda tprtoth bas-lb compo- A r
tinenai.ad that fmowrwly diseipattoo Into th. Ackti
Is sipnfcn an utbetknitoacut where A le the total foundation area of the

Ificnt nd mst e taen nto ccont. building. The foundation modulus then becomes
Load- and mase-tranfllormation factors I226G

will not be devoloped for the base slab; an ___V_
equivalent nlass am! stiffness will be arrived I -- )

F at by other means. Morris et al. znd Bilggs
present a technique for develio-ping trainatorma- For a large building, however, where tile
tcin factors by assumling Some deflected shap; foundation area is quite large, experimental

theygiv fator fo colma-upprio slbs, data from Darken (41 Indicate that the area of
but their factors do not apply to a slab resting thfonaonirltdtoheoudtn

soil ubbae, Fuithr, teir odel do o~nR by isinio 1-ou'e' oniia-Hr than the tiz
on a nll-uai--uiir hlmdllsd
not Include the effect of damping. Welasmann pwr esmaI nte pbiamn(]
(31 and man~y others," however, present a model rcmed i rarltosi
of it foundation oil soil that can be described with

muifficiont accuracy by an equivalent iwafi, ak
viscous dashpot, and a linear spring. Although

mine between tAccuracy And convenience, its whlere N is some constwnt wici n varieu from

validity hals been justified by empirical evidence, zero for small refts to almost 1/2 for very
model-predicted responses fall well within tile large areas. It Is sometimas desirable to
range of empirical responses measured from
any partieunifr fouidallon/soil systlea. it is ineetn that noua uf the dainping in a

lihr-ge foundatioci/soki eyatemn. of a smzo that
Weisomiun's mnodel aIt" the ndvantskgo of would apply to actual buried building#. duoel

Including the effect of energy dissipation by not result fromi internal friction of the soil.
thle folat, tile actual nonlinear damping- uuing but rati-Y fron ' nergy being rz-, tcd into the

soil. F or vinoli foundat~u~nifuOi aynteran.. w
e vor. the energy loot in friction becornie sig-

_______________nific ant.
*Secliter. Novak, Pauw. Darkan. Lysiner. and iThis modulus is also called modulus of sub-
fliclirt. etc. Much of their work is reviewed grade 6soil reaCtion" or -coeti~ctent of sub-

i.Weiasttann'e report I ~grade reaction.'
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Wis 4w. W tw w:) , stat hearing ievis Tht r.4f-m it~~a -9 P 3 . Ac di Funjrabc (u Usi a niolUlNa ri-IG tocord.1-titii. valucis .1 1-- Allij 3 14 for are %,l p4~wtrd strain~ ratr F,~t -1dtjitons sue.)stlg9eated for tile determ'in~tign of thesr lmit- as (NA anUci~e for thig (P~ipwule vibra-
!i'CrTI1rufldP,I Cj~ MIitch ;*IaA4' life v~alue~ (if f-il it r id 10 t~ 10 thq %atue nt) Ahearthe exoafliut tiuitl to, &13. The sinitle value, :' rhl be b~(et' Wet- th ale obtained.I - .6. will be usedI In the rernAinder of this for s~if' cilndit ons Ard seismic c--indition.-tdiscussion- TAblv I. which 'mves; Ft o"mn'ondfedL wtviept for

-., hasi bevil prepared ualitt ilnita fm'ow Barknn 6L, II.I thia 10 CiprPsed 11 nd with aiqilatance from Wemsmann Welgaft
mnannr nutes that itin sameiglnje! desirable to de-

ki fo upper and lower iimiingw vioupq-I !A ~ of C" as4 Was done. t r.J in the Previous~ equa-lial. Table I Indicates acci-plable rani:,er ofIt should Lip pointea out again that A rep- f- sit oi ul cfleiCorites__
resenits thle atea of the enitire bitse slah, notjust the base area of the module. If k( is now Wctsoiksana gives all expression for Uke -niuhiplpled by thte base area of the moduile, P!, equivalent ilass thut aAccounts fur some tit thefihe equivlvenet stiffness of the base-slab comn- soil vibrating in phase withi the basee Blab. Thispx~nent of the module results: expression, for a round foundation, is

I - ;1

It is imsportanit to determine a reasonable where M is the mass of (he round foundation Invalue for G, the shear modulus of the soil. The Weissniannas mudel, and %_ I is the seasniteshear moduulus increases with an increase in shear-wave velocity in the soil. This asay bestrin rate. values caleulated fni sotni 
n' ' C~r~ ~ ~ i~~~*measurements. in tact. are In many instances by again using the relation A avid

TAXALE I
Recommended Soil Parameters G ..... .an

, Dynamic Load Shear Seismic Shettr Modulu,Caeoy-Soil Group Muuu (paf), C. **, tpsf), to Calculate
to Calculate ii

I WVeak solls tclovs and -ti1ty7,laaY with t I.#, tI)j
Sandl ill a pkliivic state; c layey andi Iaily snds alo silsof categories UIand HII with layers oi organinc silt and 

, I
Iif Peat)
Ifi Soils of medium strength (clays and 3.5 It, 6.0 x10- 1 1 to 12 105I ~silty clays with sand, close tothe plas-

tic limit, sanud)
III Strong soils (clays and Ailty clays with 6.0 to 15 '( 10' 12 to 30 ~'10seand, of hard consistency. gravels and

gravelly sands; loese and lovasial

soils)IV Rocks >15-10' 30 1 0,
ReconueavU viflue "OW ioi ssmon't raio1.

Clay.... .. .. .. !.. .. .. . . ...
Clay-saild minIxture ...... 0.42

Sul,.. .... ......... 0.35
___ Luese, gravels, aind rock .. 0.33
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,dabouI 20 it

uo.,, U. now, there is some way to pre-lth- ti, e

where G*in the |teitan 1 shea~r niotulus of y silmpiy Asstuming suinc det|pctionl alarxo

(110&-& -_ I o te sol dnsiy, te tx- ill#is s$imilarw In Lti~gif' tec~hnique. excel-A that
tiosle fui1ird . i thr e uvaent eniss of the bas- In hita technique -a deflection shape, for stat~ic

•r081onf~r he-eq~lv~lnt ~ s f th b.{•- deflection. In assumed to develop the transfor-
slPa b .i oll com p o3n ent brrum en M altilon M M~l rs, ;uvd he re it deflec tion S h~a pe w ill

r be assumed to relate dlef|ection at anty _gOint on
[ 0 3,•', .•, t G Ithe alutb to Otol average sloth deflecKtionl

LM
S....... •Therefore. the deflection at a point on the

Here )A tothemas, tthethiknes, ridslah, uas a. hiction of timv-, will Lie assum~ed to

a I Ab the density of the baae -atlib component 4otirectl The deirtivra to[ thp aege def•t th

ot the module: other yvariables are as cieflned Lin.f.,. T " delcin-ftee t(i

before The quantitiy within brackets has a~n withnin anda |orcuni arra - t etr o heae

upper limit of 1.5, whicti must not be exceeded. wti orclm ra r

Table I includes recommended V.LIuPB for G _ N..

i Along writh Li, e -qutvaidon t etifl iono and (And
= ~equivalent mad~s, an oquivatlont coofficiest of

vlecoua damping must be deotrnilnod- For the .i••",,.
round foundutlon of Weteslmann's example,

whore int the deflection of the base slab at a

R

(• 0 • L _c= olumn, t. Is 6he deflection of the base sta~b at

the midapan !creation, wa %,, ani %, axre con-

A~unusig A W te exresion or tani.s to be caiculated from the -assumed de-
A•Mn~~~ ~~ fln ,•wt h xrssosIr(ection shape.

v,.i,. and kv, thin coefficient can be converted

for np ith retanniarbuidin foudaton-The static dolkectton shape of a mat-
tto nd.t-on slab that supports rows al equi-
1distat Columns to given in Timosionko (81,

the sieno source used by Biggs ItG deflection
(I t .,b. shapes in calculating tho factors for columnp

t= Bouppaortd slabi. Thts deflection shape f s rsa-
Te(IQ ipersrin o en" of h baof energy i ase t dipb t trrte by

_ obcuru at seismic velocetiest coasequently the
seismic m odulus is a!plLcao .

The Weiesa• model, as prented in hishF e t f t, a p n
publication, upplios to a rigid ohndaton lln flex-...
Ibse suhgxAide materil. For the building under fr¢u tthar....e

consideration her'e, however, it is desirable to
consider nhe ofsb to be -laxibce as well. whortn

Peirsonal correspondence, with Walasmann in-
dicat the moduliot techniqu e aidpphed by To lums on base slatt ,

eter value* forniulned above are equally ipphi
cable to the cuae wi itnverage deflection of a forodth of column bar ae,

flexible foundation. This is substantiated by
Barkan [71, who reports the theoretical differ- ,]=cener-to-eentor df~tie~ncohtwe I ,on
ancra* bW-ween ithe dollactiong Wf Colifeiley OI~ild Adjatcent IotuIXM11,

a3di tie average deflections of completely flexi-
ble boise slabs to be loes lhtin 3 percentl, The , .A • 4(or •,--,)
applicability of We1.5m. nn'a modeh to the case wti I

Tabl I ncldesrecmmede-vales/2r ,for eihe .=or,,:

of average dfle!aBtlon of a leitie foundation is
substantiated further by the wihited deflection Il (for neither t nor t o)b
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ftvaiite th e-.ilids and_ The 'act Lb*At
the ftarot Winm rppltivaotsa voragw d1@ocl1io

RIAD1.1-Cke~ia C44r)tw~ verilletd reamdily Ave*rWe de(Ipetfon to

lAt C II Al. tud and dividifig by b. Ey nxa~vtn.-
trig the exparindl~ farrat sdxve', It capt be sofn

FPoijelit's ratic- for 81ibh mai-aiiu. fthat each term rxCCr Cho f~rg nal a vijjm-k a)
F ra.Cl witd Ow, Intc-laj 4 i-I fia rator, Ovalusuo

folumaai'~io mnl'dul~mheI bc- 0 i - Lh;iu mt~ af J i, 6 Vb0
liencce, upoin lIt-Frt~riton, only the first torni

'Ihle develutirient of thiua diollAct".m flhipe itnd clove -tot goz to zer~o, tuad honce it zdone repro-
its u~ii in vibration a1a~qvf In d~eindernt un senit; Ulw avorage d.Maltdkun
two Iimportant ktasuniptionfi- Tim, firel it that
the cienrktion at anyv tlicilliio due" ntot AIfeut Swiml-ititurng appropriate vu.1ues for %aW v
the siffness of the *ilu at another lidation. in the axpijuided expression axive roetiltO In
For the MWOLUJ dLUCtiOna (CCmuparud With foun- exproestivoitfo r bnatt-eleb deflection tiUt a 01-
dIitdlun aize-exl j-t'Id !Iiee Otte la a reasonable unn ; ulct -it ailcdapan -- 610 tonj~v of
ansun~pi~wnI'lhe second assumptioni in that the the arca WIthift a fOUV-=CUUnkii &rfay(. a
baBe slab to in perfect contiact with the Boil at
-Wi thne. This too is itianunublu. as the deatj IOeflection of dio baise slab at a column it;
weight of the structure and the applied ovo.
pIresakiro ishould preclude any tervioncy of We - I' rn'd I __

ftlab and Boil to Separate. I ~ - __

WMen the expreusion it c deliccllon ghp ;N.tb-

to expanded, it becomes

'''M-

I~It 4* I* - 4V-, ysill

-11 \ 'I itlii~ , .1f~f~e t],ita ( 1 111,flld pan it

The UrAt tern) of tIMB expanded expreaawn,
.' wisitc rniiulta froin both origin id (Cont.)
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__ __ __ __ __ __ __ _ -- '- __ - A hz- --- vv -

-i111I -J- Sh--f, #, ,I And W lle _ r -! **

-- jiga liet r the raxiepig matw.. 1 of the'1

lie cu&over prunnir q Wai~d - R.~n 1j5 bein h

-ain u hr aprk (Do.. many *ailie t.,h the r"As ab ino prl wil mlikewinbei 1 of ttw he'
t, I E, M tojusify hii ffot- T@ qun- lab wan deernjuia Wer the ove-4-lVM b modriris

tittite Mee- Li th fatorV, C.,Ijn Wil.cottle ad ato the model o the fulni be ua iax a
coul beGl~~n~d b nomalling(diirtit; firte aripuin buildiengm ulit c th 8. l L*nntheel-jnt

yf.)bt L would sxe it piyvreitl.adA o thei entir representatve -m-Ia-tas~-al~ifc o dule) F~., thaiw4

tin edt wthLte suisewi(itronalinstirh mlvs t be G- rutuds of the ruoofslaib reaction in the eqitayalent

taliod ith he se o rejt~te v.h~e ofde-system must be brought back tW its full value in
flection.the actual system by m!ultiplyinl; by l: Thisl

ie requiro" "rt'tu~e the iippnr crArumn h'as a
It to therefore tiscouseary to eva~ite thG load - tranalarmat ton factor of 1, and, thercluro,

above axpreesstww fur dufitction for eAch case actual valued must be used fur any inputs to
considered. Thsi o ega ak o-the uppoi -colu'iin model[ever, because the series converges rapidly- In
the aevoral Caaom evaluated -considering only Accordingly, the roof-Plab reaction iii the
thh fitm two torme In the tirst series, the first rquivalant systen., a-a notiti in Fig- 3, Is

three torms In the Secod sekries. and tile two
coatstant terms, and then neglecting the doutile- 16 Ve 44 P'.
summed series entirely - tha largest term
truncated w~s loes than I percent of the largestt where F, is the force applied to th(- rootf In the
Dino term. equivalent system, and R, is the spr.nt( reactiop.

In the equivilenit OSyteln 411d equal t0 k ,
Note thiat all of the terms lot the deliectloi.- No,*, because this is reduced by a lartor of i*1

mt-c-olumfin formula are e~qual in magnitudP to the load trnfma Ionfatur of the rout slab.
tld corresponding tormt;t it the deflection mat- it must be increased by a (tieto r of 15 _8 before

E mAq 4orulun.a:. tL-Y thab nog.- 42 4-!__ 1r -='c urtri ý-* input to inco upper column
n-ey ~a te...-. As vev !W wid. , - hefervre.

tional effort ts required ito ovalu'ale the seccond

With the terms evaluated. the equazzions can
be put tit thle formi #(i N,, - j. From this, Ant additional luad toLithe upper column is
N, and N. cant eaily ,,, ev4iuvirtid, umd wb'' thie force of the iverprefisurt applied directly

afvin detormited the dot loctivua at lit, column it) lte coluliki through the culunin CAtlitil- ]'il
and2at midapan immediately follaw. foi ce, F,- , will be- olplneaud ill drkl t~o I i laer

SYNTHE45118 Of COMPoNENT'S C~ulntu olmsau lur Silats

T-he miodets ot the individual bu.,lding comn- Because ihc load-ti analorujatian fartorb
pontonts must now be synthest~od inzo a ninthe- for the columins and bane slab are equal to 1,

r.-a"cMmMroth i tu th ei-e th nn agiudr -A i U-I 1 V, tqu"a iu
reprvitentative module. Figure 4 showa the tiue magi ituder. tof actua iuz, 1,q tiotjqr, ,otm-
equivalent conionent models as~semubled into a lxuncrits. Thu reaction u. oumponent as the
configurlttiun corresponding to- the orientation inlint ito tile s~bQutmt iit compounenit. C-flse-
of the actual cO'on~ptette in the wmudule. quently. all the idealhzed in._Kler. e.xcepi that

which rezjresents (til- roof alit), c~u iu 1Wcouple

This syntliesi' i. nece-eaarv tol formulate dirc'tly ml * the synthevrked ixuxl~i Ahown Iq
the dIffoi'ontkti ettuat iuon of nictitmi. the oiulotiotin Fig. 4
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tj .5 t

F:-K. 4d' .

N o t p u ( h a n o d o t h t t e v r t l M d f l e - T e a p i a m e n w i l b t o c o n i d e v a m i

hase ~ ~ ~ ~ ~ ~ h 91L ca .ute nA~ i h .. . re-& fru fot-tfo faut..e eksrjj., 
that take the... 4..

Spollav 
*.. yikul..,.e in, ia or 7

td x u o n de th as e fid l ab).a the4 detoa O wl the- Th u t ent i ri e to consimust volcon-

Coyomfl ho kiiii etherg b fas ,e actuan - And euboequlentlytFacti'ii r* si flynly ndiar xtui nde itlvhjj. in foltowed, .as befoe (vrIni, Cmfave.b Tse slab can determinatio )I athe re- syreruistaaraairion anfrd, "- hat akl1kni tieOPOWT-

fact ro t~lr 11v lvvi t e e uat 8,4 e dor Ulon 'hoe entir le -thI e sm ea shapes-i~ng Li. the i-ieiiia~~ kinetic- ooorgieo of the aviu n Iacmeun eue-btui ithi eqU~valing

equivalent avatenir The kinetic vnergy aw (tie over the entire itodule. Thp resulting eriergyactual systorn was dilettrnitted by anesuring exiprefision in a furiction Jd VIE. s.i01-ia. thO '.;.U ' vhicy &a ia.withi Uie Nige .f -ii'rh aiusSutI.1 t'.n'" ~ (iC 'nonn iM'd I1UW1'lC--, OvC.LUMna' (tic cornpo- Fig. '11.
#lelilt supported by of -tiere z'ncivte vith thei r sup-

(l0ip h ais~urillion of a luxed baRc' cai':ti.ix-act Htip energy of the equivajent avatein In vofin uinreaadmotit Swans adiiintmel~ii niwst týc ninde couLrfithe SM11 of the energiva. I Wto accoull for. the bakwe rlul nolls oA must carnlji A caich ;;f t hae umpeo inaties,Ž. Th. einetrgy is114.11t% -- thc e pr'i~tL~t 
A1.il.s_ -i liuicti'.n ;4f the velucitieti at (ht .'di wi.O
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sileclfted locations in the mnodule. When the -/ "
energy of the equivalent system Ls Bet equal W,
the energy of the actual system, many of the /
terms In the two expreesions corres|:ond. rie r
simplified relation yields an expression fo; _.,
dynamic mass-transformadon factor, IV. Ai I
with the atalic mass-ti ansformation factor, IK./Is defined as the ratio of the mass of the equiv-
alent .ysnein to the mass of the actual system. ' ',.

It can be s own that, whent the above proce-
dure is followed, the same Nd results every
time a c•oluimn-supported slab is analyzed, and '| ',co n--
Sti-,v same X results every time a colunmc: in 3 -
analyzed. 1he general expressions !or Y5 to ,,.

be applied to any slab or any column are given s. ,sAo,Sbelow.[ l

For slabs, 0 02n 5 0 75 10
0 66 1.34m

V. v!

I66- Fig. 5. LDynamic mass8

3 transformation factors

For columns,

and iterate from that point to acceptable re-
V _ sponse vwilues. Generally, only one rerun Is
V Vi/ ecessary.

The dyn•aic mass-transformation factors
In these formulas, V, represents the abso- are used to calculate the Me's. the equivalent

masses for the various module components.
lute velocity of the supporting component at the The t aro m ods t omaon f s.

support points, and V, represents the absolute tat ic-bse ina hiermathoe alable

velocity of the component In question (at the that were discussed e-4-'ler, thone available

diagonally midspan location on a slab or the top from 3iggs, are used only to evaluate the
of a column, depending on which kind of compow- equivalent vmcous damping coefficients, CE, as

Snent is being consldered). The factors are discussed earlier and presented in Fig. S.

plettd for various ratios of V, V) in Fig. i. er (tntihs reinainder W Wetit( lscussonol, thie "E"

it to necessary to assume that the various subscript has been dropped from the equations
ItoIs n s to b u me th the with that refer to the equivalent system. Numerical

compon~eitts of the building move in phase wvithone another. This assumlption allows the cal- subscripts to denote locations in the module are

cutation of kinetic energy for the entire system used instead, according to the following system:

at an instant when all the vibratory energry is I - diagonally :nidspapn on roof slab (cor-
in Idnetic form. 01 the several actual butidings
ana.yzed by this technique, all have exhibited module) p

in-phase response.

Decause the exprersions for K,, include 2 - top of upper column
the ratio of velocities, V; V,, for specific loca-
tions on the mcdule, it is first necessary to s (oner pon of r me o-

until~la (cone point~ oafe roo-sat obaied Areoi-estiate these values and Iterate, if required,net on module)
urltl r~easonable values are ob.•,,hed. A teosn- neto mIue

meneiod ratio to start with is the ratio of static 4 - top of lower coluimn
deflections that result at the corresponding
!ocallons when the coupled model, is subjented 5 - base slab.
to equal ,.magitude roof aind upper-column
forces. An alternative ie to start with 141, the Figurr* 4 shiows the locations on the module
ast'tic (fixed-bane) mas3-transformation factor, to which these 6ubscripts refer and the

z0o



corresponiding equivalent models coup~led to- tlie module roof divided by. the blast-wave ye-
gellier intto the ayntliesized model which repre- locily (I , v u). Similarly, r3(t should be
sents the entire module. r, refe.-s to a vertical given a rise time equal to the column capital
motion of the giound far below the structure: it width divided "%y the blast-front velocity t,,= A)
mnay be zero. or it may be a timie-varying muo- After peaking, both forces would then decay In
lion which repireseis ground shock. time, tit the samue manner as the overpressure.

The time characteristics of Fi~(t) are dictated
byu F, ' and z,.

MODEL EXCITATION

The hardened building will be subjected to Grouixi Shock
ajiblast ur ground shock or both. Excitation of
the mathematical model requires the applica- The model is formulated so that the ground
lion of forces to thie roof of thie model to siniu- shock at the base is expressed in terms of de-
late an blast, and of miotion at the model blarn flection anid velocity, zEt and i t), respec-
to simulate ground shock. The model provides tively, ur acceleration, ~ i .t) Later in this
fur vertical response only; therefore, the Inputs paper'lie alternattves whbe explained.
should be the vertical components of the appli-
cable forces or motion. The prime intont here is to subject the

model to the motion caused by outrunning
ground shock - the motion that occurs at a

Airblast Overpressure specific location prior to the arrival of the air-
blast at that location. (Ground shock ts comn-

The atrblast overpreessure Is converted to inonly divided into two parts, outrunning and
force by multiplying the overpressure, as a supersetsmic. Outrinnnng ground shook to
function of time, by the applicable area and the characterized Iby relatively low-frequency oscil-
load -transfor mation factor, KL. The applicable lations, similar to earthquake tremors, which
area for the force F,( t ), which is applied to precede the airbiast. The building resportse to
mass 1 of Fig. 4, is the roof area of the module outrunning ground shock is accounted for by the
minus the cross -sectional area 01 the cohmai motion Input at the base Superseisinic ground

capital G'-Pi; see Fig- 1). The load-tramisfor- shock is that caused by tranisients of the arriv-
niation factor for F,(t t is 8/15, from Fig. 3. ing airblast front and by the subsequent over-I
For F, t, ,the force applied to mass 2, which pressure. The building response owing to the
represents the column top, the applicable area alrbiast and overpressure is accounted for by
is i' and the load-transformiation factor is I. the forces applied to the top of the model.)

Figure 4 shows that mass 2 is excited by A typical excitation of the model would
the reaction of mass 1. Rather than directly thus include some motion at the base, as aI
couple the mass and spring of inass 1 atop nmass function of time, which represents outrunning
2, the reactive force is applied separately and g round szhor k, fo IlIowed in t-m f b._ hY for.,ces - v ", -
ý-ailed ',t i . The re~nion fur this iti that the anti F,,! at the t0o) of (lhe building, which rep-
ieactive force ir, not simply k ( - P,) . but )a resent the arrival of airblast.
iS 8 0 16 F.,, t G0 94k.f(- z as Was ex-
plamined under Coupling of Itoof Slab and Uipper
Column.ii EQUATIONS AND SOLUTIONS

The time '-!aracteristic.s of F,, an id Fl~ W ,ith (lthe synthiesizedi model assembled as
in general, are directly related to the overpres- illustrated in Fig. 4, the second-order differ-
sure as a funiction of time. An exception occurs ential equations that define the coupled system
when a radially exp)anding airbiast shock froit may now be written. They are
approaches a buried structure as a vertically
fronted Macli steni. In this case the 61virk front ,, C.ý! - L1) k 1 Z I- 2 2 F,(
sweeps oveif the module, first applying a force
to only one side. of the module roof area, and hi pi, (14 N' ' i 1 )- C, 1i, -
then progressively advancing and applying pres- 9 4

51u1- Wi additional area Unil the entire module
is eniguLied. It Is recommended that this time- 0 84 k z~ z k z -z~4)

dependent phenomenonm be accoumnced fer by giving 05

the F,(-.) force a linear rize kinie equal. to tle
time requmiredi for the blast wave to paso over is, 1

the modile. This timie is equal to the span of F) \ 1 ,t
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*j C3(7,- k,( Y,- z, The one or two dots above thke P'o rep~re-
F sent firat and aecond timie derivatives - Voloe-

U~i4 ~ C(i 4 -2 ) ~(i 4 k~ C 4 ( 4 -ity and acceleratiunt- of the corresponding die-
placement. Note that in the above formulation

k (Z -kjj zI I ,( 0 the coordinates describe the absolute motion
14 k{ ti- 10 of the structure.

M ~ ~ '4 Ccis -, Z3~ - '4 k ~ ~ I h bve formn, the gr-ound shock input
must be expressed in velocity and displacement,

- ) * t) where~as ground shock is commionly expressed
C~7g( as acceleration. The equations can be conver'ted

Into terms of acceleration by means of a change
In these equations tWe M's, VtS, c'a, and lit the coordinate system, with the following re-

F(t)aare the equivalent parameters as illus- suit. Thle coordinate change Is
trated and evaluatod in Fig. 4 and Table 2.
Solution of the above equationp for the i's, as ?- , *

functions of time, will yield the vertical die-ad
modelnIplacemente at the various locations of the - -

itoeeach of which represents the displace-
ment at some location In the Wuilding module.
With these responses determined, the analysis Converting to the -coordinafte system, the[ti completed, original equations become

Table 2
System Parameters for Fiquivnlent Coupled M"Ss-Spring System of Fig 4

I Cwtpote.nt [ki Mi Ci

Roof __ rl)es8 El f1546ld~ Mab 1 1,'MA IMA

[Upper colufffi (?'(t)" -jMA2j-kM

Itre.slab tzft )J 1I185 46 hill sla 1 .1 A 2QV/--A

AEA
ký6 Lower coltiMo I -jj itr A ' -

_______ 1 r o 2
2. 26Ca [ 0. O2a., 2 (3 Art .

Base Slab 1£2It t A[

a center -to-center clistaince ieot%ýeon k.0  sieatfness 'OeffICIVIII 01 actual %)stot
adjacent colullns KL load t ransformat ion factor

A cross-scr-tional area of co~urm. KM mass traiinsformnt ion factor
Af -plo-. area of building irat fonUItoat ion KM dyisimit mass roinsfornmat ion factor

d %%idth of c ripi~ ottal ii,. tot,,l miass of comixmnent. actuiai .ystvm
F. Yoing~s modulusl of Plosvi etty Q -finction of Critlical damping
G3 shear a'oduiiu ot elosti,-ity oto soil t slt thickness

(3j, sesi SC SheCtlir mridtjlti'. of elasticity S ;a etI for soti

11 hei ght of column sIt soil density

I I -slobs moment of inertia (see Fig 3, Po~ssoiss ratio -
-Additional lrs'cI, j#,ts .- ,,'i , loa th r -- h adijetioonli ntermedjitine, floo d h1,tth of colans constaii.Te a
Pag0 of -i.ndae Ii, I!, il i i, .5eir to Cit-, I:acrt-Ahr
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M, - , -O1I Fit - ý%I'i SPECIAL CIIARACTERISTICS

• / I \ " •Various assumptions were made during thle
2 0 " ( .) j 1 2 - ) development of the technique presented here.

The computer outputs should be checked, there-

(i) f ore, to ve rify that the assumptions made were
So .? valid.

First, it is desirable to check whether the
Ft t, •:, - Mt• various ninasue of the coupled model responded

primarily in phase. In-phase response is nec-
C essary to justify tihe use of the dynamic mass-
M•', ( _,- , • ,•, - • ,d , gtrtuisforniation factors described under Dynamic

4.)j , j e• Mso-Transforeation Factors. An out-of-
4 . . . . ,l 4 , Cphase response indicates appreciable elar or iu

Tt n i tthe calculated response, In which case It wouldceke in k. . -Nt tha in th-, be more desirable to return to the rigid-bti e
nlass-triloforination factors, recalcuate, and --

uMS'Sted so'l dep bo te kb,, moi. accept (ire new cude cuated respoduse asn crude
b oestimateo Tihe response error with an out-of-

ehephase response is probably quite large, because

The ground shock input is now in tehms of ac- suhel response implies that ppl itcable mthsa

corlration. Note that in this form the -ov arep- tra nsformation factors are changing in time in

threset motion of the structure relative to the neesa ry.
unaffected soil deep below the base. moTt precludes analyses that produce aything

but roughl eatfl mtes of the response.

In either otorm, the coupled equations would Second, it is desirable to compar e the se -
probably be too conplex to solve without a coin- Burwed ratio of maximum velocities wfto thatpater. Most computers, however, either analog wlhich resulted, and to reevaluate the dynamic -
or digital, would be adequate and would solve ]nass-tr,-msformation factors and rerun If

the coupled equations with ease; the equations necessary.
would simply have to be programmed in a form
compatible with the computer to be used. Third, it is desirable to convert the flex-

ura'l deflections within the various components

-"'4.'.-".. -*-.- -.----.... to telasti ofatrilresose, and , com erefochsress

Computer outrla-t, in the arious of otion-te- t o n sole g re eou h to e
time plots for various locations within the build- inth the maximum elastic stress for the mate-

rinh of which tie applicable component is ci.m-ing, are very illustrative. Such plots readily posed. TiLS entire Oalysis is based on ,anportray frequency characteristics, pthk resionse a te is resent"d here b i110001 Positive •.. and .. -a g ti.c) Ch r ceit ic off. ^,eatcn'aeilr s~ ~ ril o eo • tn
decay, phause relation of the various motion$, pemae nteetio inoi the breitdenog. oidc
and so forth. It is also desirable to have the pr~etsti h ulig

deflection of some specific location relative to
another d1etermined with the contputer and CONCLUSIONS
plotted. For example, it would be desirable to
determine r, - 7,, which rppri-seltts the ma~xi- _
Muni deflection of (lie Initialan location on the A technique is presqented htere by which It

typ)ical hardened building of modular design can
ou su the top o te , be analyzed for response to airblaot and groundwhich represents the deflection ofshock Induced by a nuclear weapon. A moduleuppez column relative to -ts base. Such deflec- that, repeated many timnes, forms the buried

L tions would represent the flexure of a single buldn r sieated for tudy.
component of the building. building ,s isolated for study.

The response of this module is thought to

TiThe inay possible manipulations and forins be representative of the response of most of the
of eouiputer iniput and output are dependent Eo a building. The module is idealized as a mass-
large degree on the specific computer facilities spring analytical "mxiel that includes the effects
available. Consequently, the methodI of pro- of the subsoil and structural damnping.
graining and solving the above equations is
largely up to the user, and will not be ;urther The atrblast and geound shock to which the
discussed here. actual building would be subjected by a nuclear
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burst are convort,,d to ana~logous forces that can be zolved quite easily by mnost computers
excite the mnodel. The resulting motioiis that wl'.h a catpabl~lity of handling dilferentiza cqua-
the individual tannes of the model undergo are tioni. The form of the computer oxitput - the
reprosenkaiive of the inotion of selected ltuca- imifuvinatioii that describesi the building ro-
tions within the actual building. Two locations aponse - caii be varied somewhat by the user.Iare selected on each slab: One at a column/ so that motion-vs-time plots an~d other useful
floor-slab junction and the other on the slab data can be obtained.
midway between columns. These locations
were chosen because ihey should exhibit ex-
tremes inl Ute reespotise of oach slab. The re- ACNWEG NT

sponse at any other location can thus be inter- ACNW DGET

polated from the respinse at those aeLected
points. The writer io ikidebted to inwiU mnieniberfs ElfI

the staff at Bell Telephone L.iboritiories. espe-
11mm the analytical model ure presented. These and mnany specific contributions to the sections
equations, too complex to be solved by hand, concerning soils and alabs on subsoil.

L ~REFERtENCESj
1. Norris et al., Structural Design for EDy- 5- G. F. Weissmann, "Measuring the Modulus

namie La~s (Mcoraw-THVII), WY, CE.7 of Subgrade Soil Reactioni," Materalsi Re-
_______________search and Standa; ds, 5, 1965-

2. J. M. Biggs, Introduction to Structural Dy-
ninniels (MCG~raW_-H1l), 1904, Ch. 5 6. D. D. Baz-kau, op. cit., p. 30U

3. G. F. Weissmanrn, "A Mathematical Model 7- D. D. Barkan, op. --it.. pp. 23-25
c! a Vibrating Soil-Foundation System,"
Bell System Tech. J. 45:177-228 (Jaw. 1900) 8. Timoshenko and Woinowsky -Krieger, The-

orX of Plates and Shells, 2nd ed. (McG~raw-
4. D. D. Barkan, Dynamics of Bases anid Foun- 111 New York), 159,p. 277

datlons (McGra-w-lMll, Wew York), R32Tp.

204



INFLUENCE~ COEFFICIENT MATRIX

QUICK-CHECK PROCEDURE*

George W. Blishop
13iahuip Engineering Company

Princeton. Neu Jeis-ey

lnfluenu.Ž coefficienti matrices are often nitiuclu for tile s~olution of prob- '
loims involving vibration frequencies and mode shaipes. A quick~ check

procedure (consisting oi threestps wvhich is appliceble to any influ-
ecelC coefficient ii-atrix and whichi will iieteinmine whetheri tlic mat rix
satisflies threw neccessary conditions is presented here. It these three
conditions are nut saLiAtiod. tWell this procedure will pinpoint the offend-
ing elements of the matrix, It os. of course. possible for a m,.irix to

mclee the three ncce-juary conditions described here and atill contain

other errors, which may be more difficult to discover,

INTRODUCTION all three Steps are presented as a quick double-
check on influence coefficient matrices.

hIf luence coeff icitent matricees are def ined
on page 32 of Ref. ~11 In connection with the STEP I - THlE LEADING DIAGONAL4S
computation of nortual modes of vibration, MUST ALL DE POSITIVE
Much work io involved in calculating all the Thle leading diagonals in an inf luence coof -
elements of such matrices for multimasos ys- ficlent matrix are those elements that def ine
tents; this to true whether these calculations tedfeto tams eutn rn oc
are perfourmed manually or by computer lpro- atthi safleinaa mass. A reserltn exresonA forc

gurams Ao obtainth sprunt onsat and w lumpied such a leading diagonnl can be found on page 32
muired tnolobtain ah sping conants andstelumped of Ref. (1] as -,. For consistency, the deflec-

nisses nvovedin mecanial ystm uing ti on in this case would be In tile same direction
design drawings as the primary source of Infor- as tile force. For exanmple, in the case of i'or-

.*..*'. vs 55WAsiA UiV~tii~ii US ~it tjcal direction influence coefficientiS, If the l -
and money, it Is useful, and tit fact Imperative, p)ound iorce at a g'iven manss were defined as
to have a few quick-check methods to locatepoivedwartntleefcinaths

someof te moe usal rror tha see tosame masts would also be defined as positivefind their way Into Linluence Coefficient ma-fothdwnadirco.
trices. These errors may be misplaced decaniml fothdwnadirco.
points or other careless mistakes in transposi-
tion. in addition to funda mental errors ira struc- bi mathematical terms. step I could be
tural analysis. wvritten as A,, 1o. It is obvious that a down-

ward force on a point cannot produce an upward
dleflection at this same point in a conservative

A three-step p~rocedure has been evolved system. Indeed, if a conservative system could
that has proved extremely useful lit locating violate this irule it then would be a perpetual
some of the possible influence coefficient mis- motion mact.inc.
takes. Steps 1 and 2 are wvell known to engi-
neers f~amiloiar with tile solution of dynamics In essence then, step I consists of exantin-
p~robleils using lInluctnce cocfficient matrix Ing aill leauiiflg 'hialgonair suchi ts*2
maanipulations,. The third step dues nut atppear -,, , jd so forth, to insure that none
to be common knowledg~e, and for convenience oftheim is negativ'e.

OThis papier %%a notl presented at the Symposium.
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- 8TEP 2 - OFF-DIAGONAL ELEMENTS extended to the mnulttanase system. This can be
MUST SATISFY MAXWELL'S accomplished by abouuming that anl maSSes (in a
RECIPROCITY THEOREM mnultima&8 system) except the one row mass and

the one column mass under consideration are
Off-diagonal elements may be defined as zero. For example, in a seven-mans system, it

all of the elements In a m ix jocept lladtng we wish to postulate that ) ,, must not exceed
diagonal elements. Stated in mathematical the product of and ,,., we need only assume
terms, step 2 becomes sit ' ýj. Page 32 of th. I masses 3. 4, 5. 6. and 7 are all zer,) and

= Roe. [11 describes this rule tat makes the in- then the system becomes a two-mass system
flushce coofftelents symmetrical about the and the rule must hold. That there are addi-
loadtng diagonal. &-uatIon (AI0)on page 30,oi tionnl iniluence coeffirionts tin ý, matrix uoWs

Alt. ilj Umo-w' r.tes tinvo _y:•n•t nu%. -r1='.!y not 111014fv the ronuirmnient. Likewise, for ex-
In a 8 x 0 influence coefltrilent mntr-x. fPage 12i2 4am1p1, If we wish IV liAtulat u.t U1:11 muut
of Reo, 121 clearly explains the meaning of tite not exceed the product of ",, and we need
theorem. A miore general expla•ritiw, ot Max- oily 1s8m1.' that n11RULseS 1. 2, 3, 4, and 7 are
mwell's theorem is given ti the footnote on page all zero.
128t notef. 131 where couples and rotations areSalso Included. Steil 3 applies to negative oil-diagunal ele-
asIlddmeats as well as to positive off-diagonal ele-

In essonce, stup 2 can be accomplished by mtetit. In ualng step 3, It is necessary only to
examining each off-diagonal element and corn- check each ol the off-diagonal elements that
paring !t with its reciprocity element to insure lies on one side of the leading diagonals, because
that it agrees in both sign and magnitude. stop 2 has Insured that the off-diagonal elements

lying on the other ride of the leading diagonals

Sare identical.
S • STE1P 3 - THiE SQUARE OF ANY

OFF-DIAGONAL ELEMENT MUST
NOT EXCEED THE PRODUCT OF ILLUSTRATIVE EXAMPLESL LEADING DIAGONAL ELEMENTS
IN THE RESPECTIVE ROW AND Table I Illustrates six matrices (A, U. C.
COLUMN D, F, and F) that might apply to a three-mass

system.I Stated in general mathematical terms,
(12 < ( t it) (b 1)). Page 47 of nef. IIl gives Pour of these matrices contain errors that
a tormula for the two frequencies (in radians can be located by using the three-iitep pruce-
per second) for both modes of a two-moss sys- dure:
Letoe is follows:

1. Matrix A violates step 3 be(,tuee
(50) 2 > (10) (100),

M W.trix 13 d.• n".o!- vi-ol9 ..ny t1 In.c2 vttA,%-M,, ' ) - 'rn 2 ~ - =, - - ..........

three steps

3. Matrix C violates stop 3 because

For the particular case of a two-mass sys- (200) (1) (100).
tom eUte hnfluence coefficients could be written
In a 2 x2 matrix, and it will be noted that the 4. Matrix D violates Step 1 because - 100
above equation therefore contains only the ol- must be positive.
lowing hifhluorece coofficLents: 1k,, I z, and
112. A careful examination of this equation 5. Matrix E does not violate any of the
will indicate that for both of the mode frequen- th:ee steps,
cies to be positive, the denominator must be
positive. Therefore, the term In parentheses 6. Matrix F violates step 2 because
in the denominator, (I,,=22 - ,), must not be 0.001 - 0.010.
negative; or, stated In mathematical terms,

I2z . I I 1 2 "Of cours--, matrices, 1,and -it may vIulate oomne
other rules beyond the scope of this paper.

This last expression is of the samc form
as the first expression written above; namely, A 10 xlO matrix can be checked with these

I < . It remains now only to three steps In less thnm 15 mlin Therefore It
prove that the two-mass requirement can be would seem to be poor economy to ignore this
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TABLE I
Matrices for a nThree Mass System

15 5 20 (1T

A _ [ 5 ,o o I 1 so

D 0 .01 50 5 _ Le

o.0oi (2) 5 1 5- 5 F

( ~o.oo1 t.oo, I L______ -

o ® ooi ____ 2•o - oo__oo~o

0 500 I 5 400 o___oj
@ o 200 ®o @ 0_.01' 0.0 0.001

quick-check procedure and put this influence ACKNOWLEDGMENT
coefficient matrix Into a computer for the solu-
tion of eigenvalues and ,lgenvector, possibly We wIsh to give creditl to M•ir Kim J
even uksing the results in further stress anal- Calvin, Mai lite Engineer, Naval Ship Engineer-
yals, when the original influence coefficient ilg Center, Waahinglon, D.C., for recognizing
•iatrtx may violate one in these three rules. the applicability of the formula on page 47 of

Hef. Pl I as a more restrictive rule in step 3-
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MECHNICA IMPDANC

BYSAHIAKE TEIMPDA

DI R I A I N I Re v it ATC h LUENCW IFII l-pprivskae h plctu o eoac etn odtrureti
fico__sv natra Irtuniýo t -lc;shpor qimn--n~

[trot andaprange f frc rtios at eachu ot.n fre quan encthin s tomethrodn toul

(witem diftut a~nopotd rxpvniw*t bappl pin t.lhe tirucitiA Cne rtekutfle in ell

p~jdh~rn ba ri-urv,--y , .,.,,to be applied at l im.thr'
re-duele;u tlhe dt~ficultiew and ritutOn diby An application 0t !he

Itechnaapur to a throreticoui model i-presented

IINTRODUJCTION nyatera hauve base supporting structure-s that
T~w elerlnaioauof he fxed-ase ii~tu- are relatively flexible. such as docks apd bul~k-

ral frequencies* uf in-place structures has
been a recurrent problem to engineers inter- A paper presented at the 34th Shock and
ested in structural dynamics, particularly from Vibration Symltistumn Il11, and subsequently pub-

the most conveniient method for obtaining these 1,21. eXsmlttneu' thiQ Iuobiem., and concluded that
fixed-base frequencies 4e thilt of Shake lesitsý it v impooetbieo to determinp fixed-bitse Ire-
This Invuivem4 (~Il gte structurv With .4 quetuclea of ir -phitce &tructtures by tile comn-

sinusoidal iorce over a rainge of irIequencies inonly accepted test mean6, that is, by drivingI
andl recording the rustionse mt significant te-onl the hi-place equipment and sepking nullpi it
tions. If the structure were truly attached to~ its base- for various frequencies. A dynamic
tixod baap. pjfals resulting from resonatnee chain-type structure was eoxaritned, and thoet'
would occur in the response it thle fixod-base, froquencles that can be found by drivinv, nt var-
natural frequencies of the structure. 1sf or- lout; locations were discussed. That paper, also
hinately, however. few strucinren, rest oii baseg joponed a technique for finding fixed-basie Ire-
that are infinitelv stiff and heavy, and this con- quencien for the dynamle a(han-typo structure.
ditioui createttO a probleml 1,1 apply'lBit field test
techniques. 1This is especially truo fit shipbuard Tile new technique Is tili: Drive at a pjaint
situations where in-place equipment-boundnation ont Or below tlie bWeO of the ctoprnent -ioundat ton

system and record the. re espoes Q'i ink, base and
a pOýInt ain tho oquipment Notp. nrrei,1tIntII vol.

fra~u~ny tat ouldcx t i th t),~ W ra ~ keys In thle res8ponse of the babe; thilse polints

utiecleul hy thle moilktI on.f Ithe cmken timotnud tentl above the base and of thle oystemt below the

Apn. driving point- The equipment responge wtillI
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exhibat prominent valleys at tme fixed bae liep .
Squoncios U the system above the equipment re- (--- ) (IM4,-.... 0 _
sponse point and of the system below the driving I -
point. After eliminating the frequencies of the K. I K
yio l in. ) b l ow lb Ih driving !h _0iu It QIlun. is 'equVntel t le 4 -

at which thern are vaileys in both the equipment - tM1- . ,
and ibao responses), the remaining valleys In the
base response will indickte the Ut'ttred (requen- .1
clo, A convenient exporimental technique is to
plot the eailo oi 6(tuipnteint reapnsps to Lore re- -. . d . .
sponse. Thin teftiod eliminates the :- triMeous
fraquouides of Uh1 SystOb belOW the driving . 1
Poiit, and tto IW•MoAbase froque-Rctos of Intervat L-__ --
are then the points where provominent Poa or-

SOi. U• ,•ial plut. These piomi coincide with FigI. ; Stilati d shipb-.ard vtevrv,
valleys In the base response plot- Note that for with as psnert- oun.dttate, i In
the very apocial case where a fLLed'base Ire- pic
quolney of the Oyitotn abovO U;o equipoentl re-
apwnoe point coincides with a fmod-base fre-
quericy of the equtpment-fountation system. the
ratio plot does not have a prominent pek at Tits method would yield correct results,
tbut dllkultion tIn appltcattoio are apparent.Wht frequency, i(

For the case illustrodd, t(o shakkere ore re-
A section of the previous paper contained a qutred, one at C and one at D. The shakers

briel discussion of a structuwro upportedI at two murst not only sweep through the t'refquacy
base points. The structure IS capable of rots- ran lse of isttwrep i. htt each fr'aqgeucy they
tion to well as translation when the base |oints must also sweep through a range of force
translate. A technique •sthg two shakers with ratios, They mtuet A'for this undamp-d system)
varioble force and phtme control wal proposed operate ir. phiss to obtain onip frequency and
at that time. The purpos.e of this paper to to out of phase to obtain the other. The system of
examine the problem In detail to determine a interust wi s art as on a fixed base only when
more convenient experimental technique for the driving frequency, force ratio, mid phase
obtAining theae frequencies, are almultareognly Coincident with the roepec-

tive quAntitieq for a fbied-base, natural mode
of the system. Thie of course presents obvious

THE PROBLEM diflfiultiea that would snake sut:h field nw•se•
uroments costly snd timo consuming.

A simplified cane will be discussed first to
allow the reader to follow the mathematical FI'ther atleaiton isna beef api)ild to this

- ~~~argm-eent Mhore raotlly. Cjaslder a rtrilcturp p5'obiort.iI1 555 PII nIiI~1SAE 'I-

such an that ahown In Fig. 1. Thlie configuration vestictfi technique han been devited.
with unoqiual pWr'motera Allovw- amnil rotatioi•i
coupled w Wit trasalation. Tile upper 15n ilesT O A D
bar with lumpod mnsteso represents the equip-
-si•xstLoundatioss eyettl shown ill Fig. 2; Ult.
lower bar. maeses. and Aprings represent the ConSldor agai|n the Strilirtulrp hown in Fip.
supporting atrucLure. All joinLw are conslkdere- I The equatio is of srnioor for Irve vibration
pinlned and the striucture Is assumed otable. may tie wriiton no

The eujuipment-foundaiion system has two iI " . -' I- , L .a ..

natural frequencies and two associated mode Lt <-:- i 'k L! 'L.

ahapes. There mode shapes cause displace-
moate across sp}ringe K, and(i K, and resultant
spring forces. if the entire system (Fig. 1) is

ex it d t vii.-t si C and u w~iui W r e . LauvI 1- 54

modal spring forces and the driving frequencyi L

cvlualing the modal frequency (or the upper
GyStem, then it will ct an a uLwxd-tjs0 Sysytem 'K.: v. --
and the motion of points C and I) wviii tend to t)
vanish as this condition to approached (Cont
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v fet,~l of interrof Vtr wtuch

Bly making IN, muiNI Mit t onx

4, K.--4n

U almsauidal forces, 11c sin widrP zin,n.
arapjlicid -.it j)Olnis C~ and 11. rcrpeti~ve, 01

L L L L~

:1 -4 K-i - v. Kv

. 1 (3) TW, solution to of Che 'orm

a set of algeb~raic equatIioIn reouilts. whlosI Y." - I

so thati theo renponan's fit the's bifi 1xiints are

AI if

AA -A ckK(--4 k

%cc K, K r -,)

Sbilituim y. fhi chiara'ctsi Isttic Pita no Ile up- III, K K 'A k
Iw', SYSIv'sn. bhowil III Fig 2- Can be Isonto be()



Then the response equatiofnf reduce to The encloscd term is simply -4, by mo;um of
Eq. (4). Thus

r "#~~4 ¾.¢X' D CS~(10)
S sso Eq. (12) nowv becomes

The re-ults of previous wc rk ] inIdicate 0 (26)
that the condition ol interest is that for which
the base rer.ponsps simultaneously become zero. Or
This gives

S-- 0. (17)

There are three freq'.ienc'ies at whicl, si-
"YCO ' multaneous uliuh w! octets'c : ;, d n . , the

P C -p 0. fixed-baae frequencies oi the apper syuitem;
44 qand infinite frequency, because the order of

is greater than that of . Associated with
To have a solution other than the trivial one, the each of the finite frequencleg is cL force ratio

- eturminant of the coefficients of the P's must that will satisfy Eq. (1i), Simuitno bae
ih. Theiefore .. ..... nulls will occur only when these frequency and

force ratio relationships are satisfied by the
X'C¢ 'DD " X(12) driving forces. Because this occurrence is

, . 0" unique it could be utilized to obtain the desired

frecuencies; this is the basis of the previously

Ev gthe umrator gives proposed technique. Hlowever, a field test that
Evaluatng trattempted to obtain simultaneous base nulls

would obviously be cumbersome to perform.
"MN-c (-) 2 +K'K 4 + 1ý ")(-R, 4K)(4.)

2

If in Eq. (10) the ratio of i, to j• were
-Y K,)(-SMKz K - K K4., taken, then

~~ý \,C •'C PC 4 cP
2- K, 4 418)\C P

9 D )ýCV) PC \VDD PD2l 2

* +K1 1 AK) 'C' irz

This ratio will be independent of tihe 1's when
-((M,. ( ) 21K 1k(.'M 1 )(- .. '); 2

\Occ \C1)
2 (5 (19)

-KK (jimr )2 4 "cr 'D

and because in Eq. (5) However, this is exactly

,/2 (-).M(,-'+*K1)(-.tM . I X')-t•M 1 ,"-). 'cc OD -'-I = (, 4C)C DD C 0. (20)

Eq. (13) reduces to Therefore, the ratio of yV to Y, l independent
of the P's at the coniplete system natural ire-

XkC.C'<0- X {[(- 2 X. - K• -•'M-. 2 .K. quencies and at the fixed base natural frequen-

cies of the upper system. flec.tuse the ratio is
- (f M tindependent of the I,'s at these frequencies. it

makes no difference if out of thv P'b is zero.
This provides a convenient technique for find-

-- ) , K) ing the desired fixed-base, natural frequencies.
S 2

-K'(- , -Ai,' K, K , ) 'rTE"ClNIOUE

_2K 1K(,-M,. i)( %(2. zI I K . .,. la the system of Fig. 1, apply the driving
(14; force at C and sweep through the frequency
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range. Mloitor the response at C, at D, and the and the fLxed-biae, natural frequencies of the
ratio of the responsc at C to the response at D. upper system are
The system natural frequencies will show as
resonant peaks in the plots of the responses at - 0.775 rad/sec
I" and 1). The ratio

'2 2.569 fmd sec .

(c) Vcc (21) Proceeding with the proposed method, a V
'.IC c lr theoretical shake test was performed upon the

structure. The response at c, response at D,
has been obtained. and the ratio of the response of C to that at D

for a driving force applied at c are shown In
Repeat the above procedure with the force Figs. 3, 4. and 5, respectively. "rbee graphs

applied ait U. Again; the system frequencies are plotted as absolute amplitude vs driving
appear as resoaant peaks in the direct response frequency because this Is the most probable
plots. The ratio way that real data would be presented. Fig-

ures 6. 7, and 8 present the respective quanti-
(Yr ) 'cD ties for a driving force applied at D. The two

(22) ratio plots are superposed to give the graph of
SD Fig. 9. Inspection of this graph shows six points

where the ratios a-e

has also been obtained.
... 0.60 t ad.'sec -

Now, superpose the ratio plots (Eqs. (21) 0.77 rad'sec
and (22)). Tile curves will cross at frequencies
where the two ratios are equal. These points 1. 15 red see
must be at either the complete system frequen- 1- . fad red'see
cies or thle fixed-base frequencies of the upper
systen., reason of Fqs. (19) and (20). The - 2.57 rd see-
complete system frequencies are found by ex- - 3.72 rad sec.
amination of the responses at C and n; iross- I
ings at these frequencies can be eliminated These six frequencies include the four corn-
from consideration, then the remaining cross- plete system frequencies and the two upper 2
lugs must occur at the desired fixed-base fre- system fixed-base frequencies. However, the
quencies for this model. complete system frequencies can be deter-

mined by examination of the direct response

THEORETICAL APPLICATION plots. Resonance peaks in those plots occur at

To illustrate the technique proposed il tile .
preceding section, the following values were -1. 15 rad. sec

assigned to the paraime'ers of the system in
Fig. I: - 1.90 rad see

II "- K 3.72 rad scc.M, - , K ~ "1I, K,

2S
Now. eliminating crossings at these frequencies

3,N,- , 2KK K from consideration; two crossing points remain
2at , 0.77 and - = 2.57. These are the fixed-
base, natural frequencies of the upper system,

The system naturai frequencies for these pa- the system of interest.
rameters are

0) O6 rWfd -( A MORE GENERAL CASE

1 154 rat! See A more general situation encountered int
the practice of resonance testing on rn-place
structures Is found In Fig. 10. Once again, the

S1. 56 raid 5C- upper system (Fig. 11) is the system of inter-

est for which the fixed-base, natural frequen-
:4 3.71' rý, . ce must be determined. The behavior of this
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Fig. 7. Response at D to Fig. 9. Ratio plots (Figs. 5 and 8),
driving force -i D sv~perposed to determine at which =

SIi K-

freuni es ratio aore g ieqer al valuewt

LAc

o DJ
I-c

K , K

C .. .... r -• -r-

F 7. st Fig. 19. Moro gl oF s i teesan w),

Vz.

ER ~ ~ ~ ~ II syte ____retnplc

K,

I~~~Fg Irvn I.c a Systemn f interest for

Figý .W Ratio of response at C to that '% hich fixed-bdsc. natural frr-
akt D whendrvn foc ist) uniq-r eie-
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t;e~on~: ItHtc ftewl ftejl:;wo-base irnodel with those of the chain model, dtriving forces. P. -i',, at the fixed-baue fro-
fl Accordingly, the procedure necoessary to f Ind quencies of the system atbove the response

---- tedesired frequencies combines the tech- points (as if the response points were fixed

In te dnamc cain driingfores ust cieu of the system below the driving points (as
In te dnitic cain drvingfores ust If the driving points were fixed against trants-

be applied at or below the base. When driving lation), and at the complete system frequencies.

forces are applied at pokats C and 1D of Fig. 10, (For example, suppose that driving forces were
the ratio of the rosponso of C to that Of D be- placeed at points C' And V on the struxctkiral sys-
comes indopeadent of the ratio of the driving tern of Fig. 10 and the responses of points A

thofixd-bsefreueniesofthesysemabove responses. RA RD, would become independent of
polts ad D nid t he ixd-beefrequen. the ratio of the driving forces, 1c1 'I' aTtt the

cie o th sste blo ponk C ndD.(The freqiuencies of the complete system and at the
sysembeow oitsC "d i shwnInFig. frequencies of the systems shown in Fig. 13.)
12. Th prble reutiingis o sparte e If thc response points are located below the

deie frqece rmteetaeu re- driving points, then the ratio of the respoiar-a
qU01nCIeS Of th ee systemOL BY101 ldU0SystemI will become Independent of dihe ratio of the
below points C and 1). As In the chain model, driving forces at the fixed-base frequencies of
points on the structure of Interest must be con- the system below the response points, at the
aidered. The ratio of the response of A to that fMed-base frcquenciet; of the system above the
of D becomes independent of the ratio of the driving points, and at the complete system

__ -- driving-forcee, -still at C -and D, Only -at the frequiencies.
complete system frequencies and at the fixed
bane frequencies of the system below points C
and D. These frequencies can be eliminated -

fronm consideration, and those remaining as M
crossings on the superposed C -f ratio plot aire -
the ftxed~baee, natural frequencies of interest. K,
Thus, by using the dynamic chain characteris-
tics to select driving and response points, and
the techniques used previously in this paper to
determine the frequencies at which the partic-
ular response ratios become independent of
their excitaftion ratios, it Is p~ossible to find the
desired frequenicies.

I I E - - I

K, ýK,

Fig. IS. Systomi located above
K K* response points A and D. anid

systemn lucatevl belov% (Lriviag
points C and r

r'ig, iz. sy!3tem iocatee below
driving points C and D) CONCLUSIONS

k The determination of the fixed-base, iiatu-
rnl frequiencies of In-phace structitres hais been

A general rule for this type of structural a recurrent problem to certain engineers inter-
system is that if two points, a and b. on the ested In structural dynamic~s. The most con-
structure arc excited with sinusoidal force I'. venient method to (late for obtaining these fre-
and Pt,, and the responses of two points, I and quencie8 has been through shake tests. A
2, located above the driving points are re- method proposedi in the past for finding the
corded, then the ratio oi the responises, R, R,, frequencies of a certain type of structure, one
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that rests on two base points that are not fixed driving point and repeat the procedure; plot the
and Is capuble of rotation is well as translation. same response ratlos as before. Suporpone the
would be cunbersome to apply. This paper pre- two base point response ratio plots and note the
sents a now technique that is much more con- frequencies where crossings occur. These
ventont to implement, and describes how it can crossings will be at the complete system fro-
be %pplied towisnlyze a more general class of quencles, tit the fixed-bitse, natural frequencies
structures, of the systeni above the base points (the desired

frequencies), and at the ffxed-base frequencies
The new technique Is this: Choose two of the system below the driving points. Next,

driving points, (.,.,,, at or below the base superpose the two equipment point response
pohit.9, (j, k). of the equipment-foundation sys- ratios and Oce again note the frequencies
tern for which fixed-base frequenci!s are de- where crossings occur. These crossings will
sired. Choose two points. ( t 0). on the system be at the complete system frequencies, the
of interest; the responses of these two points f1;xed-baSe frequencies of the system above the
along with those of th( base points Will be nec- equipment response points, and at the fixed-base
essary to the analysis. Apply a sinusoidal force irequeicies of the -system below the driving I

to one of the driving points and record tWe re- points When the frequencies of the comiplete
spouses of the specified points. Plot the ratio system, and of tie system below the driving
of the motion of one base point to that of the points are known, they may be elimi•nlated fromi
other, (it; 'k %,. and also the ratio of the motion consideration it the set of frequencies noted
of one equipment point to that of the other, previously. The frequencies romalnibg In that
(R, -R.). Apply the exciting force at the other set will be the desired fixed-base natural fre-

quenctes.

fRlF ERENCES

1. R. E. Kaplan and L. P. Peta.l "Determina- 2. L. P. Petak and R. E. Kaplan, "Resonance
tion of System Fixed Base Natural Frequen- Testing in the Determmintion of Fixed Base -

eies by Shake Tests," Shock and Vibration Natural Frequencies of Shipboard Equip-
Bull. No. 34, Part 3, Dec. 1064, pp. 05 ment." N1RL Rept. 6176, Dec. 1954

217



VIBRATION ANALYSIS OF~ A STRUCTURAL

FRAME USING THE METHOD OF MOBILITY

Julio Verga
lHazeltine Cur roratiuu.
Little Neck. New York

A typkcAI &truclaral framie COmipriases two ut' in-wre -4tructural 00fti.Cmits, iis'ally beat-ia,
for each of -hich "e 4tIn ramid individual dyritainic- solutions uinf U5Z1claivilskol mIhoril tict--
ever, because oi thle &interactioni awmine, tCl var. --,b elements. the c ~~t solution of the
overaill framie bucoji-tee too iovolved with ximultirnnous difft'reni~al equations that are too

difficult to handle. A useful method for nolving such complex dytiamiic problenis is the
Inobility mevthod. in which the dlifferetitial equations are convertc-d to algebraic explreff-
sionn. This papevr applies this method. aloo identified a~s 'mnkclifinical impedance" and
"recoptaite,** to determine the variouo natural frequencies atid cot responding deflection
shapes of It diagonally braced poQrtal frnrni. with vbration limited to the plane of the
f rauire.

The mobility functiont, of the In~dividual elviitwots of the frames are derived in several
textb~uuks. These functions ace miot.ly combinations of tragononielvic eatd transucendental
ternis acting on a parameter that includes the frequency of vibration. Numerical values
of these functions are also found tit textbooks; therefore, we need only select tho propel-
functions. establish ltheir relationship it' the frequency equation of the totali frame. and
then plot the mobility or imrpedance curves with r~seti)a tc, frequency. Finally, from thin
plot, the fundamental and all other higher order natural frequencies and moldes can be
determined, almost by inspection.

Tests '-erec onducted using a frame vio-noel of cold rolled steel. 0.040 in. thick, I in. wide
in crossa section. 7.5 in. high, and 121.5 in. long- The fugidanientita frequencies for both
thie symnietrical and antisymmetrical miode. were f-uind to be withint Z per, ent of their
calci-.laedl -iluee. I highe r reaonances were detecte-d, but unfortunately, their deflection
shape was not very clear owing to the IM1erfectIoIIItit ike11 model and the superposition
of other modes.

IIN f'RoDUC'rlON - -LC -

The porta~l frijine (the subject of the anal- R4
ysls Il-i this paper) is it commnho denlgn in strtie-
tuicts eithesr by itatelf or as a baM'c comlponenlt I
of uniore rnn'plat istrlcturcis. Wit.a diagonal WA
bracer, (Fig. 1). tWe fraile tnicludes seven bourt
segments with three Ii~O'fctiofl po~tits (G,2,3). ,{ ~-
By any standartl this constitutes a rathier diUfl-

titcondition to nnalyze by the basic method
involvting differential cquitilkiii. The mobility
method, h'owever, ellimlnaties all tlie complex ' fJiT

nmntlematies. Never the es v, for' praCticality, rRAAE RATIO 13 WINEfD AS L^-

Mhe following isnumptions, which would bo YCRCA
CONýIiURA1TION Or riAar I(etiC~Itlble- and justillable for' -.my method of MLAiijitO iN T(Ams Or1111c-

analyisla, ar'e made to iutriner simplify thle task: RATIOO WE laIt vILAL K"IQT
DIVIDED BlY TiF ItORIZONTAI tnO4A
LEW"ti (LA/Li-)

I1. At the frame Joints. the aingles fornied
by tilt fran'.. imemlbers remain tilcliangccl .vitli Fig I Portal framte with
deleclCtionst. ihiagOna1 hrf.iCe5
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2, The shear dolcons Wroliil2 Mobility in :itember " itvolving
linear dleplacnivent at point "I"

3. The energy retiolting fromn rotary Iner- owing to ai i'octton at poirt "T'
fti Is negligible.

IN., obility in member "a" involving
4. The section properties are urlforni ang-ifar displacemenat at point I

througjhout the frame. owing to a moment at point "2"

5. Longtitdinal deflection to negligible. V Young, a moduhrn9

When examnaintg inotion within lIts own F. 1711 Mathemaicalu. functions of Whe beami
plano (Pig. 2), lIL t noticed that Uie frame can r,

* doý'Ioct tit only tvro basic ways; namnely. th(.
symmet rical" and *anntisy'metricand" wodGea. g Gravity acceleration. 386 hin /eee'

Sketches of the fundamental symmnetrical andl
antlayrntuatrlcal modkis are also zhowi lit Fig. L Lungff i -3ite metabor of the full
2. V'ie !nttsyn 'm~etrlcal r-~dm's are those in frame
Whielh tere Is no vertical displaicoment anu no
bending momeont at the center of the top itieti- M Twisting nioment
ber. The deflection shapeam on both sides of the
centerline are obviously not symntretrical. The n, U gular natural frequency - rad
symmetrical modes will be those In which the per cee

-. center of the top !nember dollionti hnt rAinnlna
horizontal. As such, Ute deflection shapes on z Impedance (mechanical)
both sides of the vertical conteritno bioueetig
the fraine are always symmetrical. The anal- Bleam frequency factor I )1 4l

yels and discussion of the two modes Is carried
mul separately. .. Mass per wilt lcngth

A. B_ C. Labels of member of the full frame

_C 0.b h. C. Labels of members of the half
- frame

£G

' Angle of twist
10al( SYWETRICAL 1200E 51-APE

(Til Ot DCkECTa44~i6I 0,5TH1E TWOi1ALVE T Frame configuration ratio-
or Tid rfaI!E ARE SWAEM~CAL) r 1AL

A 11 11 C. Pertaining to frnlrre iiiember

thi ANTISYWYETRICAI. MODE SHIAPE I.. .3 ialnng to point 1, 2.3,....
ilit- Wfi.FCTI0N 44 APFS IN T11t TWO 14IIAUF

Or mT. rRAWk ARE NOT 5YMMETRcAk Pert-alinim4 to natural frequencies

Fig. 2. F~inunmentaI de-
flectina hp i ot3 ANTISYMMETRICAL MODES

The nntisymmnetrical modes, whichI pie -
dominate when vibrating lit the horizontal di-

N~OMENCLATURE rection, are greatly reimiforced by the dIagonal
ninul"ro. 'rlwhe no mbera prevent translation

A,, Coefiirigent of natural frequency of the it),, points 2 and 3 (%see Fig. 2kb;"). "."WeB
trasnluttlun couldI only come about with longi-

um~ Displacement mobility or recelitanice tudlufti deflection In die frame members but it
(will be ref erred to as "mobility") has been asoutlid to neglect longittudinal de-

flections. Thia same arguincnt also eatablishies
fY1A siobtihiy lit member "o" that the Intrserc-tioni joint at "0 and the Lop
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mtidfioint -it -4,- an wyell. cannot tranalnte. Hlow- porformed seom to boar this out.) Thto aigeinimp-
ever, rotation al. (hoe 1pointe doue take place to tioll Kreatly Uimplifiei tile ha~i learne to qhO
distribute Ulu stratin vise'gy through all tho modul ahlown in Fig. 3(b) w~ih Uke remaining
frame mnembers in tho compitafit mode of bond- three meombor61 "a," %b." and "c," cotfmto*l
Ing. With rotation thus occurritni and traniwa- joined at p01111 "2. " As for tuember "d, " IL ta4li
tion not ocaurisg. alil of dieso pointo ran then be ireiteud nteposately it@ a clamped-ptinned enld
be asaurned to art no ointple supports. bourn with Its Plope mit point "0" equal to that In

member "I,."
Docammee each half of thle franie has the

oumnw modal formi, the oysteni can be repre- A free body diagram of the simaplified half-
apiedln by one-linil of tile frame with thec con- iramfie model to shown in Fig. 3(c). IleCaunle
stritints fromn thme other half applied to it. The point "2" can rotate but can no! translate, its
half-frame model is who'wi in riR. 3(a). The condition is equivalent to a pinned support
constratints deriv.ad fromi the other half of tile loaded with a twisting nmomeint. mi .

framie coiolm tat0 the simple vupport at the mid-
point of tile top member rind at the midpoint of for equilibrium to be maintained at the
the diagonal3. 'Cthe mnembera of the half framet common piniit. 11." iL is necessary that the
are tdekitilled by Lthe aniail iettom-a which corro- sumn of the moments be %oro. Thme rangle of
SBpond( to thle flameC letters~ uned ti utlitftil for twist must be equoal tot- all thiý(e elenicaemt tQ
thle full frano. (Note: "A" is equal to -n." "0"~ comply with thle assaumptionm that the wigles
to equal to '1,," ~"T is equal to ",I"; however, formed by the frame mombors at tile joints re-
"C" is twice the length of ".)main unchanged with deflection. Therefore, the

folLowing equations app~ly:

2 ~M., N'b) MI. 0(1

0~~ EOIJIVAI.ENT ` b1 cj

- Dividing Sq. (1) by Eq. (2)

MI ? .t M 1. M~ l 0 R

Each ~ ~ ofte0aton em nE. (3a3Iab

bEach oTherefore.io themSa ino equationcan by

rig. V~i-rator mud~,v', fu Where 1U.~, - ,r 1'oziednin the diaplacellent
,%i."nymmi3icA' un~udc niobliaty ef member "a" Ini terms of anigular

dtoplacei iont '.t pbint 2 owfing to a banding
atontint it r.jL't 2 Tile samne equAtion mary Malo-

The mernber 'd" In time half-frame modol beWtim ISflw.
Is joined to the frame at polinto "1" and "0." .. ..

Bth ot f these points tire grounded, point "I' z ' ' ' 0 (3c)

a campr~ supor a~l oit 0 mi i AilI where I .. stands for Irimpedance of muenber
pie auppor-t. Therefore, an long as thkese *up "a"* In mccan of a bonding moment ao poitn 2
ports are, malatained, for IN, porp~ose of moim-
pliltcat Ion tt will be assumed that wihth mnenbor owing to an angular (hspincenent nI t tpotut 2,
"-d" removed, thti dylfmmte prop4erty of thme rest

q% (lhe lmvawe 64 not disrupted. This in bioecd oni EUatinns (3a). (3bm), and ('30c) v~enutet
tile mitsumption that thle kinetic energy w-id the the nittural frequency equation for tile three
strainm energy of member "d" are both reason- 0elonCIeni a, b, a~nd . when connected tit par-
ably oniall and approximately eqUal So that allel ( l1. Time system Is at its natural fre-
thimer overall effect upon the frame would tend quency when ltie overall impedunce of thme
to balance out. (Thle tesic that have been syetemt Is Zero.
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The mobtlity Of boams with dilforont end MI.,2 , "(no trnninltton ponelole wh•n elld 10
conditions in tabunttod in Ta•be i. Thu vuIitx pinned),
wiUi an accent deslgnates U16e ang1ular iarOnno an
|Apirat translation when no acconlt ie s own, Substituting the mobility terms Iti Ute natu-
For "ample, lor the nombor "a," which le a rd frequoitcy equation. Eq. (3b), from Tulle 1,
clamped-pinned beam, the monbtity Int point 2 in nind conlliing out (hle (juntaitieh E I - beetust,
rotation owing to the moment at point 2 to they ark thle inme for •ach frame mombpr (we

hftve asiumed uniform cross section In the
-rig frame). we reeolvo the equation to

Fl. - F", 0r (4)

wherean, the mnobility at point 2 in translation
owing to A pure force at point 2 would be: where the functione F tire given (that Is.

TAtILE I
Tip Riýeptonnee got LeUam ~i with Diftl[rvtit N a ( tl id ...p . .. . t, ' H ir r

T type 0i - F

Naturec ef1 I ~ _ _ _ ie _

I1 I I._T:Aw tt 00.o 'of .. .. 1 lit'

iei.- i•1 E I'~F - 1 El I Kl 1P --F EixP Ei .- I- - -- E '~P 1eF-1 •I-

0 F6 kP FO F .

lir n ,t . .. . i .. . t, I

__A_ 2LiL
FtorE-O FiOO EF - 4  , 1'

"F1ee x -o " - RI IF, i I IF, E I

C I akpe x- T 0.F

Yiacu [.1[ 2L91 'F IV

P inned '41 EI~,3~~I 2tF,

--=01 r x Ii , It -,, !

FIr d, , x - a F, IF' I , -I

"B I - ri.: r _;-.. . . -_= !, - ,, . . -. - . .
St Ililg i - El '. P6 PV vr E IF z l iF

Fi - E, 011. -F , It n. I- t

p~ s.1, ",ll ;I -lit'f•i•lli 1- i ! -l l
I x

31 lo '% co0 _ . FF.--di

sit 2r x Ir 2-',,'r,It F
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q; - jj *n1'1ih.L ).OlCOUSO tile Rrgtiinen~t
1i the name for ench Indlvidual element (bea0t1) - s - i HALr- MA EMCNALENI 1

L of thle frame, Iq (4) ecit be wriften n-

F,! 0 Fi
1W 3IMPL1fIED

*14.9 FRIAME

'Tit May be Solved by tak ing trial values of 0
andt plotting the expreesioto of Eq. (5) against eofAif 0~~ I.OnAU 0, MG-tLt
31., The niumerical values of the functiong v are
tabulated in Table 7. 1()o rt flf I11, pages l304- Fi-4 Vibration mnodal for
373. for kL ranging frunm 0 to 11 . The general~tlf~tr~ N.d

mlethOdl of solution will be de-acribed Inter.

SYMMETRICAl, MODE l1M total -------------------

The syminetricali modeo to the predomklaunt ~~"
moft Whena thle fraibe Is vibrated along Ito cost-
terllne, Fur the deflection shape to be sym- The overall lnwedanitn to the denominator of
nietrictrd about the centerline, as3 shouln lit Pig. this ov'erall mobility. Aq At~tird abOVk1, when
2(a). like elope at the center of the top member file overall impedance io set to equal zero, we
must always be horizontal. from ihsi It tol- have the frequency equation that, when solved,
lows thalt thD Intersection of thke diAgonals must will yield the roots for the natural froquenay of
have zero rotation so that the doeflection shape thie vai ioua Modes. The frequency equation for
to maintained symmetrical lit keeping with th (lhe symmetrical mode then is
assumption of zero longitudinal deflection In
the members, the tops of the vertical logo. Z total *=-fJ()
points "2' and "3," pluis the center of the diag- 0i (7)i

finals, point "0." musut ilso have zero transla-
lion. WVith~ zero transla~tioni auld rotittion, thten Tbe mobi'lty for the free body cuzuponaents
point "0" can be considered as a point of MLelyA shown In Fig. 4(c) mare from Table I-
an shown in% Fig. 4. AO in the cast- of the aliti-
symmetrical mode, here too the frAme can be -

rooresmitled by onte hailf fi-rvie l'hpe O!Wtrainin

result ing iront t1P outher haill C01106l of tile~ E _K

clamped support ait point "0" atnd n ifuido to

Amllow deoflection while tmaintaining zero olope at Fit
fipe center of the top member. flecause mem- (E 1b
ber "A1" Jnsthe reat of the frame at two points
that are clamped, It can be ignored [it this anal-
yamB as lung ao the cLiamped iCOiplom't are maims Al F")
(alited. The half framec then is aimpi~lted as
showns in Fig. 41(b). Pcint '2" Ir considered With substitution of these furictiona of mobility-
simply slupport4LA because. ao In the antisaym- into E~q. (7), aind with assumption of uniformn

metrical mode, althoughm It cant rotate, It is section and mnateriasl thtroughout the fraine. thse
asaititi't- lthat it can not translate, owint; to the frequency eQuatioit becomes

a~ssump~tion of negligible longitudinal deftec Lion
in time frame mem-ibers. r, Ftj F

Joined itt pin(~t '2. Tnebiersl~ **i. andF~'.-:
'Icim be regar-ded ao titree subsytemens con-I

i net-ted (it p~ar'allel The total mobility. then, iThe method of mtooiutioii ef this freqiuentcy equa-
b~l~te same oters as In the ailttlsymietri..t0 tion. tit terntu of the parameter A- and natural

"tlilt'. is found to be frequency. is dest-ribcd next
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SOLVING FOR THlE ROOTS rO THlE 1-t RW IRLFolltVýS =T

NATURAL FREQUENCY EQUATION ,LOOS( , rIOtd 04 OI

To illustrate the method of solving for thc
roots to the .iatural frequency equitilon, we will
apply the procedure to the case of the antisym- .

metrical mode for a frame conf iguration ratio
of G.6 as an example. The equation that must

be solved then is Eq- (5) because it applies to 6,
all autymtia ods h ipiit fklasaC
this solution constitutes the main advantage of

[pages 364-373, curves of thie quantities Fs -FE
1,,are plotted Ini Fig. 5 wIth respectI~ to FF F,

the argument, \L. These arc the basic curves

inolved in the antisymmetrical mode. To yield
tesolution for Eq. (5). these curves must be Fig. ~.Impedance curves

normanlized with respect to the length of one for antisyninetrical modes
chsen member of the frame and the new curves for frame ratio =0.6

mutthen be operated on by the equation.

of the composite curve wvithl the curves (r, 'F,)
are the roots of the frequency equation, Eq.

e 11 (5b). These roots, indicated by roman numer-
61 it t ~~~als In Fig. 6, are A,,. w 3.45, 4.3,6.,7,

2 - XL Istic, \n 1~,e-I 4, we have the expression
Z f.---- or the natural frequency at these modes:

where ('nLa) is the rout of the frequency
FS equation.

F5'To compare results with those of similar
t.~g 5.~asc ipednceframes. we will exp~ress the natural freaupticy

curge for Bas intoymetri- expression ill terms oi the full length of the
c~1moeghorizontal member. Lc:

nths example, the length of member "a"
is chosen arbitrarily and the curves are theni
stretched or compressed to reflect their rela- The frame ratio, r , is defined as the vertical
tive length with respect to member "a." The divided by the horizontal:r L LC- L0 21
curve pertaining to member "a" obviously re- (member c in the half frame is lial Of flal
wains Intact. The length of member "b" is length).

p~raftically equal to the length of member ".

Therefore, the curve pertaining to memaer "W' Thern. when the root ts found in terms of
also remains unchanged. However, for member length for memaber "n," the frequency coeff I-

"C"which is shorter than member "a" by aI fac- dlent is
(of, of l.2 (that is, I.,,- 1.2), tile basic curve
2F I FS in Fig. 5 is Stoi &. -ed out by thle sarne L
factor along the absc iosa when replottied in F ig. 6. A. ka

lin subsequent steps, the curves 2tFt I-' and when the root is found in terms of the length
and 20, F,), are summedl. The Intersections for ti'e half frame member "c," the coefficient is
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A,, (2,Lý.)' Tests were conducted using a fratne model
of cold rolled steel, 0.020 in. thick, I in. wide
in cross section, 7.5 in. high. and 12.5 in. long

RESULTS OF NATURAL FRE- (0.6 frame ratio). The fundamental frequencies
QUENCY COEFFICIENTS for both the symmetrical and antisummetrical

modes were found to be vwithin 2 percent of thelr
For the purpose of comparison, the natural calculated values. Higher resonances wore de-

-requency copfficieta of the doubiae diagonally tectei, but, wifortunately, their deflection shapes
braced portal frame ar...lyzed In this paper have were not very clear under the stroboscopic light
been tabulated in Table 2, together with those as a result of the Imperfections In the model
of the single diagonal brace nid simple (un- plus the relatIve inability for larga deflections
braced) portal frame- The analyeq of the lat- in higher modes.
ter two have not been discussed in this paper
although they are quite similar. The tabulation
conveniently demonstrates the Increase in naill- DEFLECTION SHAPES
ral frequency of the double brace frame over the
single brace and over the simple (unbraced) For each natural frequency, a correspond-
frame. For instance, for a frame ratio of one, ing deflection shape exists. The mobility curves
the fundamental antisynnuetrical natural Ire- for the frame components, Figs. 6 through 10,
quency has a coefficient of 19.0 for the double are very helpful in determining the deflection
brace frame. 9.6 for the single brace frame, shapes. It has been found desirable to use, as

Sand 3.2 for the unbraced frame. The increase an example, the case of 0.2 frame ratio (Fig. 9)
gained in the symmetrical mode, however, is because this ratio involves essentially only two
relatively small. subsystems or two curves at any given value of

TABLE 2
Tabulation of Calculated Coefficients of Natural Frequencies A-

Moe 1.0 0.0 02 0.0 1.0 0.6 0.2 1.0 0.6 0.2

1 I 1. 2 22 3.2 2 -

1 3 61.7 12.9 16A 30.7 14.4 18 21.4

Jx ,___ 9. ___ _. _

11 0. 0l 12 21 43 60 19.0 39 53

'0 1 10
V I5.1 CA 180 296 46 66 180 130 55.6 107

VI 60 106 202 410 - -I~

ViI 64 124 352 - - - - - -

Vill 021 520 - -
I X 100 J105 L.....

Double Brace Frame Simple Single Brace Frame

Note L .4 Illi't" III itn I Ite Cd by !11C IIIn • nde ,-t-fItI t-
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0' 1ii( fRE:O.iENCV (O4JATION

,t I I 0'k

- II ( • -x•t-

$I I F
- -- rJI FI.L.
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r • = ~ - . -A . •

cig. 7. Basic impedantce curve• Fig. 9. Ir-apedance curvs
for ayTinmctrical modes for antisymmetrical maos•l

for frame ratio m 0-'

ITHE ROMAN NUMERALS INDICATE 1HE ROOTS
Or .. .C PRI; R 1UENCY rQUATION I I•tl RAOMAN NLIMCRALS IN ICAlE I l4 114C 0_

ai~OF THE FflEQuENCV COIJATiOW)

z AL

' A 
L'

F r. . 1J40T RE•PEATED

! fi. " 3b NOT RE:PEATED

F3 F3.

. •
FnEU.K EQATO 'i~a I fEAtE

F3 F, -

,RE.(ENCT EQ.,. I F, F, . Fe

Fig. B. Inspedance curves fcr c
syaminetrsaticaldes for fram~eI
ratio = 0.6 Fig. 10. Impedance curves for

yymmetrical modes for frame
ratio 0 O..!

the abscissa, one for member "a" and one for
the dynamitally similar members "b" and "c."
With only two subsyetems involvea, the deflec- for both symmetrical and antisymrnetrical
tion shapes should be more apparent. cases are shown in Fig. 11.

In Fig. 9, the length of the half-frame The stiffness in member "a" is easily rec-
member "c" is used in the abscissa.. The ognized by the fact that its first mode curve
nian!ber "a" is shorter by a factor of 2.5 (that intersects fb_. consecutive 1flode curves of
Is, 1., ' 1/2.5); he-tee, its ctrve is stretched memberfs ""' and ".:_ The first root occurs at
out by the saume factor. Members "b" and "'" \L. = 3.6 where the first curve of members "h"
ar. assumed equal In length; therefore, one and .". intersects the initial part of the curve
curve for both of them. their composite curve, for the stiff member "n." The deflection shape
Is shown in Fig. 9. The resulting mode shapes for this root is one without any inflection points
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-A

CONDITION OF ZERO FRAME
HEIGIIT, LALc - 0

;E%- -A It! 14ISYIMrrrnLA

As the length of the vertical member ap-
- proaches zero, the frame reduces to Just the

top member "c" clamped at both ends, and its
Sh- v solution is, obviously, Identical to that of Ute

~ ~ 008 fixed end beam.

- Theoretically, the member "a" cn still be- -P considered as a beam of zero length ana Infinite
rigidity. Its curve, then plotted with respect to
kL,. gets strftehed out to infinity. Hence, for
all values of the quantity AL4 the ordinate of the
cuive (F, F.) is equal to Inflnity. Con.0e-
quently. refer aring to (he ,itisy.nietrli case of
0.2 frame ratio in Fig. 9. the frequency equation

Fig. 1 can be satisfied only at the asymptotes of the
shiapes for frn•me ratio - curve 2F,,F.. The values of AL, at these asymp-
o totes constitute the roots of the case of zero

frame ratio. The corresponding natural fre-
queacy coefficients, A,,, are 61.7, 196, 410,...,
equal to the anttsymmetric modes of the fixed

(see Fig. 11, Mode 11). Mode I, the ftwidamental, end beam.
occurs in the symmetrical mode which for the
0.2 frame ratio is obviously more compliant. The shape with translation but no slope at

the midpoint is found front the curves of the
The second root in Fig. 9, at • * 6.7, i symmetrical mode in Fig. 10. Using the same

the intersection of the same curve of members reasoning as in the above case, the roots must
"b" and "c." Therefore, the deflection shape be the asymptotes of the curve The

consists of the next higher mode for menabers natural frequency coefficients for these roots

"W," and "c" in compatibility with, but out of are 22, 121, 292. .. , equal to the symmetrical

phase with, the major deflection in member "n. modes of the fixed end beam.

Each mode is characterized by a change in
phase from the previous mode between the Decause these coefictents as found from

member "'n" and the two members "W" and "c" this analysis are equal to those published hI

which, having equal length and end support, are textbooks for the fixed end and the cantilever

dynamically identical. The third and fourth beams, the comparison can be used as proof of

roots ( kL, = 0.4, 11.5) occur at the intersee- the accuracy of the application of the mobility

tions of the first curve pertaining to member method,
"o." and the third and fourth eurle for membe'rs
"b" and "-". Consequently, the stiff member
"a" is again subject to its first mode shape while CONCLUSIONS
the other two members, longer and more flexi- Mobility or receptance is a measure of tie
ble, aire subject to higher mode shapes with otyorecpaeisamskeof(e
Inflection eoints. ease of motion of a system. The reciprocal is

called impedance which naturally is a measure
of the system's resistance to motion. The im-

It is plain to see by extrapolation that the peatance of a system is zero when the system
next root should occur at the intersection of the has minimum resistance to motion and this
second curve for mineober "n" and the fourth occurs when the system vibrates at a natural
for iiemnbers "h" and ' Thus. as the fre- frequency. Therefore, the equation of zero im-
quency increases, for the first time the short pediince represents the natural frequency
still inember "-" is deflected in the next higher equation.
mode shape with an inflection point. These do-
flection shapes for frame ratio of 0.2 apply only In the discussion of the symmetrical and
to the antisymnictrical mode. Using the saine antisymmetilcal mode. it has been shown how
technique, with Fig. 10, the deflection shapes this frequency equation hias been produced for
for the symmetrical ,node, shown also in Fig. each mode in terms of mathematical functions
11, are determined. of each muember of the frame. The mobility (or

227



impedance) mvethod of solving these equations included in the ovornil mobility Oquation. This
has been illustrated. This method is basically call raise severe practical lImitations on tile

graphical one and It gives us, in essence, a extent to which this method of analysis may be
graphical picture of the vibration characteris- applied to systems that have a large number of
tic of the system. From Fig. 0, for Instance, members. The analyst, however, by virtue of
one can easily find the natural frequency roots Ju(Igment can elininate mekabera3 that have
for the antisymmetrical mode of the braced minimum effect upon the behavior of the re-
portal frame with a 0.8 configuration ratio; also, maining frame. This was implemented in the

Sone can determ ine the deflection shape of each analysis. Tile half-frame was simplified by the
mode. This has been illustrated for the case of elimination of member "d," thereby reducing
the 0.2 frame configuration ratio. Using the the vibration model from one having two jointe
mobility curves, the analyst can also study the to one having one.
offoct resulting from changes Ln the rigidity ofI any one member. For instance, a separate set V(f impedance curves was not required to solve ACKNOWLEDGMENT
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DISCUSSION

Mr. Dobson (Gen. Elec. Co.): We use nor- been eliminatted, the curves would have become
real mode theory in the evaluation of frames much more complicated. The mobility functions
such as you are talking about. Could you tell would have included many more terim and it i
me briefly the advantage of the impedance would have been much more difficult to do. "rhe
method that you have discussed over normal computer would have been much more effective
mode theory? Do you use computer programs if we had not boon able to eliminate member "d."
to actually solve your problems ?

Mr. Dobson: Do you have any feeling for
Mr. V a: I can not tell you right now the accuracy of your method?what av--atagos of the Impedance method L

would be over the normal mode theory. Al- Mr. Verga: We have not calculated accu-
though so far we have not used computers, wo racy. I gues -the accuracy in this method is a
can do so by taking the data in Bishop and function of the illustrator or the draftsman in
Johnson's "The Mechanics of Vibration" and plotting out the equations.
putting it hi the mnemory of a computer. In that
case we can analyze systems with much greater Mr. Manning (Dolt Deranek, & Newman,
complexity and without the need of trying to re- Iuc__ You ellninated member "d by assuming
duce the frame by making assumptions based on that the junction of the cross members (lid not
good judgment, as we did here in eliminating move. I wonder if this Is a good assumption
member "ti." If member ",X' could not have when the angle between themn is very smnall?
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Mr. Verp: You were referring to joint "0" Mr. Verga: Point "0" was a rigid connuec..
I tak-W' the n~ode? We know it did move and tion.Th Tlior1iis are rigid, but not rigid with
therefore we know that the assumption~ is not respect to the ground.
100 percent correct. But because the inution at
point "0" will induce hinamttc and strain energy Mr. MeCunnol:- No, but rigid witli respect
in the meml 'r, and becaust) this imember is so to each mi~iiembe. Then. lin removing this nIenl-
remote iron point "2" upon which we hinged our ber, you have removed a constraint as far as
equationfi, we decided cinmt the overall eff ect of moment is concerned onl the other diagonail.
those two quantities upon the rest of the frame
would be a minimum. I guess the answer to your Mr. Verga. - Yea. The only thin that would
question Is that the relative deflection lit that make- -Remnher d*'' move would be a moment
member, because of the f ixity at the bottom, transmitted through this rigid joint but the ef-
would be mnuch less than the deflections at the feel of member "W'd was to create a hinged Con-
members up above. I suppose this is why the dition at point '0" which we did not remove. It
test p~roduced numbers which bore out these mneiber "d" wer e not there, then point "0" would
assumptions, be allowed to deflect up, down, and sideways and

not only in the limit condition that the gentlemen
Mr. Mainniun: 1 think I am askinig a differ- from D~olt, Beranek, & Newman brought out

ent question. I amu thinking that you have mne- earlier.
glected at poinlt "2" 'liy motion other thanl
moment because you have three beams Joined Mr. McConnell-. The rotation at point "0"
at right angles. I think this is valid. is not the rotation of a simple support?

Mr. Verga: That is right. At point "2" we Mr. Ver ga: The rotation at point "0" would
have assumed zero translation.. This is because still:' '7pTIce and that would be carried out-to
point "2" is interconniected by diagonal members member "1."
which are fixedt at the other end to the fixture.
Therefore, If we must maintain our assumption Mr. McConnell: Member "d" influences
of neglecting the longitudinal deflections in these the ant KnFof rotatixon. I was wondering if you
members, then we must sany that point "2' does have any comparison or if you have made a
not translate. For point "2" to translate, the study of Whe comparison of hlow much Wme fre-
diagonal members would w ndergo longitudinial quency of that member has been changed by re-
deflections. moving the torsional stiffness.

Mr. Manning: But this would not be true at ar Vi: We were not hunting for the
point "0," the ceter point, frequ-en-cy n member "d." We were hunting for

the frequency In the frame. I did run tests
Mr. Verga: Point "0" :a in to the four' which showed that the fundamentals were hardly

diag~niiii Umii era. Theici c for point "0" to affected. I do not have a number hare for the
move in translation, the diagonal members too p~ercentage difference between the natural ire-
must move lonigitudinally. nuecvc of the fundatmental from tests and that

calculated, but I think it is in the paper. The
Mr. Manni1g: Yes, but if you have iA very percentage turns out to be very small.

zhiatloiiiil int. "0" could move in vertical
tratnslation withou( c.ttuSing much compression Mr. Putman (West Inghouse Research L.ab.)'.
in the diagonal element. Go to the case of zero There seems to be In the last two questions
height; then you have the cross members lying sonme concern about moving member "d." Thts
fiat in the plane and you can picturc a mode in also concerns mce. It seems to me that this is
which the center point moves up and clown and a valid approximation, as long as the natural
is the antinode of at vibration. frequency of that member happens to corre-

sp~ond to the natural frequency of the total struc-
Mr. Verga: This would be much more of - ture. Onily under these conditions will there be

fectivF1Wit tie-synm ctm'ical mode shape, where momuent transferred between member "d" and,
thve vibration is up and down, which we did not 1 guess, "c" that it adjoins. Do you believe
discuss here. But you are correct. In the ver- this in no?
tical sense that factor would be more predomin-
namn and probably would have to be considered. Mr. Velga: 1 think you are partly right but

let mieals-o say that, ii member "(I" were main-
Mr.. McConnell (Iowa State Univ.)6 In re- tamned, then the Impedance curves would hlave

moving the mnember, igathiered thtinyou said shown an additional curve. It would have in-
7that point "0' was a rigid connection between creased the number of modes from the five

the cross dhiagonals?1
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which we wore able to see in that graph to six. Mr. Putt•mu: It is If they rotate about that
I am not ntorersted at this point in that addt- point, but it It not a free rotation as you as-
tlonal mode. The overall frame Is not influ- Bumed. It has another moment coming from
enced very much by the fact that the kinetic and member "(C'
atrahi energies of "," have boon removed. As
far as I am concerned, "d" is still there be- Mr. Ver ut: Right. There Is at point "0,"
cause I am maintaining the constraint that "d" wher'T•"T'a' been removed, some resistace-
has produced. I am assuming that ite kinetic to rotation owing to the strain energy. At the
strain energies have a small net effect upon the same time there is seoie effect in opposition to
throe nembers or upon the rest of the iran-s, reotetance owing to the kinetic energy that has

also boen removed.

Mr. Putman: How would you solve the Mr. Putman- You are saying that resistance
problem If you were to take "d" Into account ? is mn-i-fl7.right
it seems to rte that One of the things which
onables you to do the problem is the fact that Mr. Verga: Yes. I am saying that the over-
you have this text book which gives you driving all effect is small. To avoid going Into a coin-

point impedances of beams with certain sorts pater and to illustrate this as quickly as possi-
Of 01nd conditIons. If you put member "d" in, ble, I have been able to remove It.
then member "c" Ie no longer pivoted there. Mr. Putmn, I think the subject of discus-

sion Is whether t is or is not small.
Mr. Vorga: Member "c" is still pivoted.

We h-nol-Ranged the boundairy conditionA. Mr. Vrga: I will add that_ t__, tests have
I am juatifying the elimination of "d" because shown N -at itF small. I guess w hout those
the effect that "d" Ihas had upon the iramu is tests I would have the same dotibis which you

still being maintained. aro displaying.
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APPLICABILITY Of MECHANICAL
ADMITTANCE TECHNIOUES*

D U N- i anid F: B Mry' r
11,-It. Betra~nek. & Nrc. atx.g. Int:

C.ambradge. M .i1i1uhusetiu,

Iht pdpr r,-'cw Ihc' -ndcitstmi unider sý hich muichansiii adniUn- 1

An vx.ajmple of ra uduin vibration r.Lnsifaaltun il lust rates the
IAn- of ulrrore which cdli 6e aim~cipatd wulithin tle present

INTRODUCTION uf view Lihe adumittanue foi'mulation is decoptively
simple. It says that any inforniation an to what

The applicability of nmehanical admittance types of vmvos are propagated lit the Structure
techlniques to the solution of vibration transmis- t8 Irrelevant provided one obtains the complete
sion in real structures is reviewed In this paper. set of admittancei; at the selected points; wave
Uy techniques we mean the measurement of the infdormnation IS traded for a vast amiount. of Ox-
admi~ttuuccs andl th calculation of trauinniiciiion perinmontal evidence at Specific points.
based on the measured admittances. We shall Eprmnal ecno banacm
use admittances because it is a more convenient Eprmnal ecno banacm
formiat front an experimental point of view than plete set of adnilttances, and those experimen-

the quivlentlunpdanc forat.tal values that we can measure contain intierent
the euivaent ipedace fomat.experimental errors. The incompleite admit-

We will assume that lthe reader is alreadv tances require the selection of a simplified
famiiarwit theadmttace r imedace or- model of the vibration transmission which is

tuats for hiarmionic anid random vibration trans- coptbewt h uatte htcib
mission [1.31. nieasui'od. Thitl model can be chosen only with

a good understanding of (the principal modes of
The structures coilsideredi are those typical trmtiiuoiIntetrcte.'h

of aerospace vehicles: A composite of beamsa experimental errors further limit the Size of
and panels in a pias niedium Th tutrsthe model becnuse the propagation of errore in
can thus be viewed as ivavegiides where (lie the calculations Is such that orrors in the ro-
gas-solid interlaces of Lthe structure gtuide the suits grow very rapidly withi the coniplo~iity of
different types of waves that the structures al- the nio0dol.
low: Extensional waves, fllexir'al waves, tor- ror lporiodic and transient excitations the
sional waves, aiid so forth. The electrical admittance format relating excitations and re-
analogy is then Seen to be with rilcroWtveS sponsoa is a rather simrple one. For randow
ratlher than with electric circuit theory based vibration the forniat becomes much more in-
on lumped parameters. vblved. In the harmionic case the excitation and

response are columin miatrices, tin the randcomk
True nmechianical admittance formulation case they are square matrices of spectral den-

relates the excitation and responses of a set of sitics. The calculation format -also becomes
pot its of at linear structure. When all the do- mort. complicided. Because these calculations
grkvs or [reedomi of pach potilt are included, invoIl'e more experimental elements than in the
the formulation is a complete one. It is a state- harmonic case, the calculations will also yield
ment of linearity. From the experimental point larger errors-

"jim osuk i,' 1).drte( lher,'mj ~mm. .k 1-rf.,i hid ,nd.'r 1l'iA V(.U .No j o A 3i~toaSj-- 'I7
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tintasmsinproblem; Thto adrnittiuice Acoustical excitation, fur example, I la IV i witi

4E Adigitatl computer. h computer simulation provided th cutcacoupling wt ieaos
conslisto of ttwing & iiit 10lel of thle structuire as it 11CAl field i4t 1ll~ji,,Uht to tile IM-rturbitionll
sot of differentiatl equations with bounidary coil- caused by the colhiectioli of additional 8t ruc
ditions kind of performing Accurate ;alculatiuns tisral elements, In practice thitl requires that
b asod oa this model. The variables and thc op- lthe acoustic excitation area be sufticientlty re-
orqtors of the differentitAl equations, and the mnoved [roin the connectioni arei q,,. (bivt (lie Im ,-
boundery condi1tione itre lirecift ind crin~istent pedance of [lie coitieekkon reflected ontot the
stateorfbnte about the model, although the miodel excitation area is negligible.
in naccunarily only an approximation of the real
structure. From thenne precice .91-teen~es the There :trv two nrjiev~ broad c-Aiegories of
computer cin matke very precise cnlculations, vibrition transmisimon problems where the
limited only by the number of bits of each word. admitttance technique lias bceen applied wi~h

some success. The first category coniisits of
lit the admnittatice tochlmique Wie st~ructure cuses where the excitation is liarmonic and of

Ltolvot Ht8 own difftwe~libinl equril~ona antik hound- relaikively low frequency. litilth- second cuto-
ary conditions whatever they may be. However, gory the excitation ia rauniom having a. rela-
thei exporlimentita errors restrict thle accuracy lively broad frequency spectrum.
of thie calculations thiat, can be monde.

Both categories are limited to vibration
B~oth the computor simnulationi and the ad- transalissionk across a 6small set ot contact

nAittakice to-chnique are deterministic approaches pointB between twvo etructuros, oCnli point linv-
to it problern that is not absolutely definite: The Ing vecry few significatnt degrees of freedom.
dimensions of the structure, the boundar'ies or (In most cases we consider only one degree of
intorfacos of built-up elements, the damping freedom per point.)
inechianisni, and Bo forth, are net accurately
ididwii for a given structure; furthermore, they Th'ils restriction to contact points instead
vary front unit to unit of the same design. of line or area contacts is Inherent in% the ad-
Either approach should choose approximations mittnace formulation. Although a line or sur -
that are compittible with the present uncertain- face admittance could be approximatted by an
ties in the structures, ensemble of point admittanices, and the prob-

loin carrid on at point aciniittaiice basis. it iS
The state -of -the -art of mechinical admit- clear that thke number of points sqelected would

tance techniques is still far from a level of be rather large for high frequencies. Then the
ooplitsticotioa approaching the domain of un- accuracy of calculations degetterates rapidly
certainty of a atructure. Thit Is why rather with the order of the matrices.

.. A. ~ ~ ar oftA,~enI jusattfta kn A

caluse more refined ones include greater er- We itre himl11ing, tile applicability Of adnait-
parlrianntal errors which dlefeat the greater twice technique to it connection of only two
poilintial accuracy in the end result, structures, the connection or interface being -i

set of Pointo. Only kine structure IF, active, that
is. ha1 VibraItionl 801111101: the Other Atructure

APPLICATIONS Is piassive.
Formally, thie Adinittancee Iechiiiique lu

The admittanice technique is ark experimien- ~ rsrcoit igeitraenrt
tat technique; (lie adinlittaines kit the Vibratlionete etitat I igeitraenrt
transmolssion formulae are obtained oxporlinen- single active structure. In the category of tow-
tally. This toechnique requires that the struc- frequency harmonic excitation, linear superpo-
iurea be avtlbe tlatsprtl.sition of the responses obtaineli when only o~ne

avaiable leat searatly.structure Is aosesume active can be used, we
The formait of a1diittancea for vibration then have esaentially two separate vibrationi

transmission hns only limited applications in problems. The difficulty is in% the superposi -

deizig work hocauselit deals with information Uvi because each calculated response has5
ait the term inails - the admi ttances of a sct of Oi ors that are usually much greatter than the
points. For deaign, more inuight ito tlie l1o~de individual experinientai errors; thus in (re-
ef troainsisoion Is needed. quency regions where the reqponoes are almnost

equal md1( necarly out of phase, very large or -
Althouigh thec excit;ý. tn of a _iti ý.cture ap- rors result in their -uperpositton. If the exci

pearis as8 a aet of effective fvrce or velocity tatkons of eachi structure, although kndividua'iy
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harmtonic. are independent, thin dlifficulty in oil a baso, whore either line base or the macintod-
not proeSnit. 01-y iu active. Many touchi cases ar'e reported In

(lhe literature.
III tile category (.f randwilom I xAttion with

bradau f roquency 8pectra, We ib. it rally cannot At frotquencies up to tile first low resonances
supei-iin1pose tile rospoiises ntlniaild front onle of the structures, tile admittance t"chnilque rould
active atruicturi to those obtainud from the yield !airly accurate results beCause Rxporlmon-n
second structure when active, Ili fact there so tal errors like transducer constraints onl the
fornialily no liupO ripi"ttlull theurell for Suchi structur~es can be iiiuiniizstiid, and the miodel of
cints, all the excktatituas with their combined triusnisiauun could be a fairly simple one. At
v ross Power spetwtral denaity mutst be upplied into rnertiatte andl hligh frecquencies, onlO 11as to
shiiaultinoiasly. Hlowever. whenl the- excita- reliort it) miuchi simiplifaied models of iramontsine-
ttofl5 are ifldcpc ndelit. either becaust they cuJiii 510,1 mid accept fairly large- uneorlabiniee. Ini tile
front independo it proilss~es or because they calcualated result.
originatte froim T he flume !?rocvtss mid file litle1
de lays ;and (tLapkirsloli in (lie two activ~e st uc -

tori's are 'iuch as to render each excktation Ili- Drioadibaaid Itandvmn Vibration
drimmnrent - .- superposition of tile power. Itke
quantities Iin the responses Is then per-missibliv, We ire still restricting our problem to that
This is t. ften thI.- case. it fuhlowj thait cuotiiiid- of two etruciuren, one lictive atid thle other pe"-
cration o' two connected activc, striacturen, often sive, to be connected by a fow points, each point
amiuwats so tLio solutioni uf two independent having Onle or at must two degrees of freedom.,
lprobleribi Again, symmetry of thle structures, If It cxlets,

is introduced directly Iin the formulation of the
Limiting vibration transnmission to one vibration trlunsmitsion.

interface is again for Ute practicail roason of
oxpeoriiiiontal erroris. Formially, (the vibration The formaulatlion of thtt rtindtjon triuioniik-
t riusi~loii ibSolaIi'U rose oIiinterface Call lie tites-- sioai is genorailly taken as an, ap~proxiimate ones,
ated with the addition of another structure anti because the full furniulaxtior. Iin tormns of the
Interface. Ilowover, the experimental errors complete power spectral densities has unan.-m
render Utis iterattion Impractical, We might ageable, proportions. Thle approximiations tire

miake an exception for twoe interfaces when tile those of assuming independence of the oxcita-
structure between thema is rather simple, for lion at each p01111. and of working with rela-.-
example a set %.i shock mounts-, even here some tively broad frequency bands, such that ontly the
caution is necessary at high frequencies. mean values of (toe Impedances, andi the mean

square values of the excitations are required.
Finally, it is important to detect and niake It is a rather r'ough aipjrOX1Idiniaien Somte rC-

use of anty symiinetry that exsists. The point to fmllnleints 13j like thle use oi average admit-
Intake io that symmetry should be introduced in ta~uŽco wlth correlation coefficients could beQ
thle formulation of the transmission rather than madelotting oymmnetry find its own way in mattrices

Caiculat ioins of V ibr at ion
With thes8e roniai'~kS Ili nilmd we clot diactiev Trinienission

p~wI ofthe w. ateorie oftt~pl~cti~l5.In view of tile naiaty approxinantions usod, it

is quite 11iapurtwit. to select a simple but. realis-
L-ow, Frequency tharnionic Excittation tiC trnmsinModel onl whichl to bitse the

claiculatione of transmission. By niaxtol we
Consider two structuree, one. p8asive and mear. the titiiibte of pi-lnts. their degrees of

the other active, to be. joined at ones interface reedona, thie symnnietry of thle cotip)ling between
consinting of ;I f~ew poirste, each having very jx~.nta, and so forth. Once the miodel is chosen
few - one or two degrees of freedimi, Sym.i -en &nme ioneaueue n'ade_ the model should
inetry of Uhe structurpo is Introduced in thie be checked againot these neasurenientO to Bee It
iornisiuatioii of vibrition I ransniuskson. 'I'he further sinl plIfic atilolls 'Ire ix)Gtsible. Itne loss-
excitation is harmonic, having a line. spectrum portant simpliftication to look for is tlie follow-
withi unIVI . few lItnen 1 )i

Thit type of problem han b-eii solve, sus: - The ;;*'ration tranfiminaion acrues thie Iin-
cesfulty Iin tile Past, with admittiance technliques. terf~ae Alf two connected 8tructures requires

as i tie cae o maciney monte reclietiv that thre tree velocities of the tace of ths' I-tcive



atructure be! icniows tand that the ~iltimiiitace mia- simulatour This would allow niodea of trains-
trices of the t wo faces be llnoin. Whten tho ad- miosicn, for exam~ple momeont coupling, that
niittancen of one face. any, that of the second are not at present simulated by the convert-
structure, pre much greater thin thome of the tional lineal shakter@ Tile- source and load nd-
first structure, tile face of the first structure mittances are permitted to interatct t-- give a
becomes A Velockty source. U the reverse more realistic vibration level at the base of
situation to true. where the admittances of the the instrument puckaife. Admittance technique
f-statiuir rr muhgra thtiu those of Iin thisi case io used to verity tha~t thlt simlullator

thA second structure. the firat stfucturo We- has the correct souirce admittances, There are
comes a force qourCe. In practice, one or the (lifficutties, however, In s~imul~ating low fre-

Lother situation will be true In many frequency quency admittances; high frequancy admittances
rangea. Thin Informattort makoe thle calculn- are more easily simulated becauso they li-come

- tions much simpler. It iflowsiv tha~t even a the driving point Admittmnces of tile inflinite ex-
trude aipproximation 0( tlie admitiltm-ce of ltei (C110011 tit thle BourvC structure tit tile immfle(ii -
foimce of tile tw-o atructurtia could be very usei- 11tV ViChiity Of thle source poinis.
ful In vibration trnnsmission.

Iin practice, it may be necessary to per-
F Expimlples of such cases .,.here admittancue form the vibrittion tiust tin two stepu it the

tocluaiu ot evr etl~ ufdi shakers cantnot autoply enough excitation
aerospace structures, to which a aeuvild.ry through the simiulated source, admittance. In
structure, like an Instrument package, is to be the first step, Lthe simulated source adminittmice
attached. 11 tho Interface of the aerospace Is excited at some level and the resulting ac-
structure is specified only by accelerations, an coloration spectrum noted amt the connection
I mportant modifier of thle tranrnnlsslon Is points, but without the test package: then thle
tilded - thIat of the Interaction between1 tho test package ts connected and tile resultant
Impedance matrices of the interfaces. The change in acceleration spectrum of these points
specified free acceleration of the soutrce noted. The same chalnge in spectrum is applied
amnounits to DASuming an infintite source im- to the original specifications of L ee accelera-
podaniee. This assumption Is often a very un- tions giving the modified acceleration levels to
realistic one. 1f, in addition to the free accel- be used in the second step. In the second step
eratlonh, the Imnpedanices of tho two interfaces the test package is tested directly by tile shah-
are obltained, a much bettor estimate of vibra- crs writhout the simulated source admittance.
tion trainsmisslion could be calculated.

Thitl two-step appronch Iis not as realistic
Often th10 Source Admittance, lor one dto- as the Ringte-s-top appiroach because thle test

gres of freedom, of only one typical point of thu points are more constrained by the shaker con-
interfacei is very valuabile informatloa; that, neetion than with tue simulated source admittance.
along with the( free acceleration at that point

mi O C(lA I?3(J %V0INIU iUllo A1lL .lInct' "iIU 1hu.111,l

could be used to yield rather good esttimiates of EXANMPLIL OF RA&NDOM MiIRfA-
vibrettion tranal"Ission. This admittaince could TION TRtANSMISSION
be. SpeOcified only ill mnon1giudQ ioud averagedi
over ecad. trequency hand. It is interesting that We consider a cylindrical shell as thle firs(
thisB kind of roughm natimate is usofol for the structure and a "blackc '-ox* iR the slecondi struc-
random vibrntlon but would not be useful for lure- The shell reprosents an aleroospnce struc-
the Itaruoiviice ase which reoquiree much more lure vibrating in response to rozket noise or
dtetailed Information. similnar excitation that creates .-- 'ibration f ield-

The black bcx represents an instrument package
that contains sonie vibration sensitive conipo-

Vib~ration Tasting nents. The blackt box is tied to the shell by two
pioints which .kre lthe interface.

An important application of admittance
toclintiureIs 15in thle simulation of the vibration Thle nicasured overall transmission obtained

enionnmnt tinforlunate~v manyv of thle vib~ra- vii- I the two structu-res are lied together wvi!l
testsir for acceptavce --f an! fiIstrumnontl b'e compaured wit!w the calculation of tranumio-

packpage disregard tile admittances of tile sion using the ateasure-d admittwices. Reaiiz-
sources, retaining o0lY their free velocities Ing that onlty an incomplete Eset of ittances
(or Rcceleratione). A more- re.-itatic test is can be obtained experimentally bi cý,ue we
obtained If both the soutrce admittances and the cannot ineasure momnent ad.-nittances, and that
spectrum of tihe free veiocitiva are slimulated, experimental e-rrors are p~resent in lthe inlas-
and thie Instrument Ipnckiotg is miountoed on lihis *iremnent of each adimmittance elenient, tilt
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challenge is One of npproxiaititions. We will View of tile luoad Colilected to the cylinder ig
try to use in our calcolaiilolm tile leInt number OtVan in Fig. 2; the minlature acceleromntoi to
of invasureienlts that Ipormilito a reasonable tit the output point. 3.
predictiuon of tile vibration trlrnsmimsion

DCSC riiitfon

Cyiiiidrica, Shell - Tihe cylinder is a thin
aluminum shell reinforced with three rings mid
five iongaiodii-W alutialnu. .hpennis Tle rings-
aind ceume nted to thl •heli with elxpxy -

•-P helave tile followtlitg dimensions;•

Diluneter 25 ill.
Length tL• Skh thickness 1hl l 16 ihd .p At.

Cross section of
rtnas annd beamsiu 1/2 : 3/ in t

The Skin of tile s1hell has dampingK fall( to

increase the loss factor ol th- shell to approxi-
inate ly 5 -- 10" above a low hundred 11z. !

The cylinder Is sot vertically, supportod at
three ponits or the itioor; at those thiroe points
the base ring is claimped to the tloor-.

The vibration [ield is induced by one Good-
manis type V-SO shaker which is atiached to one
longitudina. beam at approximntely 2-1 i2 It
from the floor The shaker applies random vl-
brations to the shell in the torah of individualSthird octave bands of noise. The excitation
vollage at the shaket will be kept a;t c•O itotit F Pnotograpl, "f mew cylinier"
"vallUe for tile sot f Ithird octave bands during \-,tinl, shake r an.1 load.
all the active tests - Ibith those givinlg the tree

veiocities at the attachment points of tihe black i1
box and those giving the overall transmission.

Calculations
!]he t0,- lpo;nt, --f the iliteirfac between the

shell and the black box are located on adlJaceet Followinvg the block diagramu of Fig. 3, and
longltudlnal betuins of tile shell and oln the salne assuming harmomic excitation. the outp[ut ve-
Circumference. ioelly v, at point 3 is given by tie matrix iequattion:•,,_

Black Box -- The black box is represented
by an alunminkiii beanm carrying an alunlinlum V in -• "\)

plate. The plate has dilloping tape to W-1'11;
its loss factor to approximately 10-- at Iiejquen- where % is tile free velocity vecttr at pointts 1cies above a few hundred llz. Tile twu endu of and 2, v and Ii arc the ;ulmttt.,Ina iatrices ofthe beatn are tile two points of the onterf.t'te points I and 2 *ilmn1 1w.1u I 2',' t. •.• Y' 15Which coninects to the cyllnlrical shell. The tiit' Ir,.i- ddnitttLrnce from '•iots i a.d 2 to
output point im nvar one edge of thei plate This int A
model ot tile black box was cl.osen to Ilalude C*
the constituents of a box (beamn and plate) uid lit An-." -Vý
Yet to be PhImple enough to Pel-mlit UoatiC anlaiysis. Wý' ko ar ý-ew Ihe !I, eoliia

Phltographs of the cylinder, load and Vibra- Y , .
Lion Source of the cylinder are shown in Fig. ,.
Thc load is sen vi•n the left hand Side, thie :Fcit- For ratildon exci:ation. V•. consider a set
ing shaker is on the right hand side, A 1".seufp ,,4 l& I.tielic v bapn.d and vwitýe tht. f 1,Ulslniassio

~lierj,;,
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Fig. 5. l'%.o-polit Intel f-Ac,,

betwe-n two st'nictures

and each quantity has a magnitude and correla-
ton coefficient that is the equivalent of a phase
angle.

The calculate n of the transmitted acceler-
ation 77 is shown in Fig. 4 and compared with
the measured overall acceleration. The differ-
ence between the two curves of Fig. 4 is the
error which we now discuss.

CONC LUSIONS
Fig. 2. Photograph of the load

attached to the cylinder
The result of Fig. 4 shows a fair agree-

ment between the transmission calculated by
admittance technique and the actual overall

In terms of average admittances over each transamision However, there are significant
frequency band: errors in each frequency level, sometimes ex-

S-- ceeding 10 db. The errors can be divided into
1 the followiag kinds: Errors associated with the -

"model of transmission aseumned for the ctlattua-

This is an approximate fornmlation whicht has tions, errors related to the approximate format"-een Justified elsewhere [31. The bar over of Eq. (3) for random vibration, and experimen-
,ach quantity expresses the average character tal errors.
of each term. Each element of average admit-
tance, times t, takes the form

The model o1 transmission assumes thAt
(4) only the force coupling (or transverse acceler-

.y ;.e ation on th& beam of the cylinder) is significant
between the shell and the black box. Th;s model

wherel I, s the co orelat. oec we have called gives 2 x 2 matrices for the admittanceJ Y and
oo the band of oise that wY' of the interface. Moment coupling plays an

the coherencc coefficierit esseatial role in beams and plates and should

be included. Then each point of the interface
tm .... d(5) would have two degrees of freedom and the ad-

mittance matrices V and Y' would become 4 x 4"The firat term is a phator; the second matrices. liowever, betitf this new model would
term 1- to, treated asa. random inde- be, wc cannot measure conveniently the momentpeident quantity. imped-ie- elements of tlbe matrix. Specifically,

Thmeasurements with an impedance head if the matrix I is so organized that the force
od an accelerometer have been set up to obtain components of admittance are listed first, fol-

the quantities in Eu. ,3,t are al- lowed by the mom:-;. components, we would
together 10 quantities to be measured in Eq. (3), Iave
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Fig. 4. Calculated and measured acceleration

respunse .V, of the load on the cylinder

IT VF VM VU each matrix becomes a single element. This
Y 12 V 1 Y 'l4 was used for the basis of a calculation which is

shown In Fig. 5. The result is almost as good
VF VF VI VM as the result of Fig. 4. This result should be

Y1 YV22  Y• 3 24 viewed with caution. It Is caused by the high
V degree of symmetry of the cylinder and of the

- F M 'm black box, with respect to a line midway alongY31 Y3 ý'3 Y34 uiand perpendicular to a line joining the two con-
tact points.

rF ,F rM m t r

Tre fuormat of Eq. (3), where i•he excitation
L v and response are column matrices, is an ap-

Because y,, - y,, by reciprocity, there are 10 proximation of the more rigosovis format in
independent elements. The superscripts v and] terms of power spectral densities. The format
Srefer to lineal and angular velocity. The of Eq. (3) introduces systematic errors.
superscripts KM refer to force and moment. Whether the more rigorous format would yield
Assuming that we caln meinsure angular velocity more accurate calculations is questionablA in
r but not the momernt N it foilows that there are view of experimental errors. Because the
three elements: y., Y3 - -43, and y44 (that average admittances in Eq. (3) have a smaller
cannot be measured conveniently within the range of values as a result of the averaging
present state-of-the-art). In some cases it process, the calculations involving inverse
may be possible to relate force admittances to matrices are less likely to become unstable;
mornment admittances [31 using for example the the growth of errors in the calculations Is re-
relations found in semi-infinite beams or plates. stricted. Thi1s would not be the case with the
This approximation should be investigated power spectral density formulation where the
further., harrmonic admittances have a very large dy-

nansic range and the resultant admittance ma-
Reconsidering the model used for the cat- trix may become "ill conditioned" because of

culatkons, we may question the relevance of the experimental errors.
coupling between the two points of the Interface.
If these two points were assumed to be independ- In conclusion we can say that admittance
ent, an even simpler model would result where techniques are usefull for the calculations of
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Fig. S. Calculated and measured acceleration
response ,- of the load Ot tie cyhider

vibration transmission of many relatively aim- needed. Also a more systematic balance be-

ple cases. Indeed, we do not know of other tween the effects of experimental errors on the

techniques that could yield results like those of calculations of random vibration, the approxi-

Fig. 4 or 5. mate model of transmission, and the approxi-

mate formulation of random vibration should

Further work in the development of tech- be sought.

niques to measure moment admittances is
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A
SAPPLICATION OF THE MECHANICAL RECEPTANCE !

COUPLING PRINCIPLE TO SPACECRAFT SYSTEMS*

Ewaid Ileer
Jet Propulsion Laboratory

Ca lIfornia Institute ul Technology

Pasadena, Gahfornia

and

Loren D. Lutes
Rice Untiversity
lHouston, Texas

This paper explores the use of mechanical receptavces (frequency response func-
tions) in determining the dynamic response of a system from subsystemi character-
ist~is, where the basic problem is considered to be that of joining together and do-
ternining the dynamic rcsponse of a number uf components that may. for example,
simulate space vehicle subsystems. A brief theoreticil discussion is given wiuch

includes tihe problem of component resonance and a short description of the Recept-
ance Coupling Program (RECEP). The particular problem of eliminating the effects
of the measuring equipment from experimeutally dete: mined receptances is treated.
In an example of a beam excil-d simultaneously at two points. comparison of the
measured and correctrd results shows considerable influence of the experinmental
eqit Ipuient.-

INTRODUCTION In this paper the method of determining the
dynamic response of a system from the sub-

During recent years attention has been system characteristics Is explored for applica-
directed to the analysis and evaluation of the tion to large space vehicle systems. The basic
general dynamical and vibrational behavior of problem is considered to be that of joining to-
stiucttiral systems ,vilth ever increasing coim- :ethler and determining the dynamic reponse
piexity. While it is desirable to consider the of a number of subsystems that may simulate a
complete system. a c'rect dynamic analysis of launch vehicle, a spaceeraft, an entry capsule,

large spaceerait system may not be practicable and a lander system.
even with the most powerful computer presently
available. Simroilarly, it is frequently not feast- Presently employed practices in analysis
ble to conduct dynamic tests of spacecraft sys- and dynamic testing of spacecraft subsystems
teins tn one piece because of their size, or be- usually oversimplify spacecraft interaction with
cause different parts of these systems are the launch vehicle. In IRefs. 11-31, among others,
fabricated and assembled at different geographi- it has been pointed out that it is important to
cal locations. A method of first dividing the consider the spacecraft as an integral part of

system into suitable subsystems and then deter- the space vehicle system. Such considerations
mining the sy!teln response from the subsystem become particularly Important for the later I
characteristics has. therefore. definite advan- stages of a mission, when a number of subsys-
tages, particularly when some subsystems al- terns of comparable mass dynamically interact.
ready have flight qualification and are to be corn- An example of such systein. is a planetary
bined with different, new subsystems. as, For lander subsystem attached to am entry capsule
example. in the Apollo and Mariner space tfiat iti turn is mounted to a fly by or orbiting
programs. spacecraft. Another, but sitmilar, situation

*r'his paper presents tlie re-ul,s ol one phase of ree,tridm cb rrced out at the Jet Proutilsiun Lab..
Calat. list -reh , under Contract No NAS 7 100, sponsored by NASA.
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exists In the Apollo program, where the space the coupled sytitem, tit advocated it, Ref. 1101.
vehicle systom conoists of the three stages, Of course, the concept of transfer untction Is
S-IC, S-11, B-IV B, uiad the Apollo spatcecratft, not restricted to the( use of experimental data,
which includos a command/ser vice module and because the transfer functiona can be generated
at lunar excursion module. The launch vehicle from modal analyses; this then opens the inter-
and/or sixacecraft is turs composed of two or esting and practically useful possibility of do-
more subsystenis that can be large by themn- signinhg new subsystemse (for example, space-
selves and that can be designed, built, and craft) coupled to already qualtifid and tested
tented by different manxufacturers. Further- subsystems (for exainp] , booeters) that arc
more, the same subsystem can be used in dif - characterized by their transter functione at the
ferent miattioine. A method of determining the Interface points.
dynamic response of a system from subsystem
charactorietics that are determined experimen- Within the broad concept of transfer func-
tally and/or analytically has, therefore, a wide tior, the concept of receptance has been found
application in the development of space vehicles, to be somewhat more convenient than the con-

cept of Impedance, mobility, or the like, and is
The method of atialyzlog dlynamic systems therefore adopted here. Nevertheless. the de-

basted on subsystemn characteristics has been velopmeiits In this paper arc, with slight modi-
advocated tin orte form or another by at number fications, also valid for these other concepts,
of authors [4-101. In addition, nt digital comn- as Is Indicated in the example discussed later

* puter progra m Ias been developed in Ref. I1I] In this paper' under Elimination of Instrumenta-
based on the developmients in Rei. [17J. tion Effects. Unless stated to the contrary, the

-~ derivations are in the frequency domain and all
lIfthe subsystemn characteristics are detor- matrix manipulations are valid at a particular

mined analytically uqin; at modal analysis np- frequency. All receptances and inputs are comn-
preach, the developments tn Ref s. [7] and [11] plex functions of frequency so that damping is
are, in most eases, suitable for the analysis of allowed for as long as linearity Is preserved.
the coupled system. However, it the subsystem
characteristics are determined experimentally THEORY OF RECEPTANCE COUPLING
on actual structural systems, it is convenient to
use the concept of transfer ftuiction (frequency A system Is considered composed. of N arbi-q
response function) for the response analysis of trarily inter connected subsystems (Fig. 1). For

A~ A ~ Z* P1 P",* 5 #-I pfi'0 0* P,

7; "2 -2

1 Art J, .11

1' 2" 3,#. I, 2,C I. z.s, ...r

POSITIVE OSECTION OF CONSTRAIGED OISPI.ACEMENTF

L -. POSITIVE DIRECTION 0OC CONSTRAINCD CORCiES4%

Fig 1. Representation of systemn consisting
of N coupled sabsystems
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practical reasons. which in most cases require where .C is a real rectangular matrix having lK

deforniablc rather than rigid connections be- only two .. zero Mlemel"- . .. *'. (-1). nd
tween the subcyote,'q coupling points, it Is (+1). iCI can be partitioned as determined by
assumed that the interconnections consist of V as follows:
discrete masoleoa coupling wilts (Fig. 2), with r 1
generally typical, frequency-dependent corn- rC ile ...- cll ... (0)

pliances K. [10].
where each submatrix has at most one nonzero
element in a row. !-K- is the diagonal compli-
ance matrix of the Coupling wiits.

1~~~~~~~OP INIP..g-•'¢ eA[ Pg'

M. PIAN ',"'-, Using Ets- (2), (,4)j and (5), theo vector of
the ,mknown constrntned forces can be written

/ / T
F=s TEST POIN 1~ ES [OIN [W) A 1 [ [11C (T) (Pt

Fig. 2. Typical cntuplhng unit where

LT
~AJ -!C! (8)

In the frequency domain the vector of con-

strained displacements of the typical subsys- The frequency response vector resulting
tern J for a particular frequency - can be from the external excitations and constrained
written forces in subsystemi I is

tDJ) - i1J)(MJ) I tPHI¢J (I) 1XII -- [•TI](Pt ; [I'x}TIHN (9)

and for the entire system, and the frequency response vector for the en-
tire system ti J

(l DI ilki* , **Pff ((0)

where D" and •'Si are the receptance ma-
trices in the Jth subsystem Involving only cou- where M11 is the matrix of receptances be-
pling points aiid one coupling and one excitation tween response and excitation points, while i[l -
point, respectively; while (MJI and PO) are the is the matrix of receptances between response
vectors of constrained forces and external ex- and coupling points; ' I and I*NT, are the re-
citations, respectively. The matrices in Eq. spective submatrices and determine the parti-
(1) are submatrices in Eq. (2) and determine tioning patterns of the matrices (TI and [*'],
the partitioning pattern of the latter. The ex- respectively. Substituting Eq. (7) in Eq. (8)
citation vector tn the frequency domain I•P in lvPS
Eq. (2) is related to the excitation vector in the
time domain by the following Fourier transform .Xn... = t.,) .P. :[ (11)
relation:

where the system receptance matrix is

ip(,) !- { t) e'"i' tit (3) T

Theconitonso[ omatiiliy t te cn- Owing to the partitioning pattern determined by

The conditions of compatibility at the cou-to:epiing points can be written with the help of Fie. th umtcetestmrcptaeari
I as can be partitioned in the following manner:

C, [*jDI (4)~ T A 1 [~ (131

Tile equilibrium con(ditions across tihe coupling where
units becomne

:tJ; ioO! tor I s J
T

M , (5) ;TIT for I (14)
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The time response vector Is obtained from the coupled system, the receptances of the for-
foq. (11) using the Fourier )ranform retation mer will also be large as compared with the

S a; follows: latter. Thus, it Is often necessary to compute
"normal size" rcceptances (reflecting no reso-
nance) by taking differences between very lnrge

x(Xl) I )I -; IX( 0p-''t , (.15) terms (lict reflec't subsystem resonance. In

2" , Ref. t121, it Is shown how the computational ac-
t vcuracy ntcar it subsystem resonance can beSEquations (11) aud (15) give. re-aitc~lively, greatly imp~roved.
ilia response in the frequency and thae domnain

owing to the deterministic oxcitations 41( 0., Equation (3) can be written as
If the system to subjected to stationary rnndomi
excitations, the excitation croascorrelation ,it j a . ,, ! (19)
f[uctlons and the excitation cross-power spec-
tral densities between pointf .it subsystem L where
and points m in subsystem mi are obtained. re-
spectively, as shown in Ref. [ 101j T

T,.T

~~' !C..t•I= :J; i-0 1 (21)
mand

adNe:[tIar a resonance frequency of some sub-

S( U systems there will be large receptaibee ternis
sf(. P pR,(-) ,.. (17, In Eq. (19). Let these large receptance terms

.- , be 0('), where ON _-, I. and nonresonance
receptancee are o( ) It is shown that the o( 1

The response cross-power spectral densi- parts of each matrix in Eq. (19) are parallel in
ties between points I In subsystem J and points the sense cf parallel vectors In multlidinien-
k In subsystem K are then obtained from Eqs. atonal space. Noting that for a nonresonance
(12) and (17) as frequency of the entire system each coupled

receptance matrix fiilJ] is o( F), it is shown
t* that for subsystem resonance of subsystem R,

( .: I II" anAd JI J' are computed as dkfferences of1•- lkW( )p f• (A ) terms and' itllRIh] is computed as dtiffer-

ences of O('t terms. By a new formulation of
(8) il problem the large parallel parts are re-

where the first two right-hand terms are the moved trom tle matrecese 01 Eq. iI)6 giving anl

complex conjugater• of the receptance between lation-
point i In subsystem J and points, in subsys-
tem L and the receptauce betweenl points k it )tlJI I , K: (22)
subsystem K and points m in subysteni M.

without, however, the compU)onent resonance
C E Ocomputational diffi cultics.S COMPONENT RESONANC E

The analysis in thi frequency domain -• TIlE RECE~rANCE COUPLING
general coupled conflgp atlons can be accoin- PROGRAM (RECEP)
p~lshed using Eq. (11) or (18), where the s3 -
tem receptance matrix is determined by Eq The RECEP p-ograui is divided into four
(12) or (13). However, in practice certain basie links, each of which is capable of filling
computational difficulties may arlse at cer the core. As shown in the functional flow dia-
frequencies which are resonance frkquencies gram in Fig. 3. the first link computes the ma-
for one or more of the uncoupled subsystems. trix 111 in Eq. (22) and the second link corn-
Close to or at these frequencies the receptances putes the system receptance matrix .1111 , that
of the respective subsystems become very large is, fill. If the system is subject to determinate
as compared with those subsystems not at reso- excitations, the third link computes the frequency
nance. Because in general the subsystem reso- response vector :X1 In Eq. (11) and the time re-
nance frequencies (1o not coincide with those of sponse vector X- in Eq. (IS). For stationary
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~~t~.t1I:I Mv~iIiilearlier under 'theory of Iteceptonace Coupling

suasT.""ms4 !uir and Comnponent Reosonanice are dolorinhied._A_L tEE~AN~ C~aL I In additiont to user specifiesd input. such as
DATAj DA the coupling matrix ICI , the conatrnined matrIx:

t~I~[R~t~iA. [ca1use of dampinj~g. TheC subsysien receptancee
~ j ~may be generited anniyiicaiiy through a eiubays-

1.~ Jtent miod l analysis or they muiv be measured
Iccuiro CO~vtAOIJOi~through a subsystem vibrationi tast comnsiating

Ce~riUAIi~II W~ of sinusoidal excitations, determnilnstic excita-
F ~tions. or random ecitations. Iii any ease, the

______ input iaut must be fiUailabiflei and ust be read

~c1 for each frequency of Interest. U the data are

C I. Od~
ANRANDOMmust bytiale data sfficietly cloeteintervalof

(.s.Thi resqonses of thartgmoe at oint of thpu mdatat
frequencled, ad and athemdai mransfes fdt

C14UI'O COMPIUJAT becoThes dectssary ncud. tpo ih r
or OF

Aendalytimcaly dataor tile oetermiato Thf
rocyseptan cep teach requn are usuln cor-

o, tatibl asetae thelin noro- modes Vilgisgh

randesons iopts the fourt mine atue ponthe emod(a3
citaioncroscorelaionmatrx Eq (16, e frequencies the, ansd (imore meassred moda

LI~ ~ c These~t~ &t~~ a1 are~tt onl cards, tapeI. fradikor.n(1~ea autmaicll into stlcte eomemeet. ofte he
cross-powe spectral ensities i Eq. (18) The exei tac fryequencuy arectepincom-

Thge 3 Frsutndeiona fof th diaPrgram puet by tahe, mordiak erebeitng eotntere int
nmi*of 70w Rcuplac C~lng pons)rnoehade. iRECtly as ~te optain.i Cnb

grschtatn upto35Coupli) wta( oa h EE rga.Teedt r hnu

have
subdo sysptes, teacurh oine cmay te hae 2 exo- Ohrieteifuneo h esrn q

piatointcos.orlo maeni elmnan by (6) the xrcinru
tinere In is te assumehown measuedode

Th) ndsled meximmenumbs of (le iatospointse
inrthe-power sysctrmay bestes up toq2. These eprmntlymasrdrcetne

may ~ ~ ~ ~ ~ ~ r benlae Iintibte unevenl among tin cardys, ELMNAIN FINTU A
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Fig. Muiltinhaker excitation oi
4tructtural nyvitanz

the number of moving parts and/or their mass ground as 8hewn in nFig. ,1. The most general
is lrgo enough, the measured results are often case is that, at each shaker, between shaker
conBiderably distorted from their true values. base and transducer, force gages measure the
Using tMe rocoptaaco coupling technique, it is transmitted forcoe sA -I, "nd toe trans-
shown in this section how the true recepialles ducers ntenesu-e the respective motions )A DN.
of the structure can be obtained from the mons- It is assumed that the receptances of the at-
ured ones and from knowledge of the equipment tached moving parts are known and that relative
recoptanees. compliances between transducers and attach-

ment points can be estimated by specifylng suit-
To begin with, it is assumed that the struc- able coupling units K.•. One shaker at a time

lurs Is supported by soft springs so that the is then excited, and all forces and motions are
lowest frequency of the springs-structure sys- simultaneously measured and recorded.
tom io far below the lowest frequency of biter-
eat, or tat the structure is supported directly In Fl•g. 5. a system representation is given,
by the Ohakeis (Fig. 4). U Wte structur'e is cx- delhieatijg the coupling of N shakers to thf
cited, the attached transducers, force gages, typical subsystem Q. If the shaker A is excited
and so forth, are moving with the structure at by an induced voltage, the force P"• P"' and
the attachment pots, while the base of the the displacements DQA Aare measured
shaker mavy ori my not be fixed io dhe ffround. and ruo(:rodo as 1"tictaun (A i thqt micy. with
Without loss of generality, it is fssumed here the help of Eqs. (2), (4), and (5), the following

that the bases of the shakers tire fixed to the matrix equation can then be written:

$hAKERS A TO N

P.4 pie~

F1 Ni, fZ 0

Fig. . Systaenmsq ropre(•enat•o1n of mnulti.
shaker ex-cI•l ion uf nubhysten.cr 0

_°-



"r -A livr th' leloasured displicements and forcou

10 (27)it" o"

A i A F o

L ,+ bearn with Mw shuAor nounlting6 as shown In

FIg. 6 has been chosen The moving parts ofthe s1hutkors, Llat is. the accele rome i'rs anti

i I furce gags pnrin MoVilvit with the beam during

-1 " a"• (24) excitation at each luint, weigh 0.2 lb, while tie
(24) jbe':. itself weighs 3.33 lb. The measured re-

sponaes LA &id U" :re A.C long and wore
recorded lit terms of g'n. while the forces PA

where ie thccond superacript A indicates that and P0 were recorded it terms o0 grame, The
the data were obtained while B Alikr A was ex- assumption that K;._- 1o0 and :- V in
cited. Tile are the i known couplbng EI. (26) implies that the movinl; lparta of the
point reeeptancea of Lhe N shliters, and the experimental equipment are rigidly attnchod
I _- nre the ., known croes ro o-netnees be- mn' qe,;L nt the poins 1 and 2 nnd that one r,"n A

tweoe coupling and excitation points of the slink- work in this case with the AccolerAtions for DA

ere. 1e'ii j are the unkniown receptances of and Uv rather thmn tiaplacemente.
tihe tyi)ical subsystem Q eQoth the mensured and Uie corrected ac-

yBy exciting all % shakers, One uI a linle, a celeration trnnefor function= amplitudes nre
Bet of - equationts ithnilar to Eq. (24) can be recorded in FIg+. 7 through 10 for comparison.
written. These equations can bt, combined as The corrected amplitudes were dote, mined
follows: using Elq. (20).

le *~- p (2) CONCLUSIONS
"•Ater dcF eloping the theory of recoptance

Fliminnting mt and solving for one obtains coupling earlier in this paper, following ossen'-
(lie Suboystemn roceptanee as t~tlly the more detailed dovelopments In Ref.

e101. the problem of component resonance (12,
h-•,.- bw-un d+scus .. .. anlx:i •id soite-u ve trall cha~rac(:.0 .1 •-, , terstic, of ,ho neepance Coupling Progranm

. K - nQ , (2t)
, : , (RCEP) have been indicated.

* -- r mcr. ,*e % ...

FIe i " t' Iree +ret' bi-',avl ;||tt .+.-k.-l , +i'•

.1;,. ..l+:r tr..,,Fl erl +ilL i~~ fint ".. S,r,, u 't~ieI~t|
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- :experimental equipment Is little more than 10

fipe prcent of that of the beam. it is concluded that
In experimental work caroeful MtoriOn shouldi •r•mco-+_be given to the ellmintatluii of the dietortiloft of

;,l tht rcults owing to equipment effects.

I '~ lBecause of the reciprocity requiremntea tor
"ti'tear systeaus. the recepwt nce3_ 'Air nd ,

N \/- ', " should be equal. The plots li Fi'g. 11 gve a
comparison of the amphltudes of these two inde-
pendently measured and computed rocoptance
functions. While the freqtencces of the peoal
responses agree quite well. there are many dis-
crepanctes in the namplitudes and frequencies at
the point of antiresonan-ce between 25 and 35 liz.

all -- -This may be a rekoilt of noise level affects,
ro'. " witich Caln be quite disturbing nt those low levels

of responseFig. 10 COmlparisun uf inra sured
roce|)tanlcv andt currectedec t-ance : n From the results of this example, which

still has been treated somewhat crudely, it Is

tentatively concluded that the judicious use of
the "extraction routine" In RECEP ofier• a

The paximcular probtem of ollminating the means or climinatihg at least coarse effects of
effect6 of the measuring equipment from ex- measiuring equipment, thus Improving the ex-
perimentally determined receptances was perimental data and hence the response analysis.
treated in some detail. For the experimental
configuration of Fig, 6. the comparison (Figs.
7 through 10) of the experimental receptanceS ACKNOWLEDGMENT
(acceleration transfer functions) with the cor-
responding corrected receptancee, using Eq.
(26), shows that, in this case, the experimental The authors would like to thank M. R.
equipment has considerably influenced the re- Trubert for developing the measured data in
suits even though (he total moving mass of the Figs. 7 through 10.

,- i, A-;S."

.01

0-/ 0

icair.ua|' t,.cd- re. ej)tatnces, ant m I
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DISCUSSION

Mr. Smith (Bell Aerosystems Co-):. Mr. leer: If I understand the question cor-
think you sAid that your program had a ca- rectly. you are saying that, in using more and
pability of handling 35 couplings, 130 inputs more receptances the computation inaceuracy
not. Zreater than 80 on each subsystem, You may increase, and that it may become unfeasible
have demonstrated good correlation between to get accurate results for such large arrays of
the cross receptances on a very simple beam. recentances. In developing the computer pro-
110w ambitious do you expt÷ct to be in at- gram wt -ictusily %,,ent up to the limit of the
tempting to use the capacity of your program corc capacity of Lhb: computer. It may be quite
on a more complex structure? flow inany ol true that, using 130 points a.5 inputs and conse-
these Inputs wold you expect to use? It ap- quently large arrays, the cemputation inaccn-
pears to me that you have thought it worth- racy may become questionable. All I can say
while 'vrltirg a prograw where v. u may have at this time is that we have not run the corn-
a matrix of receptances which is extremely puler program using 130 input points. I could
large . foresee trouble if you try t', be t,, not make an accurAt., statement as to what the
Al tious, aaccuracy is when using tOat large avouunt of data.

I4 •
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A VERIFICA_ -N OF THE PRACTICALITY OF PREDICTING
INTERFACE DYNAMICAL ENVIRONMENTS BY THE USE

OF IMPEDANCE CONCEPTS

NASA, Goddard Space Flight Center

Greenbelt, Maryland

The results of a study on thec verification of the practicality of predicting interface dy-
namlicalI enviroannwntS Lhroug~i the use of neia~anical im-kpedance theor'y and nmeasured
"in-service" data are presented. The investigation was carried through two parallel

paths using one-dimensional, multidegree of freedom lumped parameter models. A
series of digital computer simulated mode!t; of varying degrees of freedom was treated
to illustrate the theoretical procedural requirenlenttil Laboratory tests using equivalent
experimental models were conducted to demonstrate the practical application of the tech-

gene rat, the results of the prediction based on in-service data are in good agreement with
measured rep-aiits. Error analysis in measurements and computa ions indicates that later-
pretatio'n of absolute accuracy of the predictions requires caution. As the "exact" imped-
anice of an actual structure is, iii gen~eral, unknown, success in the predictions may be
ehanced by the combined use of measured and camputcd impedance results and bya

sound prrgrani of errur inalysib.

INTPODUCTION The primary purpose of this study is to
verify the aspect 01 the application of the im-

In recent years, the problem of prledicting edanice concepts to the prediction of hinerface
die true interface dynamical environment of a 'rnet.Effort is devoted specifically

tcomolex aerosoace structure duriner its launch to !he demonstration of the oredietion of inter-
Phase has been of much inter~si. Frequently tace velocity of a new system) coiliguratwon from
vibration tests are conducted that poorly sinto- the interface velocity information previously
late lht etvironmiental conditions. One of the determined on another configuration. The treat-I
basic reasons for unrealistic vibration tests ment of velocity is selected for convenience be-
lies in the methods used in deriving motion- cause impedance and mobility quantities are
input specifications. Specilicatlons derived considered. The task requtres that the Inter-

from field data often consider only peak re- face driving point impedanza of the constituent
sponiscs and neglect the characteristic differ- systems be kntown a priori. To achieve the mostI
neces that may exist betwe2ri the item being severe test of the prediction technique, steady-
testedl and the onc previously usedl in the field, state sinusoidal vibrations are treated because
When combined in a v'ibr-ationi test, this practice amplitude ýý,ensitivity is greatest for this case.

(n ru--ilt i niri. oivtrtesta -it s~ome trequcn- Theoretically, this technique i.s aljpltcable t-- all.
cies, ,ilvt al otncr lrtqluenui, .l'ie test ituim processes that sati-sfy Fourier transformation. J
may I)* d.ndertester'. A summary of the th~eoretical background re-

quired for this phase of study Is presented inI
it oten Euggested th-ti a solution lie~s ill 01.1, '~pvr Thet( unlde rlivig thteoretical basis

t he incorporation of mechanic.al impedance con- for -ýditional development work may be found
rcepts. Unfortunatley. there aire fac'lGrs that inll rfs [11 through 13]1.

may prev-nt this concept's immediate practicalI
application- Some of these factors are the lack This study was carried through two parallel
n: field data to derive lest specifirati~mns the pathis of developmntvns lislng one-dimensional,
pratctical inexperience in aplplyinig the concept, mul- -idegree of Ire, Jlon, lmped parameter mod-
aind pi-rhaps the compley'ity uf the concsept !tsefll- b-l Digital computer simulated models were

2419
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treated to demonstrate the theoretical proce- whert• Fb represents the Fourier transform of
dural requirements. Laboratory measurements f(t ) measured at the interface terminal when
of equivalent experimental models were obtained that terminal Is blocked so that no motion oc-
for use in the prediction technique. For con- curs; Zv, and Zp, are the mechanical imped-
venlence, the models were considered arbitrary ance of the vehicle and spacecraft looking back
representations of launch vehicle (L/V) and from the interface, respectively.
apacecraft (SIC) structural systems of 5 and 2
degrees of freedom, respectively. Alternatively, In terms of mechanical

mobility Y (inverse of impedance), and "free"
velocity, denoted by subscript f,

ThIORETICAL BACKGROUND

Consider a one- dimensional structure that VF (2)
is otherwise separated into two component struc- Zv (.-)

tures at some terminal. A general representa-
tion of such a system is shown In Fig. 1, where Eq. (1) becomes
for convenience its component structures are
identified by the vehicle v. and the spacecraft Y. (-
P b. In connection with this system, a problem Vt( ) P - b ( ; (3)
of major interest is how does one analyze and y

1
-- Y* v (

define the dynamic environment at the input to
the s•pacecraft.

vf represents the transform of the velocity at
In accordance with the equation of inter- the interface terminal when that termhial is

connection for one-dimensional striictures, the unrestrained.
steady-state sinusoidal velocity response at the
interface terminal of the vehicle and spacecraft In cases w!'ere either the vehicle or the
system, denoted by subscript 1, is given in Ref. spacecraft is repiaced by some other structure,
[1] as new interface response characteristics may be

b. predicted. Suppose that the interface velocity
-FVb.(-) characteristic corresponding to a new space-

vI) - v (I) craft P. on the same vehicle v. is desired, then
S +7using Eq. (1), the new velocity is

. AIINr v•,tmm ~ l SPACECRAF I •

TI S,<T(1J- aiC. 01 ,NI[it.,r+IOr:

till

Ihi cuInlpo)t=Ie .+.:.'ten,. .,lnd ct' ne c~t~t.-•zp+7
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Zv^(. 4 , to determinc mobility, free velocity, and inter-v'( • . V ) (4) face velocity data for subsequent application to
zv.(ý' - r ( the prediction technique under discussion.

when Zp, is the mechanical Impedance of the For convenience, a Ling 227L shaker sims-
new spacecraft. Alternatively. using Eq. (3), lated the L/V thrust motor. The source of vi-
in terms of mobility Eq. (4) becomes bration was assumed as a constant amplitude

force of varying frequencies generated by per-
-- p (*.) Vv (4) Vp (-. turbations in the tp, ust vector, Bxperimentally,

-. V1V ) (5) this assumption was satisfied by servo con-. Y~~P6(- v()' ) tro:.1hg the force developed a'. the shaker arm a- -

j - ture mass. This was accomplished by servo
controlling a sine swept input current to the

TEST CONFIGURATIONS armiature using an amplitude servo/monitor in
AND PROCEDURES the feedback loop as shown in Fig. 5. The am-

plitude and frequency linearity of this control
For c,•;xnience in this study, the predic- for the force setting used (F. = 30 Ib) across

Lion is identified its the prediction of interface the frequency band (50 Ilz - 2 kRlz) was better
environment of system 13 from that of system A. than i I db. The phase shift referenced to the

armature current was about r 7 degrees. This
The constituent models if test configuration force level was selected because of the neces-

A are shown in Fig. 2. Configuration D differs sity of having an adequate signal-to-noise ratio
from A only in the payload model. The lumped and to remain below the fattgte characteristics
parameters of these two models are given Ih of the spring-damper elements of the models.
Table 1. A typical test setup Is shown in Fit'.
3. The inner frame permitted accurate aliat - The technlwue of calibrating the force
ment of the models through adjustment of the level that was tW be applied In the test in terms
radially positioned coil springs. The outer of input armature current consisted of multi-
frame provided vibration isolation from extra- plying the moving element mass of the Ling
neous sources. In accordance with the program shaker, in a no table-load condition, by the
outline of Fig. 4, series of tests were conducted measured acceleration of the moving element

(a) SACECRAF:T STRuC URE MOVEL

LLI Wr01OR !.PriNG DAMPI R MASS

(b) _AUNCH VHICI C STAUCTUAE MODEL

A¢) L MINCH Vt 'CLV !SPACECRAF T SYS'LM MODEL

Fi'g. Z I) cr tiptrion ut L, '', C '~ P-'r *tiUn -
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TABLE 1
Properties of Test Models

Test Configuration A

f S/C Model L/V Model

_1

11.2 22.5 21.2 1.0 1.5 22.0 22.5 21.2

(lb ni)

K 09.3 .8 -8(10S it/tn.)

-l/n.aC ) 0.9 1.9 - 3.6 -248.0 0.9 1.9

Test Configuration B

S/C Model L/V Model

(im 2. 2 412 105 2
1.2 42.5 41.2 1.0 1.5 290 22.5 21.2:: .. . . ... .. ... b m )...

K, 0.8 9.3 - 28.0 200.0 9.3 0.8 -

(10o lb/in.)
c) 1.9 0.9 "- 3.6 248.0 0.9 1.9 -

(mlb/nlsec ) I I
ai indices from left t. right of Fig. 2.

sit w

Fig. 3 Test setup for interface velocity
measurements -- tecit contlguration A
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I'(a DEASUrLEMET1FSPAERF YVS)M MODE L (5DM THE LAUNCH VEIIICtE SYSTEM MOA.EL

P1)0 ~~~~~~~~~SPACECRF N NOLUC EIL OF TTl NEFC

U ,fIl- V 1HACLEA"V MODEL. =- SYSTLEM M

I OVER~lL LUNCH VEHICL MODEL MOTO AND 0ETUA 1 IO~lA NELC

M ANI Vi 3mC E,

94 CIPE10 SPACECRAFT AND IT LAUNCH VHIEEIIL MODELS AT H ND TERFACEflTM'I

M~~tOR SO II~iI ENTEIrACE IEO

[ L~AUNCE' VEIICLE SI, r 'LA
[ SYSIEM MODEL SFTM ~I

MIA, 10 OBTAIN INT1ERFEA ACE VELOCITY0)CNI BIN EMSO MOITFAD EOCA

V TNII C1L ZL1.

k * ~ j A'*StI EQ 151

Fi g. 4. Program outline of (a) measuremnents

II

Nr:UVII, Co MYI.ONER ~i

t I ING MODI ?2)

WILLT II
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an eaigitt h esue urn. Te mdl, h oc mpiuea-ac assa

androm 50 11i; to th kl asuvrifed cwiet. hinkIel toer.li, the forcudaplieudnpat paacmeners wetae

Although testing wtis conducted Wo 5 klhz for experimentally dutermined to an es~timanted
possible frequency analysis, the validity of any error of it d1. The interface driving point
amplitude measurement at greater than 2 kilz impedance of the IJV and S/C models was first
io questionable. The frequency band was swept computed. The. Inverse of this impedance wan

F at the rate of 0.4 decades/mmii which war, yer- printed aso mobility. Free velocity outputs were
fled to be sufficiently slow to reproduce accu- computed next. By means of the programn eni-
rate resonant and antiresonaiuf peakts, and con- bodying Eq. (3s), the velority at the InterficF, of
sequently, a good simulation of the sinusoidal the combined L/V and S/C system was obtained.
dwell plieonoenon. An Undevcc3 accelerometer The various results ibtained by this program
Model 2235-C was mounted at required loca- are Identified as "'theoretical" ieaults as op-~
tions for free and interface velocilty measure- posed to prediction and metasurememit or testI -monte. results.

A Pyc-Ling Type V.50 N&t 1 vibration gen- A shorter and simpler Fortran p)rogram
orator was used to supply the 10 to 20 lb) sinus- was written for processing only Eq. (5) [or the

oldal force required In the measurement of prediction of interface velocity of con!figuration
interface dIriving point mobility shown lin Fig. 0. B using measured mobilities and interface ve-
An Endeveo Model 2110 timpedknce head was Iccity of configuration A. Data Inputs for this
osed in these measurements. During mobility program were generated front the actual plots
of the impedance head and adaptor was only
partially successful. As a result of the rela-
tively light mass of the Impedance head-adaptor. DESCRIPTION4 OF PR~EDICTION
this did not significantly degrade the test results. TECHNIQUE

The prediction of the interface velocr-y of
DESCRIPTION OF COMPU- eccnliguration B was achieved through the use

TATIONAL PROGRtAMS of the digital computer program for processiag
Eq. (5). The ulput data consisted of interpolated

Digital computer simulation of the models data from graphical curves of the measured
and Fortran programs embodying the equations mobility magnitude and phase angie of the Li V
of Itef. (21 were constructed for processing on model, the S/C model of configurations A and
a CDC 3100 computer to Illustrate the compu- B, and the interface velocity data of con! igura-
tstional procedural requirements. Acceptable Lion A. In this technique the UIV system was
Input data consisted of the mass, stiffness, and identical fur both configurations. Only the S/IC
damping parameters for the LIV and S/C systems were structurally different. In essence,

FoI IMP

G JhJM,

_X.cm IMPE CI COSS NAIRAN

/AMPLIFIERU

SWEEP RIF SI?1tN _ _

Fig. 6. Blick diaigramr ot mOnilay measurv,,.w,, k,'pt ruwicrta .o~ll
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this technique troatf, the situation that suniltiatz' The intermediate results of interest are
the practice of using a otalndard Is/V fayStem te shoewn In Figs 7 through 12 where the theoreti-
launch a variety of S/C configurations. cal results are shown #a discrete points while

those of mneauroment8 are chown as continuous

It should be noted that in tfh above predic- plots. The probable errors in various mesure-
tion technique of Eq. (5), the measured mobility meats, as determined in We.. 131, are summa-
ddata could have been ouottituted by mobility data rized i, rable 2. The absolute decibel differ-
generated from the mathematical model of the ence betweea test and theoretical results for the
constituent systems. differen.I qutntities is presented respectively in

Flg. 13(a), (b). and (c), where the siaded points
correspond to the decibel differeace at or near

a resonance or ant iresonafnce. The noted largeCONSW.ERAT]OS deiffrenceo at some of these critical frequon-
cies primarily result from the high sensitivity

The overall resuits of this investigation for to atmall frequency shifts as well as from the
the two system configurations presented In this possible high amplitude sensitivity owing to the
paper are depicted in Figs. 7 through 15. effect A damping.

W~I l il] . 18 0 \ J•%I}IINCSS ' ',1.

j ,

o Ngo

- :l "-lt.ju •NC ' II""

I lg . 7. I nt er f a& c d ra i vin g p vu tL t in o b tlity ot L j, ' \

model of conligura~tions .4 an.' B (theorct~cai
vs tes.t)

W . . ..... .'c I • -:N[-', -.- q ' b 's N
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Fig. Il I). D-ibel difierencc bIetNeen tlebI *"Id
,ly..F-i. rlls~s , a('iIj. - I-.-4-1- -t n A. .-,tt-d .

,c) s -laes-A " - l cau'sl't, B

The prediction of the interface motions tor on the predicted interface velocity. The small
Coullfig•trAtioll B tisin- Eq L5) is presented and errors are the-t I iesulh.a of the accunmulated ef-

couipared to the resultS oI1taintnq by to-t and by feel of mteasurement data errors and errors
theoreticar computations In Figs, 14 (a) and 14(b). from grapnicai interpoLatioas of nmagnktudes
In Fig, 15(a), the absolute decibel differences and phase angles of the pertinent Input param-
between the predicted results arnd thohe sit test eters.
nivasuirenien'ls it. thetreli-e.l cutmotiUatltois artk

sttowl- The excelleni comparisons In critical The application of the foregoing pI. dictlon
fr(luqmecies. deterni'tnd by peaks anti notches technique to practical field and test laboratory

betweeni the individual results ol Fiv. 14(a. are environments wi;! require several additiona
bhuwn *u Vtg. 15(W) expressed iI d•tieiw( dilier - conlitl'riii Frequently the desired m.,oiltty

once Li Fig. 15(a). the large diiferences be- char:acteristic of an aerospate structiu'e, such

tween predicted results and test i-et-sulii al some as ;, I.. V and S- C system- is time dr..ondelnt as
of the critical t iequien('se were primarliy at.- well as frequency ,iependent and may even be

tributedl to sniall e,'oru tit the inipulilplh' lel S nonlinear. Moreover, the Intleriace betwecoo a
,It IAq (51 resulting tn a.: oul-o f -p'roplrt ion eLect I- V v.stvin ;u';d a S C system 111ay Ailso be
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CONCLUSIONS and precision in the genersimoi of the pertinent
Impedance datat. The effect of errors In~ tný

The resmtlts of this tstudy indicate that ihe service motion measuremrents is found to 1sO
impediance technique of predicting lntertaeu a lesser degree. lkcau&. the '4x~ilct' imped-

dynamical environm its throupt the use ! ;Lnct' :-jf ac-tual structureii is in general unkni-own
measured to-servict dat~a Is practical within the succesn in predtictioni& will 1w further en-
certain limritations Tile intor-pretition of the lianceid UY the co mbined use kif measured and
.lbsc~utse iccri-acy kit thr prudicteJ eut -sptdiiisiic m-esuitzs i.gu-thur 1,1;~ si
should Lisp mide with caution. part icu~t r v ne.! r rotnod p.-K vzl A1 -I I ol ttdlvsi-
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eý

Vi- 1,(,) Decibelv difterenct, in magnitude of
"NV -Ltý!' l~ L-1'v!t eli I- red'iict l-l bV9 -I"'i tN) ,fill- 0-.)

IniCiSreineiit anii I b) tt(oiotld: resultls.and

twecci prediction bV Eq. (5) and (a) aleasure-

TABLE 2
Measurement Errors

Phase FreqAency
Type PhaseU -

Complex nobility 1.2 db l 3.0 el - .
II H, - S Liz)

Free interface velocity 1 0b O i) 3.0 deg. 3.51

(50H7 - 2 klz)" -...+..-. 1........... .. . . .

As this sntudy was ri sli-icjied t I to o-diiieii- Ii-rinsipni aed randomt envirnmenits, further

swona! appicattoins the conclusions should not studies are :'equired.
be 0,1fS I!I'ii•-- i. to'id m mil, el iai vaillilv iot
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